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Abstract

New representationsare developedfor 2D IP (implicit
polynomial) curvesof arbitrary degree Theserepresen-
tationspermit shaperecognitionand poseestimationwith
essentiallysingle, rather than iterative, computation,and
extract and useall the informationin the polynomialcoef-
cients. Thisis accomplishedby decomposingolynomial
coefcient spaceinto a union of orthogonalsubspace$or
which rotationswithin two dimensionakubspacesr iden-
tity transformationswithin one dimensionakubspacese-
sult fromrotationsin measued-dataspace Thesero-
tationsin thetwo dimensionatoefcient subspaceare re-
latedin simplewaysto ead otherandto rotationin the
dataspace By recastinghis appmoad in termsof comple
polynomialsj.e, and comple coefcients, fur-
thersimpli cation occursfor rotationsandsomesimpli ca-
tion occursfor translation.

1. Intr oduction

Objectrecognitionbasedon invariantsand objectpose
estimationare classiccentralproblemsin computewision.
In this papey we dealwith objectrecognitionandposees-
timationfor Euclideartransformationsf 2D Implicit poly-
nomial (IP) curves. The relationshipof this paperto the
existing stateof the art is asfollows. Thereis a sizeable
literatureon alignmentand geometricinvariantsbasedon
moments,B-splines,superquadricsgonics, combinations
of straightlinesand conics,bitangentsanddifferentialin-
variants.For lack of spacewe simply referencg2] which
containsa samplingof someof this literature. For 1P, 2D
cunesand 3D surfacesthe mostbasicapproachto com-
parisonof two shapess iterative estimatiorof the transfor
mationof onefrom the otherfollowedby recognitionbased

David B. Cooper

LEMS,Division of Engineering
BrownUniversity BoxD
ProvidenceRI, 02912-9104USA
cooper@lems.lowvn.edu

on comparisorof their IP coefcients or basedon compar
ing the datasetfor onewith the IP representatioffor the
other[3, 7].

A major jump wasthe introductionof intrinsic coordi-
natesystemdor poseestimationand Euclideanandaf ne
algebraidnvariantsfor IP 2D curvesand3D surface$7, 2].
Thesearehighly effective but do notuseall theinformation
in the IP coefcients. Recently a geometricinterpretation
of a2D IP wasprovidedfor quarticswhich ledto poseesti-
mationandinvariantrecognitionunderaf ne andEuclidean
transformation$§g].

The presenpaperfocusesnoton the geometryof thelP
but ratheron the geometryof the transformatiorof the IP
coefcients andis built onthefactthatwhenthe data
setis rotated,the resultinglP coefcient vectorundegoes
an orthogonaltransformatior{7]. The signi cance of our
developments thatgoingto anappropriatdinearbasisfor
IP coefcient spacewe cancomputea completesetof ro-
tationalinvariantsand computeEuclideanposeestimation
basedon all the informationin the IP coefcients andon
simplefunctionsof relatively stablelinear combinationof
IP coefcients.

2. Implicit Polynomial Model
2.1.De nition

An algebraiccurweis de ned asthezerosetof apolyno-
mial in 2 variables.More formally, a 2D implicit curve is
speci edby anlP of degree givenby thefollowing equa-
tion:

1)



Here is a homogeneousinary polynomial (or
form) of degree in , and Usually, we denoteby
the leadingform. An algebraiccurwe of degree
2 isaconic,degree3 acubic,degree4 a quartic,andsoon.
Implicit polynomial is often representedy coef-
cientvector havingcomponents
(numberof coefcients is - )"

where

Superscript denotesnatrix transpose.

In general,the vector representations convenientfor
IP tting sinceour tting methodsare setwithin a linear
framewvork, while the tensorrepresentatiofb] providesa
usefulframevork for poseestimatiorfor ary dimension.

2.2.Conicsand Cubicsunder rotation

We rst considerconicsandcubicsunderrotationin or-
derto exhibit propertiesve wantto exploit.
A cubicis de ned by 9 coefcients:

)
Whena cubicis rotatedthroughangle , the coefcients
, aretransformedisamessyfunctionof

. Therotationmatrix for thedatais:

3)

whichde nesthetransformedoordinatesystem.Theorig-
inal cubic coefcients are written as a vector andthe
transformedoneis . We denotewith a prime the rep-
resentatiorafter transformation By substituting(3) in (2),
andafterexpansionwe obtaintherelationbetweerthetwo
vectors , where is afunctionof therotationan-
gleonly. This matrix canbe decomposeih blocksin
thefollowing way:

wherethediagonalblock  transformghe coefcients of
thehomogeneoupolynomialof degree , i.ethe  form.
Thereforethesizeof theblock s . We
have and

Theelement®f theseblocksarenon-linearfunctionsof
and . Itiswell known thatthetrace
of thequadratidorm is not modi ed by arotation,andit is
convenientto introducethe angle  to easily solve pose
estimatiorof conics.Equivalentto thetracepropertyis that
thesumof the rst andthird linesof is independenbf
theangle , whichis easilyveri ed. To takeadwantageof
this relation,we de ne a new parameterization, ,
, of thecoefcients , of the polynomialby
applyingthefollowing matrix

Thesenew parameters and are linearfunctionsof
the original polynomial coefcients. With this new repre-
sentationthematrix  is mappednto a matrix where
appears:

The reasonfor this , notationis that and are
therealandimaginarypartsof the complex coefcient
introducedn the next section.

For it turnsoutthata similar simpli cation is possi-
ble with thetransformation

and is mappednto:

In summary when a cubic is rotated,thereexists a natu-
ral basisspeci ed by the squarematrices ,
where is mappednto diagonal and blockform:

The coefcient vectorof the cubicin the new basisis
and afterrotation . It is clearthatin this new ba-
sis,the coefcient spacds decomposethto oneor two di-
mensionalsubspacefvariantto rotationsand the vector



is decomposed
into 2D vectors whichrotatewith angles , , or
with respecto the appliedrotation. This leadsdirectly
to a simpleandrobustway to computethe relative orienta-
tion betweercubics.Moreover, it is very easyto computea
completesetof invariantsunderrotationfor a cubic(in the
senseahatall otherinvariantsaredeterminedy these):

2 linearinvariants:coefcients and

4 quadratidnvariants:radiuses , ,
,and ,

and3 relative angles:the anglebetween-
and , between and ,and
between- and , for instance.

In orderto generalizethis approachto IPs of arbitrary
degree,we turn to complex numbersandthusthe comple
representatiorof IPs.

2.3.ComplexRepresentationof Implicit Polynomi-
als

Sincewe are dealingwith rotationsand translationsof
2D cunes, comple representatioprovides a simpli ca-
tion in the analysisandimplementatiorof poseestimation
or invariantobjectrecognition.To simplify notation,we fo-
cusontheform . Themain
ideais to rewrite asarealpolynomialof complex

variables and

Usingbinomialexpansiongor and ,we

canrewrite with new comple coefcients

Noticethatcoefcients , arelinearcomple
combinationsf the , , andthat
sincethepolynomialis real. Thusdependingpnoddor even
degree thepreviousexpressiorcanbe rewritten as:

(4)

where and aretherealandimaginarypartsof
the expressionwithin parenthesis.Not to have to discuss
oddandevencaseswe introducecoefcient  andrewrite
thepreviousequationsas:

()

where  denoteghegreatesintegernot exceeding . We

callthevector thecomple vectorrepresentation
of a algebraiccurve which is de ned by areal polynomial

in and :

(6)

where

is the vector of complex monomials. Thus, we have

. We denotedby  thecon-
jugateof the coefcient of the homogeneous
polynomial in and .

For example,the comple representatiomf a conic is
where  and

arerealnumbers.Thus,we rewrite it as
. Rememberingnotation
of the previous section,it is easyto shawv that ,

, and . Thecomple representationf a
cubicis
, andsoon.
The principal bene t of the vectorcomple representa-
tion is the very simpleway in which comple coefcients

transformundera rotationof the polynomial. We seethat

if thelP shapéds rotatedthroughangle (see(3)), trans-
formsas , Sothat , andby substituting
in (5):

Hence thecoefcients of thetransformegolynomialare

(7)
Moreover, thereis arecursve andthusfastwayto compute
the matrix permittingto transforma givenpolynomial

coefcient vector tothenew basis for ary degrees.

3. PoseEstimation

As describedin the previous section, the relation be-
tweenthecoefcients of apolynomialand of thepoly-
nomial rotatedis particularly simplewhenusingthe com-
plex representatiorallowing usto computethe difference
of orientationbetweentwo given polynomials and
(seg(7)). It turnsoutthatcomplex representatiois notonly
usefulfor rotationbut alsohasnice propertiesundertrans-
lation allowing us to do poseestimationunderEuclidean
transformationn avery fastway andby usingall theinfor-
mationin the polynomialcoefcients.



3.1.Implicit Polynomial Fitting

Sinceobjectposeestimatiorandrecognitiorarerealized
in termsof coefcients of shape-representirnig's, the pro-
cessbayins by tting anIP to a datasetrepresentinghe
2D curwe of interest.For this purposeve use3L tting [1],
whichis aleastsquaredinear tting of anexplicit polyno-
mial to the DistanceTransformof thedataset. ThelP curve
is the zerosetof this explicit polynomial. 3L tting [1, 5]

Figure 1. 3L ts of degree polynomials to a
butter y , a guitar body, a mig 29 and a sky-hawk
airplane. In thebottomare  degreepolynomials
ts.

is of lower computationaktostand hasbetterpolynomial
estimated-coefient repeatabilitythanall previously exist-
ing IP tting methods.Fig. 1 shavs measurecturve data
andthe t obtainedwith the 3L tting. This tting is nu-
merically stableand repeatablewith respecto Euclidean
transformation®f the dataset, and robust to noiseanda
moderatgercentagef missingdataasshovnin Fig. 2.

degree ts allowsusto capturetheglobalshapeandhigher
degreepolynomialsprovide moreaccuratets asshavnin
Fig. 1 with degree polynomials. We are working to

maintaingood tted coefcient stability even for high de-
grees.

3.2.Translation

It is well known thatnonedegenerateconicshave a cen-
ter. Given two conics,the two centersare very usefulto
estimatethe relative posesinceeachconic canbe centered
beforecomputingthe relative orientation. The goal of this
sectionis to computea centerwith similar propertiesfor
ary degreesin thecomple representation.

Figure 2. Left, ts are superimposedwith as-
sociatednoisy data sets. The original data setis
perturbed with a Gaussiannoisealongthe normal
with a standard deviation of  for a shapesizeof
(or, shapesizeis 375pixelsand the noiseis with a
12.5pixels standard deviation). Right, of the
curveis choppedat random starting points.

From(6),if istransformeds (i.erotated
with anangle andtranslatedy ), we have:
After expansionsye obtain , thetransformedead-
ing form:
Consequentlycomple coefcients _ of the

transformedleading form are unafected by a pure
translation. Continuing expansions,we obtain the trans-
formednext highestdegreeform having the co-
ef cients , —

Thereforethesecoefcients aretransformedn alinearway
with respecto thetranslationcomponent:

(8)



Notice, that if  is even, a careful derivation yields a
special equationfor (8) when —
. This
isdueto thesymetriccermin and in (4) for evendegrees.
The rst interestingpropertyof (8) is thatthe term de-
pendingon the angleis a multiplicative factor in this set
of equations.This meansthat, given ary polynomial,the
translation which minimizesthe leastsquaregprob-
lem:

(9)

doesnot dependn therotationappliedon the polynomial.
Note, this is determinedsolely by curve having co-
efcients andis a centerfor this curve. The of a
high deggreepolynomialhasthe samepropertyasthe conic
center Consequentlyit canbe usedin the sameway: each
polynomial and arecenteredycomputing and
beforecomputingthe relative orientationusingall
the transformedcoefcients. This centeris not different
thanthe Euclideancenterof a polynomial derived with a
completelydifferentapproachn [7].

The secondadwantageof the comple representatiois
thatwe canderive not only onecenterbut several, a differ-
entonefor eachsummandn (9), with the sameinvariance
to rotation. The propertyusedhereis that depends
only on , , and , i.e, the complex repre-
sentatioruncorrelateshe rotationandthe translation.But
therobustwayto de ne auniqueEuclideancenterfor IP is
the point . Indeed,this centermakesuseof there-
dundang of informationin all the coefcients of and

to obtainrobustestimate.

3.3.Rotation

In theprevioussectiononly coefcients of leadingform
andnext highestdegreeform areusedfrom all
the coefcients in  and . Experimentallyit turnsout
thatit isthecoefcients of  and whicharethemost
robustto noiseand small perturbations Neverthelessit is
importantto takeadwantageof all theinformationavailable
in the polynomialto obtainthe mostaccuratgoseestima-
tion possible.At rst, we assumehatthetwo polynomials
are centeredby usingthe Euclideancenterde ned in the
previoussection.
For a cubic,underrotation , transformgo
. In thisequation,
asseenin section2.2, complex coefcients and are
rotatedby angle , by angle , and by angle
Thesecoefcients all have informationaboutthe shapeori-
entation,but with differentperiods. If and givedi-
rectly therelative orientationbetween and gives
itupto ,and upto—.

asafunctionof under

where
, we simply usedleast

Inthegeneraktasefrom (7),
arotation isgivenby

and — . Given and
squarego estimate :

(10)

whichleadsto maximizationof

. Assumingthatthenoiseandtheerror
is small, the previous equationis approximatedy its sec-
ond order Taylor expansion. Thenthe solutionis derived,
andthis maximizationis solvedas:

— (11)
whereweights  are .

As just pointedout in the cubic example, is anun-

known integer when , and —— is the period.

Integer  is between and . Sincethe com-
putationalcostis very small, the bestestimatedanglecan
be obtainedby computingthe estimatefor all possiblante-
gersandchosethe onewhich minimizesthe weighted

standarddeviation of . (Note, the
accurag of this leastsquaresolutioncanbe improved by
dividing thesedifferenceduy their respectre standardde-
viations.) An alternatve is to searchfor the roots of the
derivative of (10) with respecto , whichis a polynomial
in

3.4.Euclideantransformations

At this point, if only shaperotation hasoccurred,we
have indicatedhow to makeoptimal (or very good) useof
all coefcients in orderto estimatetherotation. The com-
putationof the translationdoesnot useall theinformation
available. To achieve an optimal algorithm with respect
bothrotationandtranslationyre nementcanbeapplied,by
assuminghat is smallin magnitude.

If istranslateds and issmall,
shouldbewell approximatedby theconstanandlinearterm
in theTaylor seriesexpansiorof with respecto ,
andthenthelinearequatiorin for , (8), appliego all
lowerdegreeforms . This propertyallowsus
to computethe re ned translationby usingall coefcients
of thepolynomial. After this step,the orientationcanbere-
ned by computingtheresiduakelative angleaspreviously.
There nementof the translationand of the orientationit-
eratesafew timessincethe corvergenceis in practicevery
fast.

In summaryfor poseestimation:



Firstthepolynomialis centeredby computingheEu-
clideancenterfrom thecoefcients of and
with (9) asdiscussedh section3.2.

Thentherotationis computedy usinginformationin
allthecoefcients of  using(11)andthediscussion
in section3.3,

Thetranslationandthe orientationareiteratively re-
ned oneor two timeswith (9) extendedto all forms
and(11) appliedon all thecoefcients of

The advantageof this algorithmis its robustnessand sim-
plicity sincemostof thecomputationsrelinear

| | noise0.1] n.0.2 ]| occl. | o. |
angle || 1.7% 59.3% || 1.1% 42.7%
trans. || 1.4% 9.2% 1.4% 3.3%

Table 1. Standard deviation in percentage of
the average mean of the angle and the norm of
onetranslation componentwith various perturba-

tions. Added Gaussiandata noise has standard
deviations and (12.5and 25 pixels respec-
tively). Occlusionsare and of the curve
at random starting points. Statistics are for 200
different random perturbations of eachkind on
the original shapedata. Asin Fig. 3, true rotation

is 1 radian, true translation is 1.

The proposedoseestimationis numericallystable re-
peatableandrobustto noiseanda moderategercentagef
missingdataasillustratedin Table1. The shapds the but-
tery, having size 3 (or 375 pixels) shovn in Fig. 1, and
thedegreeof the t is . Theposeestimationerrordueto
occlusionincreasesicely in the rangefrom  to (29
pixels),asshavn in Fig. 3. Similar resultsareobtainedin
therange for the standarddeviation of the noise.
A noisestandardieviation is of the sizeof shape
of the butter y (or 21 pixels), which represena relatively
large perturbation(seeFig. 2). For highervaluesof noise,
we have the well know thresholdeffect [4] in estimation
problems. It arisesin our problembecausdarge additive
noisemaskgheshapebumpsusefulfor rotationestimation.

4. RecognitionUsing Invariants

Intheprevioussectioncomple representatiois usedo
solve theproblemof poseestimatiorfor IPsof ary degree.
But the complex representatioiis also usefulfor deriving
rotationinvariants. The useof theseinvariantsto compare
two IPsis a very fastway to do shaperecognitionin 2D
images.

Figure 3. Left, variation of the standard deviation
of the angleand the componentof the transla-
tion for an increasingpercentageof occlusion at
200random starting points. Right, variation of the
standard deviation on invariants . ,

,and (with 200realizations)
for anincreasingamount of Gaussiannoiseat each
point. Value are percentageof the averagevalue
of the correspondingposecomponentor invariant.
Rotation is 1 radian, translation is 1.

WhenthelP is centeredvith the computatiorof the Eu-
clideancenterasdescribegreviously, we have canceledhe
dependencef the polynomialon translation,andthe only
remainingunknovn transformations therotation.

| | noise0.1] n.0.2 || occl. | o. |
9.8% 33% 6.7% 31.6%
10.4% 34% 8.1% 18.9%
9.6% 24% 2.1% 6.1%

Table 2. Standard deviations as a percentageof
the meansof a few invariants in responseo vari-
ous data perturbations. Gaussiannoisehas stan-
dard deviation and . Occlusionsare

and of the curve at random starting points.
Statisticsfor eachcaseare computedfrom dif-
ferent random realizations.

Sincethenumberof coefcients of  is -

andthe numberof degreesof freedomof arotationis 1, the
countingargumentindicatesthat the numberof geometric
invariantg6] is - . Wedirectlyhave —
linearinvariantswhichare _ when isodd. From(7),
we deducehatall other areinvariantsunderrotations.
This givesus - — (quadratidnvariants. Invariants

aregeometriaistanceshut thereareangleswhichare
alsoEuclideaninvariantsfor an IP. Indeed,relative angles
betweerthe arepresered underrotations.
This yields a completesetof rotationinvariantsfor an IP
of degree asfor the cubic casein section2.2. We want
to emphasishefactthatmostof the obtainednvariantsare




linearor quadraticevenfor high degreepolynomials.This
leadsto invariantslesssensitve to noisethanarethosede-
rivedfrom otherapproachesuchassymbolicmethods.

scatter of invariants vector

for 50 perturbations (noise with
standard deviation) of eachshapein Fig. 1. Right,
scatter of invariants vector

Figure 4. Left,

As shavnin Table2, invariantsarelessrobustthanpose
parametersincetherearecomputedndependentlyBut as
shavn in Fig. 3, the betterrobustnes®f the translationes-
timationin comparisorio the angleestimationallows rota-
tion invariantso becomputedutof therangeof robustness
of the angleestimation.For particularshapesa few angu-
lar invariantsbecomebimodalup to a particularamountof

noisesuchas for thebutter y asshavnin Fig. 3.
| | mig | buttery | skyhavk [ guitar |
mig 100% | 0% 0% 0%
buttery || 15% | 91.5% | 0% 7%
skyhawk || 55% | 0% 45% 0%
guitar 8% 0% 0% 92%

Table 3. Percentagerecognition on a set of 200
perturbed shapesfor noiseof standard deviations

Fig. 4 shaws scatterplots vectorsof pairsof invariants
for the4 shape®f Fig. 1. Thoughthescatteiof components
of invariantvectorsarenotalwayswell separatedheuseof
the completesetof invariantsappeargo yield highly accu-
raterecognition. Therecognizewusedis Bayesiarrecogni-
tion basedon a multivariateGaussiardistribution for each
objectand having a diagonalcovariancematrix estimated
from 200 noisy shapedor eachobjectwith standardevi-
ations  in the normaldirection. This modelis usedto
dorecognitionon anothemoisy setwith standardieviation

(25 pixels, i.e, atthelimit of the robustnesdor pose).
Resultsaarequitegood(seeTable3). For large noisepertur
bations,the sky-havk becomedif cult to recognizefrom
theotherairplane sincedetailsarelostin noise.

5. Conclusions

Thoughthe shape-representing's thatwe usemay be
of high degree, we have introducedposeestimation,and
recognitionbasedon geometricinvariants,which are re-
alized by linear operationsfollowed by reasonablystable
nonlinearoperationon the IP coefcients. Thegoalis to
take advantageof the intrinsic robustnessandaccurag of
linearandnearlinear estimation.If putinto a Bayesianor
MaximumLikelihood framevork, we canachie/e poseesti-
mationor objectrecognitionwhich usesall theinformation
containedn thelP coefcients. In this paperwe presented
approximatelyptimalposeestimatiorandhybrid recogni-
tion. The approximatelyoptimal poseestimationusedall
theinformationavailablein thelP coefcients, but notwith
the optimalweightings.The hybrid recognitionusedtrans-
lation estimationbasedon someof the IP coefcients fol-
lowedby rotationinvariantrecognitionbasednacomplete
setof geometricrotationinvariants. The translationesti-
mationis quite accurate andthe objectrecognitionbased
on a completeset of rotationinvariantsproducesa single
computatiorrecognizerthat appeargo be highly accurate
becausethoughsomeof theinvariantsarenoteffective dis-
criminators,the completesetis! Thisis the rst complete
setof geometricinvariantsfor an IP thatwe are awvare of!
This approacmeedgo be exploredfurther, andextensions
to 3D areunderstudy
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