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Abstract

New representationsare developedfor 2D IP (implicit
polynomial)curvesof arbitrary degree. Theserepresen-
tationspermit shaperecognitionand poseestimationwith
essentiallysingle, rather than iterative, computation,and
extract anduseall the informationin thepolynomialcoef-
�cients. This is accomplishedby decomposingpolynomial
coef�cient spaceinto a union of orthogonalsubspacesfor
which rotationswithin two dimensionalsubspacesor iden-
tity transformationswithin onedimensionalsubspacesre-
sult fromrotationsin ����� measured-dataspace. Thesero-
tationsin thetwo dimensionalcoef�cient subspacesare re-
latedin simplewaysto each otherandto rotationin the ���	�

dataspace. By recastingthis approach in termsof complex
polynomials,i.e, 
��
������� andcomplex coef�cients, fur-
thersimpli�cationoccursfor rotationsandsomesimpli�ca-
tion occursfor translation.

1. Intr oduction

Objectrecognitionbasedon invariantsandobjectpose
estimationareclassiccentralproblemsin computervision.
In this paper, we dealwith objectrecognitionandposees-
timationfor Euclideantransformationsof 2D Implicit poly-
nomial (IP) curves. The relationshipof this paperto the
existing stateof the art is as follows. Thereis a sizeable
literatureon alignmentandgeometricinvariantsbasedon
moments,B-splines,superquadrics,conics,combinations
of straightlinesandconics,bitangents,anddifferentialin-
variants.For lack of space,we simply reference[2] which
containsa samplingof someof this literature. For IP, 2D
curvesand3D surfaces,the mostbasicapproachto com-
parisonof two shapesis iterativeestimationof thetransfor-
mationof onefrom theotherfollowedby recognitionbased

on comparisonof their IP coef�cients or basedon compar-
ing the dataset for onewith the IP representationfor the
other[3, 7].

A major jump wasthe introductionof intrinsic coordi-
natesystemsfor poseestimationandEuclideanandaf�ne
algebraicinvariantsfor IP 2D curvesand3D surfaces[7, 2].
Thesearehighly effectivebut donotuseall theinformation
in the IP coef�cients. Recently, a geometricinterpretation
of a2D IP wasprovidedfor quarticswhich ledto poseesti-
mationandinvariantrecognitionunderaf�ne andEuclidean
transformations[6].

Thepresentpaperfocusesnoton thegeometryof theIP
but ratheron the geometryof the transformationof the IP
coef�cients andis built onthefactthatwhenthe �����	��� data
setis rotated,the resultingIP coef�cient vectorundergoes
an orthogonaltransformation[7]. The signi�canceof our
developmentis thatgoingto anappropriatelinearbasisfor
IP coef�cient space,we cancomputea completesetof ro-
tationalinvariantsandcomputeEuclideanposeestimation
basedon all the informationin the IP coef�cients andon
simplefunctionsof relatively stablelinearcombinationsof
IP coef�cients.

2. Implicit Polynomial Model

2.1.De�nition

An algebraiccurve is de�nedasthezerosetof apolyno-
mial in 2 variables.More formally, a 2D implicit curve is
speci�edby anIP of degree � givenby thefollowing equa-
tion:���
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Here
���

� �����&� is a homogeneousbinary polynomial (or
form) of degree � in � , and � . Usually, we denoteby

�

�

�����	��� the leadingform. An algebraiccurve of degree
2 is a conic,degree3 a cubic,degree4 a quartic,andsoon.

Implicit polynomial
� �

is often representedby coef�-
cientvector� having components�
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Superscript� denotesmatrix transpose.
In general,the vector representationis convenient for

IP �tting sinceour �tting methodsareset within a linear
framework, while the tensorrepresentation[5] providesa
usefulframework for poseestimationfor any dimension.

2.2.Conicsand Cubicsunder rotation

We �rst considerconicsandcubicsunderrotationin or-
derto exhibit propertieswewantto exploit.

A cubicis de�ned by 9 coef�cients:
���

� �����&�(�

'

���

�

' /

�

� �

'

�

/

� �

'




�

�




�

'%/�/

�%� �

'

�




�




�

'

�

�

�

�

�

'




/

�




� �

'%/




� �




�

'

�

�

�

�

��8

(2)
Whena cubic is rotatedthroughangle � , the � coef�cients
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� , 8�� �%�!�"�$# aretransformedasamessyfunctionof
� . Therotationmatrix % �&��� for thedatais:
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whichde�nesthetransformedcoordinatesystem.Theorig-
inal cubic coef�cients are written as a vector � and the
transformedone is �

(

. We denotewith a prime the rep-
resentationafter transformation.By substituting(3) in (2),
andafterexpansion,weobtaintherelationbetweenthetwo
vectors�

(

�879� , where7 is a functionof therotationan-
gleonly. This ��:;� matrixcanbedecomposedin blocksin
thefollowing way:
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wherethediagonalblock 7

 transformsthecoef�cients of
thehomogeneouspolynomialof degree� , i.e the �6FHG form.
Therefore,thesizeof theblock 7

 is �I�2�J�#��: �I� �J��� . We
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of thequadraticform is not modi�ed by a rotation,andit is
convenientto introducethe angle �T� to easily solve pose
estimationof conics.Equivalentto thetracepropertyis that
thesumof the �rst andthird linesof 7


 is independentof
the angle � , which is easilyveri�ed. To takeadvantageof
this relation,we de�ne a new parameterization,U
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� are linear functionsof
the original polynomialcoef�cients. With this new repre-
sentation,thematrix 7


 is mappedinto a matrix where �+�

appears:
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The reasonfor this U , V notationis that U

 $ and V

 	$ are
therealandimaginarypartsof thecomplex coef�cient
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introducedin thenext section.
For 7
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In summary, when a cubic is rotated,thereexists a natu-
ral basisspeci�ed by the squarematrices �&W
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The coef�cient vectorof the cubic in the new basisis
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after rotation % �&��� . It is clearthat in this new ba-
sis,thecoef�cient spaceis decomposedinto oneor two di-
mensionalsubspacesinvariant to rotationsand the vector
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whichrotatewith angles� , �+� , or
#T� with respectto the appliedrotation. This leadsdirectly
to a simpleandrobustway to computetherelative orienta-
tion betweencubics.Moreover, it is veryeasyto computea
completesetof invariantsunderrotationfor a cubic(in the
sensethatall otherinvariantsaredeterminedby these):

� 2 linearinvariants:coef�cients U
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In order to generalizethis approachto IPs of arbitrary
degree,we turn to complex numbersandthusthe complex
representationof IPs.

2.3.ComplexRepresentationof Implicit Polynomi­
als

Sincewe aredealingwith rotationsand translationsof
2D curves, complex representationprovides a simpli�ca-
tion in theanalysisandimplementationof poseestimation
or invariantobjectrecognition.To simplify notation,wefo-
cuson theform
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degree,thepreviousexpressioncanberewrittenas:
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where %	�!�

3

� and ��� �

3

� aretherealandimaginarypartsof
the expressionwithin parenthesis.Not to have to discuss
oddandevencases,we introducecoef�cient

K

$ andrewrite
thepreviousequationsas:
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where � �
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denotesthegreatestintegernot exceeding� . We
call thevector
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The principalbene�t of the vectorcomplex representa-

tion is the very simpleway in which complex coef�cients
transformundera rotationof the polynomial. We seethat
if theIP shapeis rotatedthroughangle� (see(3)), 
 trans-
formsas 
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Moreover, thereis a recursiveandthusfastwayto compute
the �&W

 

� matrixpermittingto transformagivenpolynomial
coef�cient vector � to thenew basis

^

for any degrees.

3. PoseEstimation

As describedin the previous section, the relation be-
tweenthecoef�cients

^

of apolynomialand
^

(

of thepoly-
nomial rotatedis particularlysimplewhenusingthe com-
plex representation,allowing us to computethe difference
of orientationbetweentwo given polynomials

^

and
^

(

(see(7)). It turnsoutthatcomplex representationis notonly
usefulfor rotationbut alsohasnicepropertiesundertrans-
lation allowing us to do poseestimationunderEuclidean
transformationin avery fastwayandby usingall theinfor-
mationin thepolynomialcoef�cients.



3.1.Implicit Polynomial Fitting

Sinceobjectposeestimationandrecognitionarerealized
in termsof coef�cients of shape-representingIP's, thepro-
cessbegins by �tting an IP to a dataset representingthe
2D curve of interest.For thispurposeweuse3L �tting [1],
which is a leastsquareslinear�tting of anexplicit polyno-
mial to theDistanceTransformof thedataset.TheIP curve
is thezerosetof this explicit polynomial. 3L �tting [1, 5]

Figure 1. 3L �ts of
�

FHG degree polynomials to a
butter�y , a guitar body, a mig 29 and a sky-hawk
airplane. In the bottom are �6FHG degreepolynomials
�ts.

is of lower computationalcostand hasbetterpolynomial
estimated-coef�cient repeatabilitythanall previouslyexist-
ing IP �tting methods.Fig. 1 shows measuredcurve data
andthe �t obtainedwith the 3L �tting. This �tting is nu-
merically stableandrepeatable,with respectto Euclidean
transformationsof the dataset, and robust to noiseanda
moderatepercentageof missingdataasshown in Fig.2.

�

FYG

degree�ts allowsusto capturetheglobalshape,andhigher
degreepolynomialsprovide moreaccurate�ts asshown in
Fig. 1 with �

FHG degreepolynomials. We are working to

maintaingood�tted coef�cient stability even for high de-
grees.

3.2.Translation

It is well known thatnonedegenerateconicshave a cen-
ter. Given two conics,the two centersarevery useful to
estimatetherelative posesinceeachconiccanbecentered
beforecomputingthe relative orientation.Thegoalof this
sectionis to computea centerwith similar propertiesfor
any degreesin thecomplex representation.

Figure 2. Left, � �ts are superimposedwith as-
sociatednoisy data sets. The original data set is
perturbed with a Gaussiannoisealongthe normal
with a standard deviation of 8

3

� for a shapesizeof
# (or, shapesizeis 375pixelsand the noiseis with a
12.5pixels standard deviation). Right, �#8�� of the
curve is choppedat � random starting points.
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Notice, that if � is even, a careful derivation yields a
special equation for (8) when 	 � �
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The �rst interestingpropertyof (8) is that the term de-
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doesnot dependon therotationappliedon thepolynomial.
Note,this �
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is determinedsolelyby curve having co-
ef�cients
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andis a centerfor this curve. The �

���

�

F

�

�

of a
high degreepolynomialhasthesamepropertyastheconic
center. Consequently, it canbeusedin thesameway: each
polynomial

^

and
^

(

arecenteredby computing�

���

�

F

�

�

and
�

(

���

�

F

�

� beforecomputingthe relative orientationusingall
the transformedcoef�cients. This centeris not different
than the Euclideancenterof a polynomialderived with a
completelydifferentapproachin [7].

The secondadvantageof the complex representationis
thatwe canderive not only onecenterbut several,a differ-
entonefor eachsummandin (9), with thesameinvariance
to rotation.Thepropertyusedhereis that

K

(

-

�

4

/

. $

depends
only on

K

-

�

4

/

. $ ,
K

�

$ , and
K

�

-

$ "

/

. , i.e, the complex repre-
sentationuncorrelatestherotationandthe translation.But
therobustwayto de�ne a uniqueEuclideancenterfor IP is
the point �

���

�

F

�

�

. Indeed,this centermakesuseof the re-
dundancy of informationin all the coef�cients of

�

�

and
�

�

4

/

to obtainrobustestimate.

3.3.Rotation

In theprevioussection,only coef�cients of leadingform
�

�

andnext highestdegreeform
�

�

4

/

areusedfrom all
the coef�cients in

^

and
^

(

. Experimentally, it turnsout
thatit is thecoef�cients of

�

�

and
�

�

4

/

whicharethemost
robust to noiseandsmall perturbations.Nevertheless,it is
importantto takeadvantageof all theinformationavailable
in thepolynomialto obtainthemostaccurateposeestima-
tion possible.At �rst, we assumethat thetwo polynomials
arecenteredby using the Euclideancenterde�ned in the
previoussection.

For a cubic,underrotation % �&��� ,
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transformsto
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. In thisequation,
asseenin section2.2,complex coef�cients

K

/

� and
K

�

/

are
rotatedby angle � ,

K




� by angle �+� , and
K

�

� by angle #T� .
Thesecoef�cients all have informationabouttheshapeori-
entation,but with differentperiods.If

K
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� and
K

�

/

give di-
rectly therelative orientationbetween

^

and
^

(

,
K




� gives
it up to � , and

K

�

� upto
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�

.

In thegeneralcase,from (7),
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( asafunctionof
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under
arotation� is givenby
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squaresto estimate� :
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whichleadstomaximizationof �
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� � . Assumingthatthenoiseandtheerror
is small, the previousequationis approximatedby its sec-
ond orderTaylor expansion.Thenthe solutionis derived,
andthis maximizationis solvedas:

�0�

�

��


 $

�




 $

'

�	� �

K

(

 	$

�90

'

�	� �

K

 	$

� ���

�
�

 $

��0��6	

(11)

whereweights


 $ are �5��0��6	 �
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.
As just pointedout in the cubic example, �

 	$ is an un-
known integer when ��0��6	�� �8� , and
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is the period.
Integer �

 	$ is between8 and � 0��6	 0 � . Sincethe com-
putationalcost is very small, the bestestimatedanglecan
beobtainedby computingtheestimatefor all possibleinte-
gersandchosetheonewhich minimizesthe 


 	$ weighted

standarddeviation of �
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. (Note, the
accuracy of this leastsquaressolutioncanbeimprovedby
dividing thesedifferencesby their respective standardde-
viations.) An alternative is to searchfor the roots of the
derivative of (10) with respectto � , which is a polynomial
in �

�+)

.

3.4.Euclideantransformations

At this point, if only shaperotation hasoccurred,we
have indicatedhow to makeoptimal (or very good)useof
all coef�cients in orderto estimatetherotation. Thecom-
putationof the translationdoesnot useall the information
available. To achieve an optimal algorithm with respect
bothrotationandtranslation,re�nementcanbeapplied,by
assumingthat � is small in magnitude.

If 
 is translatedas 


(

�9
 ��� and
$

�

$

is small,
� �

� 


(

0 � �

shouldbewell approximatedby theconstantandlinearterm
in theTaylorseriesexpansionof

� �

� 


(

0 � � with respectto � ,
andthenthelinearequationin � for

�

�

4

/

, (8),appliesto all
lowerdegreeforms

�

 , � ���"0�� . Thispropertyallowsus
to computethe re�ned translationby usingall coef�cients
of thepolynomial.After thisstep,theorientationcanbere-
�ned by computingtheresidualrelativeangleaspreviously.
The re�nementof the translationandof the orientationit-
eratesa few timessincetheconvergenceis in practicevery
fast.

In summary, for poseestimation:



� Firstthepolynomialis centeredby computingtheEu-
clideancenterfrom thecoef�cients of

�

�

and
�

�

4

/

with (9) asdiscussedin section3.2.

� Thentherotationis computedby usinginformationin
all thecoef�cients of

� �

using(11)andthediscussion
in section3.3,

� Thetranslationandtheorientationareiteratively re-
�ned oneor two timeswith (9) extendedto all forms
and(11)appliedonall thecoef�cients of

� �

.

The advantageof this algorithmis its robustnessandsim-
plicity sincemostof thecomputationsarelinear.

noise0.1 n. 0.2 occl. ��8 � o. �&8 �

angle 1.7% 59.3% 1.1% 42.7%
trans. 1.4% 9.2% 1.4% 3.3%

Table 1. Standard deviation in percentage of
the average mean of the angle and the norm of
onetranslation componentwith various perturba-
tions. Added Gaussiandata noise has standard
deviations 8

3

� and 8

3

� (12.5and 25 pixels respec-
tively). Occlusionsare ��8 � and ��8 � of the curve
at random starting points. Statistics are for 200
different random perturbations of each kind on
the original shapedata. As in Fig. 3, true rotation
is 1 radian, true translation is 1.

Theproposedposeestimationis numericallystable,re-
peatable,androbust to noiseanda moderatepercentageof
missingdataasillustratedin Table1. Theshapeis thebut-
ter�y , having size 3 (or 375 pixels) shown in Fig. 1, and
thedegreeof the �t is

�

. Theposeestimationerrordueto
occlusionincreasesnicely in the rangefrom 8 to � � � (19
pixels),asshown in Fig. 3. Similar resultsareobtainedin
the range � 8 ��8

3

�

�

�

for the standarddeviation of the noise.
A noisestandarddeviation 8

3

�

�

is � � of the sizeof shape
of thebutter�y (or 21 pixels),which representa relatively
largeperturbation(seeFig. 2). For highervaluesof noise,
we have the well know thresholdeffect [4] in estimation
problems. It arisesin our problembecauselarge additive
noisemaskstheshapebumpsusefulfor rotationestimation.

4. RecognitionUsing Invariants

In theprevioussection,complex representationis usedto
solve theproblemof poseestimationfor IPsof any degree.
But the complex representationis alsouseful for deriving
rotationinvariants.Theuseof theseinvariantsto compare
two IPs is a very fast way to do shaperecognitionin 2D
images.
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Figure 3. Left, variation of the standarddeviation
of the angle and the � componentof the transla-
tion for an increasingpercentageof occlusion at
200random starting points. Right, variation of the
standard deviation on invariants
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(with 200realizations)
for an increasingamount of Gaussiannoiseat each
point. Value are percentageof the averagevalue
of the correspondingposecomponentor invariant.
Rotation is 1 radian, translation is 1.

WhentheIP is centeredwith thecomputationof theEu-
clideancenterasdescribedpreviously,wehavecanceledthe
dependenceof thepolynomialon translation,andtheonly
remainingunknown transformationis therotation.

noise0.1 n. 0.2 occl. ��8 � o. �&8 �

$

K

�

/
$

9.8% 33% 6.7% 31.6%

K




/

10.4% 34% 8.1% 18.9%$

K

!

�

$

9.6% 24% 2.1% 6.1%

Table 2. Standard deviations as a percentageof
the meansof a few invariants in responseto vari-
ousdata perturbations. Gaussiannoisehas stan-
dard deviation 8

3

� and 8

3

� . Occlusionsare �#8 �

and �&8 � of the curve at random starting points.
Statisticsfor eachcasearecomputedfrom �&8�8 dif-
ferent random realizations.

Sincethenumberof coef�cients of
�
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is

/




� �7� ���	���2� ���

andthenumberof degreesof freedomof arotationis 1, the
countingargumentindicatesthat the numberof geometric
invariants[6] is
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� � � �#� � � �L��� 0 � . Wedirectlyhave �

�




�

� �

linear invariantswhich are
K

 ���

�,�

when � is odd. From (7),
wededucethatall other
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areinvariantsunderrotations.
This givesus �4�
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quadraticinvariants. Invariants$
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aregeometricdistances,but thereareangleswhichare
alsoEuclideaninvariantsfor an IP. Indeed,relative angles
betweenthe
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$

arepreserved underrotations.
This yields a completesetof rotation invariantsfor an IP
of degree � asfor the cubic casein section2.2. We want
to emphasisthefact thatmostof theobtainedinvariantsare



linearor quadraticevenfor high degreepolynomials.This
leadsto invariantslesssensitive to noisethanarethosede-
rivedfrom otherapproachessuchassymbolicmethods.
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As shown in Table2, invariantsarelessrobustthanpose
parameterssincetherearecomputedindependently. But as
shown in Fig. 3, thebetterrobustnessof the translationes-
timationin comparisonto theangleestimationallows rota-
tion invariantsto becomputedoutof therangeof robustness
of theangleestimation.For particularshapes,a few angu-
lar invariantsbecomebimodalup to a particularamountof
noise,suchas

$ �

!

�

0

�

�

�

$

for thebutter�y asshown in Fig.3.

mig butter�y skyhawk guitar
mig 100% 0% 0% 0%
butter�y 15% 91.5% 0% 7%
skyhawk 55% 0% 45% 0%
guitar 8% 0% 0% 92%

Table 3. Percentagerecognition on a set of 200
perturbed shapesfor noiseof standard deviations

8

3

� .

Fig. 4 shows scatterplots vectorsof pairsof invariants
for the4 shapesof Fig.1. Thoughthescatterof components
of invariantvectorsarenotalwayswell separated,theuseof
thecompletesetof invariantsappearsto yield highly accu-
raterecognition.Therecognizerusedis Bayesianrecogni-
tion basedon a multivariateGaussiandistribution for each
objectandhaving a diagonalcovariancematrix estimated
from 200 noisyshapesfor eachobjectwith standarddevi-
ations 8

3

� in the normaldirection. This model is usedto
do recognitiononanothernoisysetwith standarddeviation

8

3

� (25 pixels, i.e, at the limit of the robustnessfor pose).
Resultsarequitegood(seeTable3). For largenoisepertur-
bations,the sky-hawk becomesdif�cult to recognizefrom
theotherairplane,sincedetailsarelost in noise.

5. Conclusions

Thoughthe shape-representingIP's thatwe usemaybe
of high degree,we have introducedposeestimation,and
recognitionbasedon geometricinvariants,which are re-
alized by linear operationsfollowed by reasonablystable
nonlinearoperationson the IP coef�cients. The goal is to
takeadvantageof the intrinsic robustnessandaccuracy of
linearandnearlinearestimation.If put into a Bayesianor
MaximumLikelihoodframework,wecanachieveposeesti-
mationor objectrecognitionwhichusesall theinformation
containedin theIP coef�cients. In this paperwe presented
approximatelyoptimalposeestimationandhybrid recogni-
tion. The approximatelyoptimal poseestimationusedall
theinformationavailablein theIP coef�cients, but notwith
theoptimalweightings.Thehybrid recognitionusedtrans-
lation estimationbasedon someof the IP coef�cients fol-
lowedby rotationinvariantrecognitionbasedonacomplete
set of geometricrotation invariants. The translationesti-
mationis quite accurate,andthe object recognitionbased
on a completesetof rotation invariantsproducesa single
computationrecognizerthat appearsto be highly accurate
because,thoughsomeof theinvariantsarenoteffectivedis-
criminators,the completesetis! This is the �rst complete
setof geometricinvariantsfor an IP thatwe areawareof!
This approachneedsto beexploredfurther, andextensions
to 3D areunderstudy.
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