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Abstract

Thispaperpresentsnew approachesto two fundamental
3Dvisionproblems:3Dsurfacerepresentation,andfastex-
tractionof geometricinformationfromthis representation,
particularly 3D alignment. For surfacerepresentationby
implicit algebraic surfaces,a non-iterative,robust, repeat-
ableandapproximatelyleastsquares�tting algorithm,3D
3L, is proposed.Thealignmentproblemis solvedbyformu-
lating an intrinsic coordinatesystemdeterminedby tensor
contractionsof thesurfacerepresentationparameters.

Keywords:pose estimation,3D implicit surfaces,tensor
analysis,implicit surface�tting

1. Intr oduction

3D poseestimationinvolvesdeterminingtheunderlying
coordinatetransformationbetweentwo occurrencesof an
object, eachin different position. In 3D, the coordinate
transformationis usuallyarigid motioncomposedof arota-
tion anda translation.Amongseveralapproachesproposed
to solve the problemarescattermatrices[6], high degree
moments[5], least-squaresformulationsbasedon a setof
point correspondences[7], superquadrics[10], andmodel-
basedapproachusinga point setanda surfacemodel[2].
Thesemethodseitherrequirean accuratepoint correspon-
dence(asin leastsquaresmethods)or aresensitiveto occlu-
sion(asin scattermatrix)or areiterative(asin model-based
approach),or havelimited representationpower(aswith su-
perquadrics)andwould not be effective whenobjectsare
sphericallyor cylindrically symmetricplussomebumpsas
in �gure 4(a).

Thispaperpresentsnew powerfulapproachesto twofun-
damentalproblemsin 3D computervision. First is therep-
resentationof 3D surfacedataby modelsdescribedby mod-
est numbersof parameterswhich can be �t to datawith
simpleparallelprocessing.Secondis the fastextractionof
geometricinformationfrom thesemodels,e.g.,intrinsicco-
ordinatesystemswhichpermitaccurate3D alignmentwith
one shot ratherthan iterative computation. More speci�-
cally, theresultspresentedarethefollowing. A 3D implicit
polynomialsurfaceis �t to a datasetwhichcanrepresenta
closedsurfaceor an open3D surfacepatch. The �tting is
linear, approximatelyleast-squareswith the result that the
computationis modestandnon-iterative. Theproposed�t-
ting algorithm is a 3D versionof the 3L �tting algorithm
which was�rst usedfor 2D shapeswith satisfyingresults
andis extendedhereto the3D case.With thealgorithm,the
polynomialcoef�cients aremuchmorestableandrepeat-
able,thanaretheresultswith othercurrent�tting methods,
undersmall changesin the datasetsto be �t. Fitting is
doneusingpolynomialswith degreesrangingfrom 1 to 12
sothateithervery crudeor fairly high resolutionshapein-
formationcanbecapturedwith a singlepolynomial.Using
this model,to computetheshapealignmentanintrinsicco-
ordinatesystemis formedby computinga centeranda set
of threecoordinateaxesfor the implicit surface.This is a
oneshotcomputation,andthe resultingcoordinatesystem
canthenbe alignedby a singlecomputationwith ananal-
ogouslycomputedintrinsic coordinatesystemfor another
3D shape.Thetwo aligned3D representationsor datasets
canthenbecomparedveryaccuratelyat low computational
costwith our methods.Our intrinsic coordinatesystemis
determinedby tensorcontractions[5]. Its desirableprop-
ertiesare that the covariantparametersthat resultandare



usedarelinearcombinationsof thecoef�cients of the�tted
polynomialandseemto be morestableandrepeatablein
thepresenceof noisethanareparametersusedin previous
approaches.

Therepresentationsandmethodologydevelopedappear
to beideallysuitedto thefollowing uses:

1. A single IP (implicit polynomial) can represent3D
surfacedata”well” if thesurfaceshapeis of moderate
complexity, andit canprovide a meaningfulapprox-
imation, for many purposesincluding poseestima-
tion to a complex shape.For example,the6thdegree
polynomialin Figure4 providesa goodrepresenta-
tion for the given humanheartdata. Furthermore,
essentiallyall the time requiredfor this �tting is in
thecomputationof 84monomialsfor eachdatapoint.
With ef�cient programs,thisshouldbeless– perhaps
considerablyless– thana few secondsona fastcom-
puter. Sinceeachpoint is processedseparately, this
canalsobe doneon a signalprocessingchip. Fig-
ure1(b)-(c) illustratea 3D datasetof a humanhead
anda 10th degreeIP representation.IP modelsare
usefulfor visualizationandfor measuringshapege-
ometryparametersof therepresentedobjectata level
of resolutionappropriateto therepresentation.

2. Theserepresentationsareuseful for comparingtwo
shapes.Sinceour IP �tting approachis to �t an IP
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dataset ��� in the vicinity of ��� , for any new data
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, the respective polynomial
�ttings, the comparisonof the shapescan be done
in a numberof ways, two of which are the follow-
ing: (i) Computetheapproximatesumof squareddis-
tancesfrom thepointsin ��� to the IP representation

�

���������	��
��

for ��
� , or viceversa,i.e.,

�

�

�

���! "# $�%�&!')(

�

�+*��������	��
��

(ii) Computethe approximatesum of squareddis-
tancesbetweensmoothapproximations
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Note that this particularapproximatedistancemea-
sure,which we call PIMs (PolynomialInterpolated
Measure),will behighly accurateeventhoughcorre-
spondingcoef�cients of thetwo IPsmaybeverydif-
ferent.Bothmeasures(i) and(ii) canbeexpressedas

Mahalanobisdistancesin thepolynomialcoef�cients
(see [9] for detailsfor the2D case)

3. A complex object can be representedat arbitrarily
�ne resolutionwith low degreeIPs by representing
the data by overlappingpolynomial patches,each
coveringonly a portionof theobjectsurface.Align-
mentof anentireobjectcanbedonein termsof the
intrinsiccoordinatesystemsfor its patches.

4. Sincethe IP representationsarecoordinateindepen-
dent, the computationalcost of tracking a dataset
which is moving anddeformingis very low. Hence,
IP patchesarean ideal representationfor represent-
ing, trackingandregisteringa moving organin med-
ical dataanalysis[1].

5. For the precedingreasons,IP patchesare ideal for
many applicationssuchas object recognition,posi-
tioning, andmetrologicalinspectionfor manufactur-
ing automation,andindexing into 3D databases.

2. Implicit Polynomial Model

Many 3D problemsarestill relatively dif�cult asthey in-
volveprocessingof hugevolumesof data.A genericmodel
�tted todatasetscandramaticallyeasetherequiredprocess-
ing andsimplify several3D problems.In computervision,
objectsin 3D imagesaremostlydescribedby theirsurfaces.
Ellipsoids,quadraticsurfaces,andsuper-quadricareusedas
surfacemodels.In essence,thesesurfacesarespecialforms
of themoregenericimplicit algebraic surfaces. An implicit
algebraicsurfaceis de�ned as the zero set of an implicit
polynomialin 3 variables
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. More formally, a 3D
IP surfaceof degree< givenby thefollowingequation:
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is ahomogeneousternarypolynomial
(calleda form)of degree i in
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equation1 thegradedlexicographicorderingonmonomials
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is applied.
Therearetwo usefulrepresentationsfor implicit polyno-

mial surfaces:
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� Tensorform: whenanew component
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to every 3D point
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and the polynomial
is rewritten asa homogeneouspolynomialin 4 vari-
ables:
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theabove sumcanbewritten in anuniqueway in the
following form:
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multinomialcoef�cient in theexpansionof the form
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of order <

representingthepolynomial(seeSection4.1). Note,
herethe tensor+ is ann-dimensionalarraywith /
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Thevectorform, asdescribedin thenext section,is very
convenientfor implicit polynomial�tting, while the tensor
form providesa useful framework for poseestimationas
shown in section4.
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datapointsalonganobjectsurface,an implicit polynomial
is saidto representthisobjectsurfaceif everypointof � � is
closeto thezeroset ;
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9 of the implicit polynomial. Given sucha dataset � � ,
animplicit polynomialrepresentationis obtainedthrougha
�tting algorithm.

3. Implicit Polynomial Fitting

TheIP �tting problemcanbesetup asfollows. Givena
dataset �
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thatmin-
imizestheaveragesquareddistancefrom thedatapointsto
the zeroset ;
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of the polynomial[12]. Whenthe geo-
metric distancefrom a point to the zerosetof an implicit

(a)

(b) (c)

Figure 1. (a) Level sets for head (b) Head data
set (c) 10th degree �t (ears discar ded).

polynomialis minimized,aniterativeprocessis neededbe-
causethereis no explicit expressionfor this distance.This
formulationrequiresnonlinearoptimization. Several geo-
metricdistanceapproximationshave beenused,suchasthe
�rst orderapproximation[12], whichspeedupcomputation
considerably, but iterativenonlinearoptimizationis still re-
quired.

In thenext sectionwepresentthe3L algorithm,a linear
�tting algorithmwhichis of lowercomputationandhasbet-
ter polynomialestimatedcoef�cient repeatabilitythan all
presentlyexisting IP �tting methods.



(a) (b)

Figure 2. (a) Face (b) 12th degree �t.

3.1.3L Fitting

The polynomial
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is an explicit function at
all valuesof
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andusually�tting formulationstake
into accountonly �

� . We get fast, stable,repeatableim-
plicit polynomialsurface�ts by �tting theexplicit polyno-
mial
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to ��� . 3L �tting, besidesthe original dataset
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� , usesa pairof syntheticallygenerateddatasets�
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canbegen-
eratedby a distancetransformcomputationalgorithmfrom

��� or as describedin the next subsection.For eachdata
point in ��� , theEuclideandistancetransformdeterminesa
point in ���

� andanotheronein �
�

� whichareat aperpen-
diculardistance� to eachsideof theoriginal curve � � [4].
Figure1(a) shows the 3 level setsfor a headshapein 3D
(surfacede�ned by 12640points).
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is Y (in equation 4) evaluated at
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ing thevectorof polynomialcoef�cients
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(in equation2)
is minimizationof 
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The purposeof introducingthe two level setsas addi-
tionalconstraintsis becauseit makesthe�tting morestable
and consistentwith regard to transformationof datasets,
andmorerobust to noisy or missingdata. The poseesti-
matordiscussedin following sectionsparticularlyrelieson
consistency androbustnessof �tting underEuclideantrans-
formationsandocclusion.

noise

resampling
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Figure 3. Relative error on the �t, in norm, due
to perpendicular noise and resampling of the
surface .

The 3L �tting is robust to the addition at all dataset
pointsof a randomGaussiannoisein thedirectionperpen-
dicular to theshapeasshown in �gure 3 in thecaseof the
heartshapeof �gure 4. Robustnessto randomresamplingis
excellent.If adatasetis toocomplicatedto be�t accurately
by a polynomialof thedegreebeingused,thenby choosing

� appropriately, ameaningfulsmoothapproximationcanbe
obtained.This is usefulfor initial poseestimationandmay
beusefulfor initial low resolutionobjectrecognition.

The level setsbring in the additionalbene�t of forcing
singularitiesaway from thevicinity of the dataset,assin-
gularitiesoccurat local extremaor saddlepoints.We refer
thereaderto [3] for additionalinformation.

Figure2 shows thedatasetandthe12thdegreeimplicit
surface�t for a face(with 1250datapoints). Figure4 dis-
plays the datasetand the 6th degree�t for a heart(with
6480 datapoints). These�gures along with Figure 1 il-
lustratethepower of polynomialsin representingcomplex
shapeswhichareeitheropenor closed.



(a) (b)

Figure 4. (a) Heart (b) 6th degree �t.

3.2.Level SetGeneration

If thesurfacedatais not sparseandis closed,a 3D Eu-
clideandistancetransformcanbeappliedto obtainthelevel
sets. However this is not the casewith most3D datasets.
Moreover, computingthe3D Euclideandistancetransform
is computationallyintensive. Other level set generation
techniqueswhichwork in 2D usuallyfail in 3D. Theprinci-
ple dissimilaritybetween2D and3D lies in thefact that in
2D, theedgechain, asetof pointsformingthecontourof an
object,whetherit is a closedor not,hasa naturalordering:
it canbetraversedin clockwiseor counterclockwisedirec-
tion. Thus,vectordifferenceof adjacentpointscanbeused
for de�ning an absolutenormaldirection,i.e., oneknown
to be pointing towardsinsideor outsidethe curve, for all
pointson thecurve.

In 3D, somedataacquisitiontechniquesenablethe di-
rectestimationof local topologyandsurfacenormals[13].
However in general,dataconsistof a set of unorganized
datapoints.The3Dequivalentof anedgechainis atriangu-
lationof thecaptureddatasurface.This procedureis costly
andsometimesinaccurateas comparedto contourtracing
algorithmsgeneratingan edgechain in 2D [8]. Our ap-
proachis to �t aplaneto a setof pointscomprisingthedata
pointandtheneighboringpointswithin a givenradiusfrom
thedatapoint. In thiscase,the�tted planeis anapproxima-
tion to theplanetangentto thesurfacein thevicinity of the
datapointandtheplanenormalcanbeused.Howeversince
thereferenceframeis notknown, theplanenormaldoesnot
give anabsolutedirection. To resolve this ambiguity, for a
starshapeanadditionalreferencepointknown to beinside
or outsidethe surfacecanbeused. The ray

�

joining the
referencepoint and the datapoint along with the tangent
planenormal � givesthe absoluteorientation. More pre-
cisely, if �

!

�����

, vectors� and
�

point towardsoppo-
sitedirectionswith respectto thetangentplaneandtowards

the samedirectionotherwise. In our experiments,we uti-
lizedgeneralizedeigenvector�tting for �tting local tangent
planesandusedtheplanenormal � alongwith the center
of massas the additionalreferencepoint. An alternative
approach,which doesnot involve any additionalreference
point, is to bene�t from the surfacecontinuity. With this
approach,for a givenseedpoint thesurfacenormalis com-
putedby �tting a tangentplaneandanabsoluteorientation
is chosenarbitrarily [8]. Then,sinceadjacentpointswould
havenearlyparallelnormals,absoluteorientationsof neigh-
boringplanescanbeobtainedby propagationfrom already
determinedones.For our purposes,aslong asthe tangent
planeorientationsareconsistent,the initial orientationcan
bearbitrarybecause,in the3L �tting, achangein thechoice
of the initial orientationamountsonly to a reversalof the
signof
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� and � �

� whichleavesthezero
setof theresultingimplicit polynomialsthesamewhile the
coef�cient vectorswoulddiffer in signonly.

4. Poseestimation

Given
�

� and
���

� , two <

�	�

degreeIP surfacesrepresent-
ing the samefree-form object in two different positions,
how cantheposeestimationbecarriedout in anon-iterative
way?Toourknowledge,theonlyanswerto theaboveques-
tion is theoneput forth by Taubin[11] which is effective.
Theapproachin ourpaperfurtherevolvessomebasicideas
in [11], appearsto provide greateraccuracy, andis a step
in theprocessof trying to constructthemostaccuratepose
estimationbasedon all the informationin the polynomial
coef�cients. The proposedsolution is basedon the con-
structionof two covariantsproviding anintrinsic reference
systemassociatedwith thepolynomial.Oneof thesecovari-
antsis avector 
 with

	

componentseachcomponentbeing
a polynomialfunction in the coef�cients of forms f

� and
f

�

�

9

in
�

� . The vector 
 is calledthe intrinsic centerof
thepolynomialandusedto estimatetheobjectlocation.The
secondcovariantis a

	�� 	

symmetricmatrix 
 andeach
componentof this matrix is a polynomial function of the
coef�cients of only the <

�	�

degreetermsf

� of thepolyno-
mial

�

� . The matrix 
 providesthesuf�cient information
to computetheintrinsicorientationof thepolynomial.

Thematrix 
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andthevector 
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f
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9
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canbe
interpretedgeometricallyasanellipsoidor ahyperboloidin
3D space.Thisquadraticform is aEuclideancovariantwith
respectto the original polynomial

�

� . That is, upona Eu-
clideantransformationof thepolynomial

�

� , thequadratic
form is transformedin thesameway. This propertycanbe
usedto recover theobjectpose.

By usingthe tensorrepresentationof a polynomial,for
any even degreepolynomial,we areableto formulatean-
othercovariantmatrix 


�

f

�

�

whosecomponentsarelinear
with respectto thecoef�cients of theleadingterm f

� of
�

� .



Becauseof this linearity, theproposedcovariantmatrix al-
lowsusto obtainwhatappearsto bea morerobustorienta-
tion estimation.Wedescribenow how thisnew covariantis
obtainedby focusingon thecasewhentheEuclideantrans-
formationis solelyarotation.

4.1.Rotation

Any homogeneouspolynomial, and thus the leading
form f

� of
�

� describedby thevector
�B� �
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canbeexpressedin anuniquewayasasymmetriccovariant
tensor. Thepolynomial f

� is:
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By expandingtheprevioustriangularsum(see(5)), wede-
�ne asymmetrictensor�
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For programmingpurposesthis tensoris representedby
an < -dimensionalarraywhereeachentryhas3 possiblein-
dex values. Tensorrepresentationsimpli�es the treatment
of the poseestimationproblemby providing an easyway
to expressthetransformationof thepolynomialcoef�cients
undera Euclideantransformationof the referenceframe.
Upon anorthogonaltransformation�
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refers
to amatrixwhoseentryat row i andcolumnj is i
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) or more
generallya linear transformationof the world
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coordinatesystem,thetensorin thenew basisis expressed
as
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where
�

is the Jacobianof the transformationand
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is unity for orthogonaltransformation.Thisexpres-
sionprovidesa directimplementationof thetransformation
of thepolynomialcoef�cients throughaneasyarraymanip-
ulation.Note,theaboveequationde�nesacovarianttensor
asit transformswith the sametransformationof the coor-
dinatesystemasopposedto a contravariant tensorwhich
transformswith the inverseof the coordinatetransforma-
tion.

A basictensoroperationis the contractionof a tensor
with respectto two indices. Given a tensor, a contraction
with respectto the indices 	

9

and 	

* , e.g., is a new tensor
which is of order <
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with
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A total contractionof a tensorgives a zero order tensor
which is an invariant. For example,for a symmetric2x2
matrixviewedasa tensorof order




, thetensorcontraction
givesthetraceof thematrixwhichis known to beaninvari-
ant underEuclideantransformations.Notice that a single
contractionof a tensorof order < givesa tensorof order

<

6�


, andcomponentsof the contractedtensorarelinear
functionsof theoriginal tensor. But the mainpropertywe
usehereis that the contractedtensorstill stayanorthogo-
nalcovariantindependentof how many contractionsareap-
plied. Consequently, for a tensorof evenorder


�@

,
��@ 6

�

�

contractionresultsin a
	 ��	

symmetricmatrix which is
covariantwith respectto orthogonaltransformations.The
diagonalizationof thiscovariantmatrix 
 andtheorthonor-
mal eigenvectorsbasisallow us to estimatetheorientation
of thepolynomialby providing an intrinsic orientationfor
thepolynomial.

As an example, for the leading polynomial of a 2D
quartic de�ned by f
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, the tensor �
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is de-
�ned by a 4-dimensionalarray, which canbedecomposed
in four matrix-slices
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Thecontractionof tensor�
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is equivalentto constructinga
matrix from thetraceof these3 matricesandtheassociated
covariantmatrix 
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For the quadraticform in 2D, f
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Sincecomponentsof this covariant matrix 


�

f

�

�

are
linearcombinationsof the polynomialcoef�cients, we ex-
pect lesssensitivity to small changesin the datathan by
usingcovariantmatriceswith componentsnonlinearin the
polynomialcoef�cients.

Translationsleave the leading term f

� unaffected.
Therefore,the orientationof the polynomial canbe com-
puteddirectly from f

� using 


�

f

�

�

asdescribedabove.
Notice that the matrix 


�

f

�

�

doesnot provide a unique
solutionbut rather / solutionsdueto thesymmetriesof an



ellipsoid. At this stepof thecomputation,we arenot able
to disambiguatethisanddeterminethecorrectrotationesti-
mate.This is why, in thenext section,weapplythetransla-
tion estimationwith eachof the / rotationestimates.

4.2.Translation

This sectionis equivalentto Taubin's approachin [11],
but presentedwith the tensorialnotation. This notational-
lows usto presenttheapproachin a moregenericway and
is notationallycloserto theimplementation.Herethetrans-
formationbetween

�

� and
���

� is apuretranslation
�

.
Asseenbefore,theleadingtermspolynomialf

� is unaf-
fectedby a translation.This propertyis written in tensorial
notationas �

�

�

�

�

� where�

�

� is thetensorassociatedwith
the leadingform after translation.Thehomogeneousform

f

�

�

9

of degree <
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is transformedin thefollowing way
by atranslation
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where � is theone-timecontractedproductof two tensors.
Equation7 is a linear systemwith respectto the trans-

lation. For a quadraticform (degree <

� 


), solving this
systemis similar to using the centerof a quadraticform.
For example,for a conic in 2D, equation7 is equivalentto
thesystem:
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whichde�nesthewell known coniccenter.
For higherdegree(evenor odd)this systemis over con-

strained,andthe solutionis obtainedby usingthe pseudo-
inversematrixof thelinearsystem.Theuseof thepseudo-
inverseprovidesthe optimal solutionwhich minimize the
erroron all <

6

�

degreecoef�cients. For a quarticin 2D
(degree <

�

/ ), equation7 canberewrittenasthesystem:
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4.3.Algorithm

Having shown how rotationandtranslationestimations
aredone,we now cananswerthequestionposedat thebe-
ginningof section4 by statingthe Euclideanposeestima-
tion algorithmasawholefor ourpolynomials

�

� and
���

� :
� computationof the 4 possiblerotations �

� basedon
the covariant 


�

f

�

�

given in section4.1 from the
leading term of the polynomial

�

� and one possi-
ble rotation �

�

basedon thesimilar covariantmatrix



�

f

�

�

�

of thepolynomial
�

�

� ,

� for each	 applytherotation �

�

�

�

�

on thepolynomial
and computethe translation

�

� basedon the equa-
tion7 (theroleof

�

� and
� �

� canbeswappedfor more
symmetriccomputations),

� for each 	 apply the Euclideantransformation� �

�

�

�

�

�

�

�

�

�

�

�

on the original polynomialandcompute
thedistancebetweentheresultand

� �

� . Theoptimal
Euclideantransformation� is givenby thetransfor-
mationminimizing the distancebetweenthe coef�-
cient vectors

���

� and
�

� transformedby � . (Alter-
natively, the transformedfunction canbe compared
with thedataset ��� for greateraccuracy)

Thelaststepallowsusto obtainauniquesolutionby us-
ing theinformationin thelowerdegreeterms.An extension
is to iterateandre�ne the processby taking into account
theinformationin lowerdegreetermsin orderto betteres-
timate �

�

and � � . The transformationrule for the whole
polynomialis givenby expressingthe polynomial

�

� asa
symmetrictensorin homogeneouscoordinatesasdescribed
in section2.

5. Experiments

To test the robustnessof the proposedposeestimation
technique,we ran3 differentexperiments

� perpendicularnoise: Gaussiannoisein the surface
normaldirectionlocally at eachpoint of thedataset
(�gure 5(a)and(b)),

� resampling: Gaussiancenterednoisein thetangential
plane,at eachdatapoint, andhalf of the pointsare
randomlydiscarded(�gure 5(d)),

� occlusion: a percentageof thedatasetout of a plane
is choppedoff (�gure 7).

5.1.Noiseand random resampling

In Figure 4(a) and Figure 7 the heart data set
is displayed (6480 points in a box with dimensions
(
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). In Figure5(a) and(b) noisy data
setsin the normaldirection (standarddeviation = 0.06cm
and0.12cmrespectively). In (c), noisydatasetin the tan-
gentialdirection,i.e.,eachdatapointis perturbedin aplane
tangentialto thesurfaceat thepointand(d) showsa subset
of 50
 of thesepoints.This is resamplingof the3D surface
representedbytheoriginaldataset,tobeusedfor alignment
algorithmaccuracy assessment.

FromFigure6, the locationerror is a linear functionof
the noisestandarddeviation between

>
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and
>




�
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6

. As
shown in �gure 5, a noisewith a standarddeviationof
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a b

c d

Figure 5. Heart under noise (standar d devi­
ation

>




>��

cm and
>
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cm) and per turbations
(random resampling).

producesmajorperturbationof theshape,andit is dif�cult
to dotheregistrationvisually;neverthelesstheangularerror
obtainedby the algorithm is

>
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 , and the translation
erroris

>




>��
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. For highervalueof thestandarddeviation,
thealgorithmis not still ableto discriminatebetweena set
of approximativesymmetricsolutions,andseveralsolutions
areobtained.

In thesepreliminary experiments,our new algorithm
provides estimatesat least as accurateas those in [11].
Sometimesthedifferenceis large. A morede�niti ve com-
parisonrequiresfurthertesting.

Finally, Figure6 showsthatour techniqueis quiteinsen-
sitive to thevariationof thestandarddeviationof thenoise
resampling,allowing us to estimatethe posebetweentwo
datasetswithout any point-to-point matchingbetweenthe
two datasets.Thebiasis dueto thefact thatin theseexper-
imentstheshapeis resamplednotalongtherealsurfacebut
only alongthetangentplane.

5.2.Occlusion

In Figure7, apatchconsistingof � 
 of thepointsin the
heartshapeis discarded.Nevertheless,theerroron theori-
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Figure 6. Error in the orientation and transla­
tion due to perpendicular noise, random re­
sampling, and occ lusion.



(a) (b)

Figure 7. (a) Original data set (b) � 
 discar ded
with a ver tical plane . The light par t is the dis­
carded region and the data points seen there
belong to the far side .

entationis
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.
This result illustratesthe robustnessof our techniqueto
smallamountsof occlusionof the dataset. In this case,if
theorientationestimationis basedon theclassicmethodof
usingtheaxesof the3Dscattermatrixfor thedata,theerror
of orientationis oneorderof magnitudehigher:

>







�

i

	


 .
Figure6 shows errorsin theangleandtranslationnorm

estimatesfor occlusionbetween
>


 and
�





 wherethees-
timation is stable. Under occlusion,it turns out that the
translationis affectedby a systematicbias due to �tting.
But theangleis still accurateandrobust.

6. Conclusions

Theproposedtechniquedoesnotuseall theinformation
abouttheposecontainedin thepolynomialcoef�cients (for
example,weuseonly apartof theleadingform to compute
theorientation).We areworking on poseestimationbased
onall theinformationin thepolynomialcoef�cients.

Tensorformalismcanbe alsousedto obtain invariants
for usein recognition.

Realdataarelocalizedin a �nite spacebut apolynomial
is de�ned on thewholespace.We areexploiting 
 beinga
linearfunctionof thecoef�cients to extendour PIMs mea-
sure[9] to covarianttensorsandposeestimationaroundthe
datasetonly. This shouldresultin even greaterposeesti-
mationaccuracy.
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