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Abstract

We earlier introduced an approach to categorical shape description based on the
singularities �shocks� of curve evolution equations� The approach relates to many
techniques in computer vision� such as Blum�s grass�re transform� but since the
motivation was abstract� it is not clear that it should also relate to human percep�
tion� We now report that this shock�based computational model can account for
recent psychophysical data collected by Burbeck and Pizer� In these experiments
subjects were asked to estimate the local centers of stimuli consisting of rectangles
with �wiggles	 �sides modulated by sinusoids�� Since the experiments were moti�
vated by their �core	 model� in which the scale of boundary detail is proportional
to object width� we conclude that such properties are also implicit in shock�based
shape descriptions� More generally� the results suggest that signi�cance is a struc�
tural notion� not an image�based one� and that scale should be de�ned primarily in
terms of relationships between abstract entities� not concrete pixels�

Key words� Shocks� Shape Description� Shape Perception� Shape Signi�cance�

Preprint submitted to Elsevier Preprint �� March ����



Fig� 
� The small bumps signi�cantly alter the percept of a straight rectangle �left�
to a �wiggle	 �middle�� However� when the boundaries are pulled apart �right�
the shape is once again perceived as being straight� but now with wiggly sides�
Adapted from ��
�

��

� Introduction

The notion of �scale� in computer vision is commonly formulated in image�

based terms� Fine scale features are typically extracted using operators oc�
cupying a small spatial extent �in pixels�� while coarse scale features are
extracted using larger operators� This view has lead to the development of
scale�spaces in vision and image processing� where many mathematical prop�
erties of the �ne�to�coarse simpli�cation process have been formally moti�
vated 	

�
���
������

�������������� This e�ort is further supported by phys�
iological evidence that receptive �elds for visual neurons can be observed to
be sensitive to a range of spatial support� a result that is normally interpreted
to imply that receptive �eld size de�nes the spatial scale of a �biological� op�
erator� The existence of many such receptive �elds covering each retinotopic
position suggests a �pyramid��like organization of operators upon which to
base image representations 	����

In contrast to this commonly�held view of scale� there are also structural con�
siderations� which dictate that scale should be formulated in object�based terms
and not image�based ones 	��
������ �nger�nails are �ne scale with respect to
the �ngers� �ngers are �ne scale with respect to the hand� and the hand with
respect to the arm� etc� The commonly�held view implies that larger image
structures should be more signi�cant for shape� after all� these are the ones
that will survive to the largest image scales� However� this is demonstrably
not the case� see Figure �� Here we show three shapes� a thin rectangle� a thin
rectangle with bumps� and a thicker rectangle with bumps� Notice that the






bumps signi�cantly alter the perception from a block to a �wiggle�� while for
the last shape the bumps look like protrusions and the block is once again
perceived as being straight� Clearly there is more to scale than size in pixels�

Secondly� the above example shows that context plays an important role�
stated informally� note that a pimple on a teenager�s cheek is not quite the
catastrophic event that the same pimple on her nose would be� Despite the
emergence of an elaborate literature on scale�spaces in computer vision� to
date there has been little insight into how such perceptual observations can
be explained� or into their deeper implications for object recognition� The pim�
ple on the nose is a simple counter�example to the image�based view that small
operators will pick out structurally less signi�cant features� and the wiggles
illustration shows that perceptions change as a complex function of size�

In this paper we investigate the notion of scale for 
D shape from compu�
tational and from perceptual considerations� We claim� from both considera�
tions� that the signi�cance of a structure depends on its size with respect to

structures to which it is attached� This would explain� for example� why a
pimple is perceived to be more salient when situated on a �smaller� nose than
when placed on a �larger� cheek� The wiggles� however� are more complex�
In order to explain such percepts we �rst review the classi�cation of shocks
upon which our computational model is based� and brie�y describe algorithms
for computing such descriptions in Section 
� In Section � we summarize the
recent psychophysical experiments of Burbeck et al� designed to measure the
e�ect of boundary perturbations on the perceived centers of elongated rect�
angle shapes 	���� This provides a quantitative measure of how such shapes
are represented by the human visual system� We then demonstrate that our
shock�based model is consistent with the psychophysical data� and show that
it leads to a natural structural scale for signi�cance� as illustrated by numer�
ous computational examples in Section �� The key insight is to abstract the
system of shocks into an object�based structure which� although derived from
image properties� supports the computational signi�cance of each component
in relative terms �its size with respect to the components to which it is at�
tached��

� Shocks and the Shape Triangle

��� Shock Classi�cation

Observing that shapes which are slight deformations of one another appear
similar� Kimia et al� proposed the following evolution equation for visual shape
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Fig� �� A coloring of shocks into four types ��
�� A 
�shock derives from a protrusion�
and traces out a curve segment of adjacent 
�shocks� A ��shock arises at a neck� and
is immediately followed by two 
�shocks �owing away from it in opposite directions�
��shocks correspond to an annihilation into curve segment due to a bend� and a
��shock an annihilation into a point or a seed� The loci of these shocks gives Blum�s
medial axis�

analysis 	���
���

Ct � �� � ���N

C�p� �� � C��p��
���

Here C�s� t� is the vector of curve coordinates� N �p� t� is the inward normal�
p is the curve parameter� and t is the evolutionary time of the deformation�
The constant � � � controls the regularizing e�ects of curvature �� When
� is large� the equation becomes a geometric heat equation� when � � ��
the equation is hyperbolic and shocks 	
��� or entropy�satisfying singularities�
can form� The locus of points through which the shocks migrate is related to
Blum�s grass�re transformation 	��
��� although signi�cantly more information
is available via a �coloring� of these positions� Four types can arise� according
to the local variation of the radius function along the medial axis �Figure 
��
Intuitively� the radius function varies monotonically at a type �� reaches a
strict local minimum at a type 
� is constant at a type � � and reaches a strict
local maximum at a type �� The classi�cation of shock positions according to
their colors is at the heart of our result�

� Although this condition re�ects the non�genericity of ��shocks �bend	�like struc�
tures are abundant in the world and are perceptually salient�
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��� Shock Detection

The numerical simulation of equation ��� is based on level set methods de�
veloped by Osher and Sethian 	�
��
�� The essential idea is to represent the
curve C�p� t� as the zero level set of a smooth and Lipschitz continuous func�
tion � � R� � 	�� � � � R� given by fX � R� � ��X� t� � �g� Since C�p� t� is
on the zero level set� it satis�es

��C� t� � � � �
�

By di�erentiating equation �
� with respect to t� and then with respect to the
curve parameter p� it can be shown that

�t � �� � ���jjr�jj� ���

Equation ��� is solved using a combination of discretization and numerical
techniques derived from hyperbolic conservation laws� The curve C� evolving
according to equation ���� is then obtained as the zero level set of ��

A convenient choice for � is the signed distance function to the shape� which
can be computed e�ciently 	�
�� The real�valued embedding surface also pro�
vides high resolution information for detecting and localizing shocks� In par�
ticular� the four shock types can be classi�ed using di�erential properties of �
�see Figure ��� The algorithm for shock detection� described in detail in 	����
can now be summarized as follows�

ALGORITHM

��� For a small time step evolve the curve by equation ��� with
� � �� using a shock capturing curve evolution scheme 	�������

�
� Obtain estimates of current shock locations and velocities by
subpixel interpolation on � 	�
�����

��� Group current shocks together with past shocks with which
they are consistent 	����

��� Repeat till the shape is annihilated�

The above algorithm provides accurate descriptions� but at signi�cant compu�
tational cost� In particular� the subpixel interpolation algorithm requires mul�
tiple polynomial �ts to portions of the surface �� In ongoing work alternate
methods for shock detection are being explored 	���� these are computationally
more e�cient and can be applied to fragmented contours as well�
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Fig� �� A classi�cation of shock types based on properties of the embedding surface
� �in this case the signed distance function� shown as a shaded surface�� Top Left�
First�order shocks occur at corners of the square shape� corresponding to creases on
the surface with jr�j � 
� Top Right� A second�order shock forms at the �neck	
of the peanut shape� corresponding to a hyperbolic point with jr�j � 
� Bottom
Left� A set of third�order shocks forms along the central axis of the worm shape�
where ���� � jr�j � 
� Bottom Right� A fourth�order shock forms in the center
of the circle shape� where ���� � 
 and jr�j � 
� Adapted from ��
��

                                    

Fig� �� The detection of shocks for a dumbbell shape undergoing constant inward
motion� Each sub��gure is a snapshot of the evolution in time� with the outline of the
original shape shown in black� the evolved curve overlayed within� and the arrows
representing velocity vectors for the current �rst�order shocks� Adapted from ��
��

To get an intuitive feel for the shock detection process� consider the numer�
ical simulation of a dumbbell shape evolving under constant inward motion�
Figure �� Note the emergence of a qualitative description of the shape as that
of two parts separated at a �neck� �second�order shock�� with each part con�
sisting of three �protrusions� ��rst�order shock groups� merging onto a �seed�
�fourth�order shock�� The notion of parts for 
D shape� popularized by Ho��
man and Richard�s work 	���� has been further investigated in 	����

It can be proven that the locus of positions covered by all of the above shocks
is formally equivalent to the Blum skeleton 	��� which raises the question of
why we choose to work with shocks� The examples in Figures ��� �� and �

provide the answer� with shocks there are two additional factors labeling the
skeleton� �i� the type of shock which �colors� the skeletal points� and �ii� the
signi�cance of the shock� related to its time of formation� As we shall later
see� type and signi�cance provide an enriched description that is better suited
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Fig� �� Left� The sides of the shape triangle represent continua of shapes� the
extremes correspond to the �parts	� �protrusions	 and �bends	 nodes ��
�� We plot
the time till formation of the second�order shock �for constant inward motion��
normalized by the lifetime of the shape� for samples of the �bow�tie	 stimuli used
in ��
�� Observe the increase in this ratio in moving from the parts node �shape 

�
to the protrusions node �shape 
��

to recognition than simply the locus of shock points�

��� The Shape Triangle

The generic perceptual shape classes discussed above have lead to the metaphor
of a shape triangle� where three distinct processes compete with one another to
explain shape 	
��� Figure � �left�� The sides of the triangle re�ect this compe�
tition and capture the tension between object composition �parts�� boundary
deformation �protrusions� and region deformation �bends�� When one consid�
ers the parts�protrusions continuum and plots the time till formation of the
second�order shock under constant inward motion� normalized by the time till
annihilation of the shape� Figure � �right�� a curious connection is unearthed�
The ratio is a measure of local width versus global width� and provides a met�
ric for the perceptual distance of the shape from the �parts� node along this
axis�

Now� note that intermediate shapes along the bends�protrusions continuum
closely resemble wiggles� The term �wiggle� appropriately describes not only
the sinusoidal nature of the boundary modulation� but also its perceived e�ect
on the object�s central axis 	���� In the context of the shape triangle� for thin
objects placed close to the �bends� node the axis is seen to wiggle� for thicker
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objects placed close to the �protrusions� node the axis is perceived to be
straight� Within the shock�based framework� such e�ects are re�ected in the
geometry of the high�order shocks that arise� Figure 
� We are formally led to
the following prediction�

Prediction � The perceived center of a �wiggle� along a horizontal line in

alignment with a sinusoidal peak coincides with a high�order shock � that

forms under constant inward motion�

The psychophysical experiments of Burbeck et al�� introduced next� involved
precisely the above class of shapes�

� Wiggles

Pizer et al� 	�������� have developed an alternative approach to visual shape
analysis called the core model� Underlying the formulation of the core model
is the hypothesis that the scale at which the human visual system integrates
local boundary information towards the formation of more global object rep�
resentations is proportional to object width� Psychophysical examinations of
Weber�s Law for separation discrimination support this proposal 	
�� Argu�
ing that the same mechanism explains the attenuation of edge modulation
e�ects with width� Burbeck et al� have recently reported on an elegant set of
psychophysical experiments where subjects were required to bisect elongated
stimuli with wiggly sides� In the following we present their main �ndings� As
predicted above� we will later demonstrate a strong correlation between these
�ndings and computational results obtained from a shock�based description
of the wiggles�

The stimuli consisted of rectangles subtending � degrees of visual arc in height�
with sinusoidal edge modulation� Figure � �left�� Two widths were considered
������ and ����� and for each width there were � edge modulation frequencies
���
�� ���� �� 
� �� 
 cycles��� and 
 edge modulation amplitudes �
�� and ���
of object width�� A black probe dot appeared near the center of each stimulus�
in horizontal alignment with a sinusoidal peak� The subject was asked to
indicate �whether the probe dot appeared to be left or right of the center
of the object� as measured along a horizontal line through the dot�� � As a
sample experiment view the stimulus on the right of Figure � for a period of
one second from a distance of ��� meters� You are likely to judge the dot to be
to the right of the object�s center� It may surprise you to �nd that it actually

� Type � or � for in�phase sinusoids� and type � for out�of�phase ones �mirror
symmetric shapes��
� See �

� for further details�






Fig� �� Left� The geometry of a �wiggle	 stimulus� Right� Is the dot to the left or
to the right of the object�s center�

lies midway between the boundaries on either side� as can be veri�ed by placing
a ruler across the �gure� In fact� despite instructions to make a local judgment
your visual system is biased towards acquiring edge information across a more
global spatial extent�

Burbeck and Pizer quanti�ed this e�ect of edge modulation on the perceived
center by varying the horizontal position of the probe dot and subjecting the
data to probit analysis� The center of the object was inferred as the ���
point on the best��tting probit function � � and the bisection threshold was
de�ned as the variance of this function� The perceived central modulation was
then obtained as the horizontal displacement between the perceived centers
in alignment with left and right sinusoidal peaks� The main �ndings were�

Result � For a �xed edge modulation frequency the perceived central modu�

lation decreases with increasing object width�

Result � For a �xed object width the perceived central modulation decreases

with increasing edge modulation frequency�

These results appear to be consistent with our earlier prediction� Speci�cally�
if the perceived centers of the wiggle stimuli inferred by Burbeck et al� coin�
cide with high�order shocks� the central modulation computed as the horizontal

displacement between fourth�order shocks in alignment with successive left and

right sinusoidal peaks	 Figure 
	 should agree with the psychophysical data�
Thus in the following section we compare computational results obtained us�
ing the shock detection algorithm �Section 
�
� with Burbeck et al��s data�

� The location at which a subject is statistically equally likely to judge the probe
dot to be to the left or to the right of the object�s center�

�



                                                

a� b� c� d�

Fig� �� The shock�based description of selected �
� amplitude modulation stimuli
used in �

�� a� 
��� degree width� 
��� cycles�degree edge modulation� b� 
��� degree
object� ��
 cycles�degree edge modulation� c� 
�� degree object� 
��� cycles�degree
edge modulation� d� 
�� degree object� ��
 cycles�degree edge modulation�

Fig� �� Shape �d� from Figure � is rotated and second�order and fourth�order shocks
are labeled �all other shocks are �rst�order�� Note that the fourth�order shocks are
in alignment with the sinusoidal peaks�

� Shock�Based Results

��� Psychophysics

We computed shock�based representations for all 
� wiggles using the algo�
rithm in Section 
�
� Results for selected stimuli are shown in Figure �� with
the geometry of the high�order shocks explained in Figure 
� As evidence in
support of our hypothesis� consider the computed central modulations over�
layed as solid lines on the original observer data taken from 	���� in Figure ��
We note that the predicted central modulations are consistent with an �aver�
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age� observer�s data�

Whereas the core and the shock�based representation are motivated from quite
di�erent points of view� the strong overlap between computational and psy�
chophysical results for each model points to an intimate connection between
them� A precise mathematical comparison is beyond the scope of this paper�
Instead� we identify the qualitative connections that have emerged� In partic�
ular� the �fuzziness� of the core model� whereby the width of the core scales
with object width� is paralleled by the ratio of a shock�s formation time to
the lifetime of the shape� a measure of local width�global width� This prop�
erty is also re�ected in the �bisection�threshold� or variance of the perceived
centers in Burbeck et al��s psychophysical experiments� Underlying this no�
tion is the concept that the scale at which boundaries should interact to form
more global object models is proportional to the spatial extent across which
they communicate� Both models support medial�axis like representations for
shape 	��
�����
�����
��������
���
�� It is indeed gratifying that they are fur�
ther quanti�ably consistent with human performance involving shape�

��� Recognition and Structural Signi�cance

We now expand the previous ideas to show how they are relevant for the recog�
nition of generic objects� To begin� in Figures ��� �� and �
 we show examples
of a collection of di�erent objects with their labeled shocks� Recalling that
the Blum skeleton is the locus of positions through which the shocks migrate�
notice that from a topological perspective several very di�erent objects have
almost identical Blum skeletons� �To do this� just ignore the colors in the
diagrams that follow� the skeleton is the locus of shock positions�� The prob�
lem of shape matching using medial�axis based representations� attempted
by 	��������� and others� has proved di�cult precisely due to this reason�
Changes in the representation due to noise are often more extensive than in�
herent structural di�erences� To make matters worse� even perfect skeletons
may not su�ce for recognition� di�erent objects may give rise to the same
skeleton� as exempli�ed by the pliers in Figure �� and the skeleton of an ele�
mentary rectangle� Of course� there are quantitative geometric di�erences� but
it is these di�erences that are most sensitive to noise�

Labeling the skeleton with the type of the shock from which each skeletal
point derives provides a much richer foundation for recognition� In e�ect� this
puts the �color� back into our illustrations and� in particular� now reveals that
the pliers� the brush� and the hammer all have very di�erent labeled skeletons�
Moreover� the labeling can direct the matching� For example� it would be
implausible to match a ��shock branch in the nose of the pliers �Figure ���
to a ��shock branch in the corner of the brush �Figure ���� although each of

��
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Fig� �� Central modulations computed from shock�based descriptions �solid lines�
are overlayed on the average observer data �dashed lines� from �

�� The central
modulations are expressed as a percentage of the edge modulation amplitude and
are plotted against edge modulation frequency for amplitudes of �
� of the object
width �top� and �
� of the object width �bottom�� Results for the wider 
��� object
are depicted by the circles and for the narrower 
���� object by the squares�
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these is simply a skeletal branch in the Blum sense� Such notions have been
formalized via an abstraction of the shock�based system into a shock graph�
and algorithms have been developed for shape matching using graph�theoretic
concepts 	������� The topological structure of the graph provides a powerful
means for indexing into database to �nd structurally similar shapes� and the
matching algorithms are very e�cient� typically taking only a few seconds to
converge�

More is required for matching than simple labeling� however� as the psy�
chophysical results in this paper have shown� The perceptual e�ect of a �wig�
gle� was a function of the geometry of the shocks as well as the ratio of local
width to global width� as measured by the ratio of 
�shock to ��shock forma�
tion times� This ratio is an example of a structural signi�cance measure� which
extends to far more complicated shapes than the symmetric wiggles� For ex�
ample� the signi�cance of any component of the hand shape in Figure ��� such
as a �nger� can be measured with respect to the formation time of the central
��shock� This is an example of an object�based scale� like our earlier example
of a nose pimple as compared to a pimple on the cheek� Much remains to be
done with respect to object�based scales� and we hope that the examples in
this paper provide a motivation for considering them more fully in the future�
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