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Abstract

We presentan algorithm that extracts curvesfrom a
set of edgels within a speci ¢ classin a deceasingor-
der of their “length”. Thealgorithminherits the percep-
tual groupingapproaces.But, insteadof usingonly local
cuesa global constaint is imposedo ead extractedsub-
setof edeels,thattheunderlyingcurvebelongsto aspeci ¢
class.In orderto reducethe compleity of the solution,we
work with a linearly parameterizedtlassof curves,func-
tion of oneimage coordinate Thisallows, r st,to useare-
cursiveKalmanbasedtting and,secondto castthe prob-
lem as an optimal path seach in an directedgraph. Ex-
perimentson nding lane-markingson roadsdemonstate
thatreal-timeprocessings achievable

1 Intr oduction

Our studyis motivatedby the detection- via on-board
camera of roadlanemarkingsfor automaticvehicleguid-
ance. The dif culty of nding road markingsandbound-
aries stemsfrom two main facts. First, such“features”
often suffer from low imagecontrast. They may alsobe
masled by shadavs, light spots,be partially occluded,or
even be physicallyfragmented.Secondthe extraction of
markingsmustbeperformedn areasonablémeonastan-
dardon-boardcomputer

To alleviate theseadwerseconditions,we assumethat
markingsare ideally embeddednto a family of smooth
cunes, . A directconsequencef this modeling,is that
we cannow selectedgesdasedntheircurve tting perfor
manceyatherthanamoretraditional- andblind - gradient
magnitudehresholding.

We favor the longestcurvesthatbelongsto  aschar
acteristicof the featureswe seekto retrieve. Indeed,the
existenceof suchcurvesin atypicalimageof aroad,hasa
high probabilityto correspondo roadboundarie®r lane-
markings.

Whenthe family of curves is of dimension2 or 3,
the Hough transformcan be usedto nd the longestel-
ementsof that family. Nowadays,the mostwidely used
curve nder involves, rst, linking edgelsvia connectvity

propertiesand,secondpartitioningtheresultinto line seg-

ments[7]. After sucha partitioningthe problemremains
to aggrgatesuchsegmentsinto curves[13]. In [4, 5] are
proposedmethodsthat follow the edgelsand recursvely

ts a curve until the tting erroris large. But, important
dif culties remain: the extractedcurvesarehighly depen-
denton the selectedstartingpoints,aswell asthe orderof

the edgellinking. The approachwe have exploredtackles
suchproblem.

Other approachehave beenmotivatedby the idea of
perceptualgrouping. The edgelsare organizedas nodes
of a graph, and linked to eachotherthrougharcs. The
groupingrelieson evaluating“perceptuakues”,which are
storedin eacharc. Generallysuchcuescorrespondo some
intuitive measureof the local geometricalconsisteng as
evaluatedfor eachpair of nodes.Measuresuchasalign-
ment,co-circularity andsalieny have beenproposed14].
In [2] the groupingis modulatedthroughstatisticalprop-
erties. Differentalgorithmshave beenproposedto nd
curvesfrom suchgraphsfor instance:dynamicprogram-
ming andrelaxation(se€[2, 1]). All suchmethodgropose
cuesbasedon pair-wise interactionsbetweenedgels,and
seemdif cult to extendwhena moreglobal constrainton
thecurveis needed.

In [10], the authorproposesa methodthat nds the
longestcornvex subgraph.Convexity provesto be a strong
enoughconstraintsuchthat the computationcan be per
formedby anexhaustve search.

We proposehere to combine the above approaches
tunedto the particularcaseof our road following appli-
cation. The main dif culties arein designing(i) a global
groupingtechniquethat may resultin a high combinato-
rial compleity, and(ii) a tting technique(for the family

) that involves a large amountof computations. How-
ever, the problemcan be drastically simpli ed thanksto
two strongassumptiongnadeon . (1) We consideronly
parametriccurves , Wwhere is the horizontal
coordinate,and the vertical one. This is an acceptable
assumptiorin the caseof a vehiclewell-alignedwith the



road. In turn this implies nding directedarcsbetween
edgelsJeadingto a connectedhgyclic directedgraph(i.e.,

anetwork). (2) We assumeahat is a linear subspacef

nite dimensionwhich allows usto usea recursve curve

tting.

Thepaperis organizedasfollow. First, we describehe
variationalstatemenbf our problem. Second,we de ne
a simple edgel detectorbasedon level-lines. Third, we
describeanef cient recursveimplementatiorof thecurve
tting usingKalman Itering. We thenwe shav, how we
canuseit for nding curvesdescribedoy in an
edgelset. Finally, we apply the designedechniqueto the
retrieval of lane-marking®n roadimages.

2 Geometric “Best-First Segmentation” of
Edges

We wantto selectedgeshasedon geometricalbspects.

More precisely we want to selecta setof edgelscorre-
spondingto a shapeapproximatvely in . We de ne the
tting error of a setof edgels, , asthe
sumof theLeast-Squaredistancedbetweertheedgelsand
thebest tting shape in

A large errorindicatesthatthe edgelsetcannotbe well
representeddy acurvein . We olbviously have

which meansthat addingan edgelto a setof edgelswill
increasehe tting error. Therefore,in orderto performa
groupingof edgelswe needto balancehis increaseof er-
ror. Hencewe introducea measure

basedon the sumof the edgellengthsandon their density
within the tted curve. To balancethe tting error, it is
sufcient that satis es:

A simpleexampleof sucha measures the squaredsumof
theedgellengths.

An “enemgy”, thatindicateshow consistenthe edgels
arewith respecto the bestcurvein , canbe de ned by

theweighteddifferencesof and

where controlsthe tradeof between  and . We
then derive the enegy gain of groupingan edgel

with a setof edgels by:

A positive representa likely good grouping of
edgels. A setof edgelshaving a large is thenclearly
animportantgeometricabktructure.Keepingonly subsets,
of the edgelset, that have a large enough becomesa
valid alternatve over selectingedgelswith respecto their
contrastamplitudes.The problemis now how to nd such
subsets.ldeally, this involves nding the partition , of
theedgelsets thatmaximizesa “Mumford andShah’like
enegy [12]:

1)
Unfortunately this problemis computationallydif cult

to solve for two reasonsFirst, the maximizationis notlo-
calandits compleity is similarto the“salesman’problem.
Secondthis maximizationof (1) requiresthe computation
of for all subset®f theedgelset,whichis highly com-
putationallyexpensie. With respecto perceptuabroup-
ing techniquesthe differenceimplied in our formulation
is thatglobalconstraintsarecomputed Thereforeijt is not
obvious to directly apply one of the proposedalgorithm
that would computesan approximatesolution. In addi-
tion, ary iteration, with suchalgorithms,involves mary
ts of edgelsubsetswhich might not be computationally

ractable.
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Figure 1. (a) original image of a white lane per
turbedby a spotlight, resultsof Canny-Deriteedge
detectowith a 1 pixel sizesmoothing:(b) nothresh-
old on the gradientmagnitudeand (c) 40 gray lev-
elsthreshold.On the secondine, resultsof theline
sggmentdetectorfor differentvaluesof the minimal

length: (d) 4 pixels,(e) 15 pixelsand (f) 20 pixels.

Neverthelessan approximatve solution of (1) canbe
obtainedin reasonabléime underthe following assump-
tions:

Connectedstraight line edgelscan be groupedto-
gether Thus, edgelscanbe de ned as straightline
segments.



Thefamily of theshapes is alinearly parameteriz-
ablesubsenf curves.

The edgelset canbe ordered. Therefore,the edgel
graphis aconnectedgyclic directedgraph.

Undertheseassumptionsywe proposea nen approachfor
anefcient partitioningwhich approximateshe bestsolu-
tion maximizing(1). Our approachconsistsin nding
the longestedgelsubsetrst. Then,to remove the found
subsetof the edgelset, andto iteratethe optimal search
for the next longestedgelsubsets.With this partitioning
approachthatwe namedBest-Fr st S@gmentationthe re-
sultingsubsetareorderedn decreasingneny.

3 Straight Line SegmentDetector
3.1 EdgelsasStraight Line Segments

Most of edge-detectomlgorithmsinvolve (at least) a
smoothinganda thresholdsteps[9]. Both stepsdecrease
the numberof resultingedgels,andin fact may remove
usefulinformation,aswe explain below.

Smoothing It removesfrom theimage“small” details
createdby noise.Since thechosenltering is oftenlinear,
“small” detailmeansa“small” mix of spatialsizeandgray-
level amplitude. Thereforethe selectionis harderon low-
contrastzone. As example,we shaw in Fig. 1 (b) or (c),
a Canry-Dericheedgedetectorappliedon animageof a
light spoton awhite lane-markingsThe magnitudeof the
gradientalongthelight spotis sostrongthatthe smoothing
removesthe edgeof the white lane-markingsve want to
detect.

Thresholding It usuallydiscardsow contrastcandi-
dateedgels.

If we reduceas much as possiblethe effects of the
smoothingand thresholdsteps,edgelsin imagesare nu-
merousandacriterionfor selectinghesebecomesnanda-
tory. We believe thata selectiorbasedn geometricaton-
siderationds a betteralternatie thanonebasedon inten-
sity contrastasillustratedin Fig. 1.

3.2 Extracting Edgels

We startwith an edgemapde ned asthe setof all the
levellines of theimage. (As de nedin [8], we call “level
line” the boundaryof alevel set , i.e., the setof pixels
having anintensitylargeror equalto ). Notethat, atthis
point, no selectionis performed. Of course,othersedge
map de nitions could work (e.g. lines given by the zero
crossingsf the Laplacian). The importantpoint here,is
to reduceas much as possiblethe use of contrast-based
selectionsgiventhe problemsoutlinedabove.

Wethende ne anedgelasastraightsegmentembedded
in theedgemap,or equivalently, aspartof alevelline. Due
to the useof animagegrid, thereexistsonly 8 possibleo-
cal directionsfor ary pixel. Thesedirectionsarecodedby
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Figure 2. (a) the original image and the result of
the line sggmentdetectorfor different valuesof the
minimal length(b) 8 pixels,(c) 16 pixelsand (d) 32
pixels.

anumberbetweer0 and?7, alike thewell known Freeman
codes. Thelist of directionson theseconnectededgelsis
thusequvalentto the chain-codeof anedge.

Differentalgorithmshave beenproposedor recogniz-
ing whena chain codeof a list of connectededgelsis a
straightline or not [11, 16]. Using suchalgorithmsal-
lows us to constructa completetree of possiblestraight
line chain-codegivenapre-speci edtargetlength. Dueto
the — symmetryof the processfreemar{16] provesthat
at mosttwo basicdirectionsarepresenin the chaincode
andthesecandiffer only by unity, modulo8. Therefore,
this treeis a binary tree Notethatthe size of suchatree
remainsrelatively small.

Oncethetreehasbeenconstructeda fastalgorithmfor
following connectedstraightsegmentsof the edgemapis
used.Givenastartingedgel,thetreeof chaincodess tra-
verseduntil aleafis reachedi.e.,until anend-pointieature
pixelis reachedWe endupwith alist of straightseggments,
denotedn thefollowing by “edgels”.

4 Curve Detector

In this sectionwe explain how to groupedgeldying on
a certainshapeand how to then nd the principal curves
from animage. As speci edin Section2, we rst restrict
our attentionto alinearly parameterizablsubsebf under
lying curves . Indeedaspointedout by [4], linear sub-
space®f curvesallow recursve estimate®f thecurve pa-
rametersvhena new edgelis provided. Noticeably this
is alsothe main propertyuponwhich Kalman Itering is
based Mostcommonsubsetsuchasstraightlines,conics,
cubicsareexamplesf subspacesf curves.More comple



curves may be approximatedoy higher degree algebraic
curves[15].

We then considerthe underlying curves explicitly de-
scribedasa functionof oneof theimagecoordinates:

2
where arethe imagecoordinatesf a point on the
curve, is thecoefcient vectorof thecurve
parametersand is avectorof func-

tionsof theverticalcoordinate .
4.1 Recursive Fitting of a Curvein

As explainedin Section3, the usededgelsare straight
line segmentswith pixelsasextrema. Thus,anedgelmay
be describedby two pixel positions,i.e, by two points.
Keepingin mind that we are still working on edgels,
we will considerfrom now-on that the datasettomprises
pointsonly, for the sale of clarity.

The simplestway to t a curve to datais to minimize
distanceover the setof given datapoints
with the least-squaresriterion:

3)

Theminimizationof the previous tting errorgivesthe
well-known normalequations:

4)
where is the vectorof coordinates,
the matrix is the designmatrix, and

is the scattermatrix. Let ,
thus(4) is rewrittenas . Thecomputatiorof
thebestt consistan solvingthe previouslinearsystem.

Sincethe tasksof edgelgroupingandcurve tting are
not separablea recursve algorithmis required. Given a
new datapoint , we needto updatethe solu-
tion to . Therefore anupdatednverseof is
needed.We rst computethe vector
Theupdatedscattemmatrixis thengivenby

, andwe have .

In comparisorto [4], wheretherecursve tting isbased
on a QR decompositiorof thedesignmatrix , werecast
the curve tting in the framawork of Kalman Itering be-
causdesscomputermemoryandpower arethenrequired.
Kalman ltering is basednthefollowing propertyfor the
updating:

()

with . Equation(5) assumethatthe
matrix canbeinvertedandis furtherbasedon the
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Figure 3. Recusive t with anincreasingnumber
of points(from 1 to 6) by a polynomialof degree4.
Thee is 5 parametes for this kind of curve When
the numberof point is lower than 5, the recuisive
tting algorithmgivescurvesof lower degree

factthat is avectorof size . From(5), we deducethe
recursve computatiorof :

(6)

with . Thepreviousequa-
tion givesthe so-calledcovariancematrix of
asafunctionof thepreviouscovariancematrix andthe
vector

Theupdatedcurve parameterarethenobtainedvia:

(7)
Therecursve tting algorithmconsistsn:

Selectan edgelandinitialize the recursve tting by
setting to timestheidentity matrix,and to
zero. Then computethe covariancematrix us-
ing (6) andthe curve parameters  using(7).

Givenanew datapoint , thecovariance
matrix is updatedusing(6) andthe curve param-
etervector  is updatedusing(7).

The previouschoiceof insuresthat (5) canbe applied
at eachstepwithout any problem,evenif the numberof
points is not sufcient for constrainingwell-enoughthe
least-squareminimizationof (3). Thisis equivalentto the
Ridge Regressiorregularizationinvestigatedn the context
of non-recursie tting of algebraiaccurves[15]. As shavn
in Fig. 3, whenthe datadoesnot containenoughinforma-
tion for the accurateestimationof curvesof degree , the
algorithm ts thedatasetby alower degreecurve.

The tting errorcanberecursvely updatedwithoutre-
quiring the updatedcurve parameters andthe up-
datedcovarianceparameters , using:

(8)



which is obtainedby substituting(6) and(7) in (3). This
is of practicalimportancefor optimizing the speedof the
curve nder describedn thenext section.
4.2 Searchfor the BestCurve

As explainedin Section2, our algorithmis not nding
the curvesin the imagein a randomorder, but, rather it
rst nd thelongestandthentheothersonesby decreasing
enegy

Figure 4. Main curvesdetected. Both longest
curvesare numbeed. All curveshave3 parametes.

Theassumptiorof explicit curvesallows usto orderthe
edgelsge.g.in adecreasingrderof the explicit coordinate
(here ). Then,startingfrom the bottomof a curve (in the
image),thatcurveis alwaysgrown upwardtoward smaller

We organizethe edgelsasnodesin anagyclic directed
graph,whereevery edgelis linked to all otherconsistent
edgelswith smaller coordinateslLet and betwo
edgelswe saythat if thereis adirectlink in the
graph,from to . We associat¢o eachedgel
its coordinatesandthe bestcurvesarriving at
cuneis speci ed by its enegy (i.e ), its parameters

, its covariancematrix , andits length

TheMoore-Dijkstraalgorithmperformsoptimal search
whenarc weightsare x ed. Contraryto the useof local
cuestheseweightsareunknovnwith tted curves.There-
fore,we proposeavariationof theclassicaMoore-Dijkstra
algorithmto nd thelongestpathin thegraphwith positive
but unknowvn arcweights:

. Each

For each ordered node
1. Compute the edgel energy
2. For the best curves of every
nodes such that com-
pute:
3. Let be the best
in step 2 and 1. Then compute
the best curves associated to
the best energies:

Figure 5. Exampleof maincurvesdetectedn im-
ageswith complicatedighteningconditionsor with
holesin thewhitelane-markings.

At theendof theloop, theedgelwith thecurve of largest
enegy is the lowest coordinateedgel of the bestcurve.
Finding the bestcurve is thenstraightforvard. Let usde-
scribedtheingredientsof thealgorithm:

is recursvely computedas the distanceof the ex-
tremapointsof tothechosen bestcurve  of
It uses(8) replacing by the coordinates
in ,and by ,

is the squaredlength, so that

denoteshe recursve tting wherethe edgel

is addedto the tted curve storedin . It follows
formula(6) and(7), replacing by ,
,and by , may be

reducedo initialize the tting for the singleedgel
to the straightline passinghroughit, asdescribedn
Sectiord.1.

As we see the algorithminvolvestwo relatedloopson
the edgels.Without, the proposedecursve processa t-
ting stepwould have beenneededwithin thesetwo loops.
Denotingby the numberof edgels,and consideringan
averageof ~ of edgelspercurve, sucha processvould
have yieldedanaveragecompleity of ~ (worsecaseis

). Therecursve tting allowsusto bringthe tting out
of oneloop aswell asreducingits associatedompleity.
Insidethe loops, it remainsto estimateerrors,which is a
simplecomputatiorwith x edandsmall cost. Theresult-
ing compleity is thereforeatworse

The proposedhlgorithmrepresents trade-of between
optimality andef ciency. When , the numberof consid-
ered tted curvesfor eachnodeincreaseso the maximum



pathnumber our searchalgorithmbecome®ptimal,to the
detrimentof processingpeed.

5 Application to Real-time Video Analysis

Figure 6. Left: Exampleof longestcurves nding
using cuesbhasedon only pair of edeels. (A tting
is performedafterwaids onthefoundedgel subsets).
We seethat sinceno global geometricalconstaints
is asled,theedgelsof thewhitemarksare linkedto a
telegraphic postlocatedout of theroad. Right: two
longestlinesfoundby the algorithm.

In this sectionwe presengexperimentsfor curve detec-
tion in the context of lane-markinggecognitionfor auto-
matic control of vehicles[3, 6]. We assumeherethatthe
roadis planarandthatits shapemay be approximatedy

apolynomial: . Thetransformatiorbe-
tweentheroadplane andtheimageplane is:
— and —,where and areonlyfunctions

of the cameracalibrationparametersWe setthe origin of
coordinatesystemto a point on the line of horizon - the
positionof this line canbe computedrom the camerecali-
bration.We canthencomputehow theroadis projectedn
theimageasthecurve:

(9)

We have foundexperimentallythatin mostcases,
or is sufcient for a correctapproximationof the road
shape. In Fig. 6, we computethe two bestcurvesusing
only local cues(a), andthe two bestcurvesthat standsin

(b). The rst algorithmlinks thewhite lanemarkingsto
atelegraphicpost,which constitutegshe bestcurve having
a small meancurvature. Whereaghe secondfollows the
lanemarkingswhich is betterrepresentethy a function of

. Figures4 and5 shaw the bestfound curveswhere is
respectiely 2 and3. Sizeof theimagess . Typ-
ical computatiortime (in secondspn a Pentium200Mhz,
32Mo are: edgelssetcomputationkeepingonly thosethat
areat least8 pixelslong): , andfor bestcurve nd-
ing, whenbasednlocal cues: , whenembeddedh a
family: betweer0.1and0.5seconddependingpn andon

the imagecompleity (only the best tted curve is saved
).

6 Conclusion

We have describedan algorithmfor nding subsetof
edgelsthat are embeddedn a speci ¢ family of curves.
Thanksto two assumptionsnadeon the family of curves
- i.e., linear parameterizationand functionsof one coor
dinate- we derived a processbasedon a classicalgraph
algorithmcombinedwith aKalmanbasedecursve tting.
Thisallowstheprocesso runin areasonabléme. We are
currently working on optimizing this algorithm, and ex-
tendingthe techniqudor nding moregenericcurves.
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