


Background onMA vs.MS: The Medial Axis ðMAÞ represents
1st order symmetries between generators of a geometric wave
propagation in space — alike light waves which die upon meet-
ing each others: a process also referred to as ‘‘grass fire” propa-
gation after Blum [7]. For point generators, like the surface
samplings we consider here, these symmetries have same trace
as the boundaries of the Voronoi Diagram ðVDÞ for these gener-
ators. TheMA adds a time dimension to its trace — i.e., the time
of meeting wavefronts or travelled distance to generators — and
thus can be thought of as a vector-valued VD. In 3D the MA
takes the form of a complicated set of connected surface
patches: the medial symmetry surfaces and their intersection
in curves and nodes. There is an equivalence between the time
values of meeting wavefronts and the radii of maximal balls
touching the surface at sample points, such that the centers of
these balls precisely trace MA points. We use the An

k notation
to refer to such maximal balls with kth order of contact at n sur-
face (or sample) points [24]. A3

1 shock curves delimit A2
1 MA

sheets; for a point cloud, these curves are identically Voronoi
edges, their A4

1 endpoints are Voronoi vertices, and their duals
are Delaunay triangles through the n ¼ 3 sample/contact points.
A3

1 curves are computed from a sequence of critical points of the
radius flow (the radius of maximal balls projected on theMAÞ:
sources forMA sheets ðA2

1-2) are paired to find sources for shock
curves ðA3

1-2), which in turn are paired to find A4
1 endpoints; de-

tails in [37].
The Medial Scaffold ðMSÞ is a unique simplified oriented 1D

graph structure defined to represent the 3D MA in its most
compact form: a set of special nodes connected by special curves
(Fig. 6). The MS explicitly represents only the singularities of
the time function along the MA trace together with boundary
conditions (junctions). These singularities — the sources, relays,
and sinks of the time flow along theMA — and their curvilinear
connectivity paths — as indicated by the time flow — are taken
as the special nodes and curves building the unique graph struc-
ture we call theMS [37]. TheMS preserves all the nice proper-
ties of theMA, and thus provides for a compact representation
of shape itself. The MS is a natural structure to conduct shape
recognition tasks and we have applied it to 3D shape matching
problems [12,14]. In this paper we develop its use to solve the
‘‘matching” of unorganized point samples to interpolate and
reconstruct object surfaces as (Delaunay) triangular meshes.

The MS is the core representation used in this paper. For a
more complete exposition, refer to [37] for its definition and
computation, [48] for its use in relating shapes for matching in
the 2D case. Refer to [15] for its summarized exposition in
solving the surface reconstruction problem, and to [36] for its
earliest published version. A recent detailed discussion includ-
ing matching 3D shapes is in [12].

2 Refer to Appendix A for a summary of the full set of symmetry transforms defined
in the 3D case.

3 Other classification schemes have been proposed; e.g., the addition of ‘‘hybrid”
methods combining the main features of two or more categories.
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them, leading to a highly successful object recognition scheme. In
an approach to 2D perceptual grouping [51], a greedy approach
finds more regular shapes from unorganized data. Similarly, in
our case in 3D, a sampled shape is simply a deformation of the ori-
ginal surface, as illustrated in Fig. 3. In this process, theMS under-
goes abrupt transitions (topological events). Fig. 4 shows the
transitions for deforming curves in 2D by removing or adding
points. As we shall explain later, Fig. 5 simulates in 3D the equiv-
alent process taking place (in 2D) between Fig. 4b and Fig. 4a.

The process of achieving a transition on an existing shape is
called a symmetry transform, i.e., by changing theMS we are jointly
deforming the shape. Ideally, all sequences of transitions should be
considered, i.e., the ones described in Fig. A.1 and additional ones
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having to do with adding and removing isolated points (as in
Fig. 4c). In this paper, however, we restrict ourselves only to the
transition arising from removing a patch from the surface (the first
step in our view of the sampling process) and consider the associ-
ated symmetry transform, called the gap transform.2 This proves
sufficient when considering the surface reconstruction problem as
only an interpolation process. Specifically, removing a surface patch
generically results in adding to theMS a group of threeMA sheets
and oneMA curve at their intersection. Thus, the inverse process of
reconstructing a surface patch corresponds to consider the removal
of such curves from the MS (and their associated attached three
sheets when considering the MSþ or the MA), Fig. 5.

As in perceptual grouping in 2D [51], the gap transform in 3D is
considered in a greedy sequence, proceeding first with the least
cost transform. This cost is based on the likelihood that aMS curve
represents a ‘missing’ surface patch, as well as on the local context
(i.e., other reconstructed surface patches which may already exist
in the vicinity). Fig. 7 illustrates this process, which can be viewed
as a segregation process (Fig. 7a) of the 3D shocks on a pair of pla-
nar sheets, one of which is somewhat protruding (Fig. 7b). TheMS
(Fig. 7c), after a sequence of gap transforms, then resembles that of
the original two complete un-sampled surfaces (Fig. 7d). This in
turn enforces a connectivity of the surface samples thus creating
a surface mesh together with an approximated MA (Fig. 7e).

This paper is an extension of a conference version [15]. The
remaining of this paper is organized as follows. We first review
the background for surface reconstruction below (Section 2). We
then describe our approach in greater detail (Section 3), followed
by experimental results and other extensions (Section 4) and
conclusions.
2. Background on surface reconstruction

Surface reconstruction is an important problem in computa-
tional geometry, computer aided-design, computer vision, graph-
ics, and engineering. Methods related to our approach can be
classified into three main categories, depending if they are primar-
ily based on (1) implicit (distance) functions, (2) propagation (re-
gion growing methods), and (3) Voronoi/Delaunay geometric
constructs.3

Implicit methods can be classified into two subcategories: (i)
local approximants to the global distance function constructed by
blending primitives (implicit functions) and (ii) global approxi-
mants to the distance function constructed by (volume)
propagation.

First, local approximants mainly differ in three ways: how clus-
ters are generated, the type of implicit function used, and how local
functions are blended together. Most recent papers evolve from
Blinn’s original work [6] and vary mainly in the types of local im-
plicit functions used, e.g., linear combination of Gaussian blobs
[41], bounded polynomial in three variables [50], blended union
of spheres [38], and, more recently, mixtures of globally supported
radial basis functions (RBF’s) [10,54], as well as blended compactly
supported RBF’s [47,43,33]. A line of recent improvements is the
multi-level partition of unity implicits (MPU’s) [42,44,53].

Second, global approximants explicitly build a distance field on a
grid which tessellates a volume containing the input dataset. Fol-
lowing the early work of Hoppe et al. [28], Curless & Levoy meshed
range scans by volumetric integration using ‘‘lines of sight” [17].
More recent work is based on the level-set methods [29,57]. Clo-
om point clouds by transforming the medial scaffold, Comput. Vis. Image



Fig. 1. Surface reconstruction from unorganized point clouds using our MS-based method for objects of several topology types: (a) non-manifold surface with self-
intersections, (b) Moebius strip (non-orientable), (c) Costa’s minimal surface with the topology of a torus thrice punctured, (d) connected water-tight knot from a highly non-
uniform sampling of 10K points,17 (e) a complex surface with recovered boundary (in blue): the Sapho raw scan dataset (121K points, Stony Brook), (f) Michelangelo’s David
head (250K points, Stanford), (g) the combination of several reconstruction results (in various colors) from a 3D bucketing and stitching of the Stanford Asian Dragon dataset
(� 3:6� 106 points). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 2. Classification of surfaces in 3D based on their topology.
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sely related is the method of having an active surface model deform
and be attracted towards sample points or data under the influence
of a global distance function [52,49,23]. Recent work by Kazhdan
et al. [31] reconstruct surfaces from oriented points (with normals)
by extracting the iso-surface of an ‘‘indicator field” (defined as 1 at
points inside the model, and 0 outside) casted as a global Poisson
17 Color scheme: Throughout the paper, water-tight surfaces are always shown in
golden color; otherwise they are left in gray with boundaries in orange, with the
exception of some of our bucketing results, where colors are used to distinguish the
partitioning effect of buckets (e.g., here in (g) which is a solid).
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system (i.e., resolving the divergence of a vector field, /, bounding
a solid as a scalar function, l: the famous Laplace–Poisson equation
r2/ ¼ lðx; y; zÞ).

Implicit methods make a strong assumption that the surface
normal at each sample point is available in some form — equiva-
lently that a consistent gradient of a vector (distance) field can
be retrieved everywhere in the vicinity of samples. A normal field
is very informative in that the surface is essentially made available
near each sample point in the form of a locally oriented tangent
plane (patch). This usually implies that an ‘‘inside” and ‘‘outside”
of an object’s surface is available leading most implicit methods
om point clouds by transforming the medial scaffold, Comput. Vis. Image



Fig. 3. This figure illustrates that ‘‘sampling” a surface to produce an unorganized cloud of points can be viewed as a deformation process: (a) the original surface; (b) some
points are taken away from the surface, creating holes; (c) these holes grow thus reducing the area of the remaining surface patch; and (d) eventually start joining to form
larger gaps and isolated patches; (e) the remaining surface patches each tend to shrink to a point; (f) the resulting point cloud represents samples of the surface. (g) An
infinitesimal but generic hole on surface S1 creates three MA sheets intersecting at a MA curve.

shock curve

Fig. 5. This figure illustrates how aMS curve (with three associated MA sheets) is associated to a surface triangle in a deformation process simulated as a gap transform.
Consider the inverse deformation process (sampling) to the one illustrated in Fig. 3. Each time pairs of point samples (here seen as generators of a grassfire process; see text)
collide, anMA sheet can be replaced by a (Delaunay) edge. Once three associated such pairs have been identified, what only remains is the correspondingMA curve and its
associated (Delaunay) triangle.

Fig. 4. Example of two shock transforms in 2D. (a) The dark blue curves are 2D object contour segments and other colors represent the shocks. (b) The removal of an object
point adds a line to the shock graph, while (c) adding a point creates a loop; in this paper we are only concerned with the process of going from (b) back to (a), and this for the
3D case. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. From (a) a point cloud sampling a prismatic shape, to (b) its 3DMA where colors indicate the time flow (distance to point generators), to (c) the correspondingMS
made of two types of curves, in relation to object ridges (in blue) andMA surface junctions (in red). (Adapted from [36], Fig. 2.1.) (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)
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to further require that the surface to recover bounds a solid. These
methods are well adapted to deal with noise, at the expense of
smoothing away sharp features.

Methods such as [56,29] reconstruct surfaces without directly
referring to the (oriented) normal information. However, in these
methods an initial computation of a distance field surrounding
points is required, providing a consistent normal field, albeit from
the provided sampled data, and without the need for an a priori
identification of an inside/outside.4
4 Nevertheless, these methods have been developed for meshing solids only.
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Propagation-based methods can be traced back to the algo-
rithm of Boissonnat [8], where a seed edge is picked to find a trian-
gle in the locally estimated tangent plane. More recently, the ball
pivoting algorithm [5] ‘‘rolls a ball” of fixed (parametric) size to
reconstruct a mesh, leaving holes in the mesh, a function of the ra-
dius parameter which may be iteratively increased to handle non-
uniform sampling (but then, risks introducing additional unwanted
interpolants). In [30], the propagation is restricted by using the k-
nearest-neighboring points and locally varying the ‘radius’ param-
eter automatically. Another related alternative is the Intrinsic
Property Driven (IPD) algorithm [39], based on the ratio of the
lengths of the longest and shortest edges incident to a point. Typ-
om point clouds by transforming the medial scaffold, Comput. Vis. Image



Fig. 7. (a) Illustration of the proposed shock segregation process (after [36, Chapter 6]) in (a) 2D and (b–d) 3D. (b) A set of 3200 points are uniformly distributed on a pair of
planes, one of which is deformed by an elongated Gaussian kernel; (c) side-view of the corresponding MS. (d) The remaining scaffold after undergoing a series of 3D gap
transforms. (e) The results of this shock segregation are twofold: (i) the reconstructed surface and (ii) its corresponding MS+ hypergraph.

(a) (b) (d)

(c)
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or

Fig. 8. Illustration of some local ambiguity problems (on topology) of several categories of methods in reconstructing curves from unorganized samples in 2D. (a) Incremental
methods based on a local analysis could result in curves of very different topologies. (b) Implicit methods could model regions into very different topologies. (c) Deformable
methods could merge nearby contours and split them into artificial holes or remove them completely. (d) Volumetric methods, which enforce the assumption of a solid, could
face the ambiguity to either merge the contours or split them.
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ically a space-division such as an octree or a voxel grid is used to
efficiently lookup for neighboring candidates.

These methods still suffer from topological errors, in particular
when two distinct surface patches come close to each other
(Fig. 8a). Gopi et al. introduce further restrictive assumptions to
help with local ambiguities [26]: locally uniform sampling is as-
sumed, minimum distance between samples belonging to different
surface patches is set, and smoothness of the original surface is im-
posed. An important set of propagation-based algorithms uses Del-
aunay triangles in their scheme; we consider some of these below.5
5 They could well be considered as a set of ‘‘hybrid” methods.
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Voronoi/Delaunay methods can be organized in two subcate-
gories, whether they are surface or volume oriented.

First, incremental surface-oriented methods select suitable Dela-
unay triangles interpolating sample points either in a batch or in a
greedy incremental fashion. A popular recent set of such methods
was initiated by the works of Amenta et al. who proposed a Voro-
noi filtering method [1] where they first consider furthest apart
Voronoi vertices of a Voronoi cell of a sample point p to define poles
by pairs, to approximate the local surface normal. They also define
the local feature size as the minimum distance from a sample p to
the theoretical MA (for a smooth surface with bounded
curvatures), which is used to derive theoretical constraints on
om point clouds by transforming the medial scaffold, Comput. Vis. Image












