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Abstract

The use of shape as a cue for indexring into pictorial databases has been traditionally
based on global invariant statistics and deformable templates, on the one hand, and local
edge correlation on the other. This paper proposes an intermediate approach based on a
characterization of the symmetry in edge maps. The use of symmetry matching as a joint
correlation measure between pairs of edge elements further constrains the comparison of edge
maps. In addition, a natural organization of groups of symmetry into a hierarchy leads to
a graph-based representation of relational structure of components of shape that allows for
deformations by changing attributes of this relational graph. A graduate assignment graph
matching algorithm is used to match symmetry structure in images to stored prototypes or
sketches. The results of matching sketches and grey-scale images against a small database
consisting of a variety of fish, planes, tools, etc., are promising.
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1 Introduction

Shape is a significant cue for queries into pictorial databases, yet its potential in practical
systems has not been fully explored. The QBIC systems relied on invariant statistics such
as shape moments, eccentricity, ete. [24]. In another approach user-drawn sketches are
matched against images [11, 2], e.g., in QVE, the image edges are first abstracted through
a series of image size reduction, media filtering, coarse edge detection, and global pruning,
and then matched against the sketch using a correlation-based similarity score. Gray [10]
evaluated this approach and noted its sensitivity with variations of the sketch from the
underlying shape and pointed to the need to include deformations in this process. Mehrotra
and Grosky matched a chain code representation of edges for retrieval [23]. Del Bimbo [2, 3]
in a series of papers advocated the use of deformations and elastic matching both of 1D
representations and 2D templates. Lei and Cooper use [20] algebraic invariants of patches of
long contours extracted from the image. Sclaroff [28] uses modal matching [29] to measure
distance from shape prototypes. In summary, the majority of these approaches have either
relied on (i) global methods such as invariant statistics, shape measures, and deformable
templates, on the one hand, or (i) local edge similarity, on the other.

In this paper we propose that a symmetry-based representation is an intermediate rep-
resentation that retains the advantages of local, edge-based correlation approaches as well
as of global, deformable models, and in addition offers two distinct benefits. First, in the
computation of a similarity score between two edge maps, the similarity of the symmetry set
of edge maps offers further discrimination by encoding relational structures of pairs of edge
elements. Second, the hierarchical relations of symmetries captured in a graph structure
offers global discrimination power. The use of symmetry in indexing, however, is faced with
several difficult challenges. First, the use of traditional skeletons, as loci of symmetries of
a shape, requires a difficult pre-segmentation of an image into figure and ground. Recent
approaches [36, 25, 39, 42] aim to recover symmetries directly from images. We use the ap-
proach of propagating edge elements to recover symmetries directly from images [38, 39, 37].
Second, the traditional view of skeletons does not lead to a natural hierarchical organization
of symmetries. In contrast, shocks, or singularities arising from the dynamic evolution of
shape, augment the traditional skeleton with a notion of direction, speed, order, and type, as
well as a shock grammar which governs the dynamic relationship between shock types and
shock groups. We utilize this structure and create an Intrinsic Shock Graph as initially pro-
posed in [13]. An alternative use of symmetry of shape in graphical form is presented in [30],
but this requires a segmented shape. The third challenge is the matching of these graphs
under both similarity transformations (rotation, translation, and scaling), and non-rigid de-
formations (bending, stretching, etc.). We adapt the “graduated assignment” technique [§]
to our domain involving both discrete variables representing the relational structure and
continuous variables representing arbitrary deformations as graph attributes and similarity
parameters. Fourth, the matching should naturally lead to the formation of categories and
prototypes. Our proposed notion of similarity naturally leads to multiple levels of structural
similarity (graph structure), parametric similarity (rough description of each node and link),
and metric similarity (exact distance) which in turn leads to a hierarchical categorization of



shape. The focus of this paper is on the matching of sketches and grey-scale images against
a database of shapes including fish, planes, rabbits, tools, etec.
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Figure 1: Each of the four type of shocks each is correlated with a perceptual/semantic category,
i.e., protrusion, part, bends and seed.

2 Representation of Symmetry as Shocks

In this section we review an approach to symmetry based on the notion of shocks of a
shape [17, 15], and briefly describe methods for detection, classification, and organization of
shocks according to a shock grammar [32], and for extraction from realistic grey-scale im-
ages [38, 39]. Shape can be completely described as the collection of four types of shocks that
arise in the course of deformations of shape, canonically captured in the reaction-diffusion
space % = (ﬁo—ﬁlli)ﬁ [14, 17, 32]. In other words, shape is evolved and its singularities are
recorded. First-order shocks occur when the orientation is discontinuous, whereas in second-
order shocks there is curvature discontinuity and a change in the shape topology. Third-order
shocks represent higher-order contact as entire pieces of curves collide at the same time (de-
generate) and at fourth-order shocks the entire curve disappears (several papers relating to
shock theory can be obtained at http://www.lems.brown.edu/vision/publications). The four
types of shocks, Figure 1, correspond to intuitive elements of shape, namely, parts, protru-
sions, and bends [16], Figure 2. The set of shocks, implemented to sub-pixel accuracy [32],
forms a complete description of the shape, Figure 5.

Shock Type Orientation Curvature

First-Order non- vanishing V@ high level set curvature
Second-Order isolated vanishing V@ KiKy<0
Third-Order non-isolated vanishing V@ KiKo=0
Fourth-Order isolated vanishing V@ KiKy >0

Tabl e 1: This table depicts the classification of shock types based on the
the gradient level set curvature and the principal curvatures of the surface.



Figure 2: The sides of the shape triangle rep-
resent continua of shapes; the extremes corre-
spond to the “parts”, “bends” and “protrusions”
nodes [16].

Figure 3: The extraction of symmetries directly
from grey-scale images without requiring a pre-
segmentation of the image

Figure 3 shows the results of a novel alternative approach [38, 39] for computing shocks
that tremendously improves computation time and accuracy, and more significantly allows
for the computation of shocks directly from images, thus avoiding the pre-segmentation step.
This is accomplished by the propagation of orientation elements and a further classification
of shocks into regular, semi-degenerate, and degenerate 38, 39], Figure 4.

While the derived shock structure when (3 = 0 can be reduced to traditional skeletons,
the shock based representations offers distinct and significant advantages, primarily due to
notions of shock order, velocity, shock grouping via a grammar, salience, and time-derived
shock hierarchy. Specifically, (i) certain deformation, e.g., bending, affect selective shock
groups, e.g., the third-order shock group of a rectangle; (i) shock order generates an ex-
plicit dimension for qualitative approximation; (i) topological and differential properties
of shocks, e.g., velocities directly reflect boundary properties; (év) the notion of the time of
formation of a shock induces a hierarchy on shocks; (v) spurious shocks can be detected via
violations of a shock grammar without regularization.

The formation of shocks is not arbitrary and the sequences of shocks in the composition
of a group can be concisely described via a shock grammar, SG, which was introduced in
[32] and summarized in Table 2.

3 Graph Representation of Shock Structure

The shock hierarchy induced by the formation of shocks in time and the shock grammar
naturally leads to a graph-based representation which embeds geometrical and topological
constraints. We proceed by first describing the information content stored for each individual
shock represented in the extrinsic image coordinates (Extrinsic Shock Set), thus leading to



Figure 4: The skeletons of partial contours do not bear much resemblance to those of complete
contours, leading to a fundamental instability in computing them from edge maps. Shock labels
R=Regular, D=Degenerate, S=Semi-degenerate (shown in green, red, and yellow, respectively),
however, allow the recovery of partial symmetries (regular shocks) as a subset of these. It is this
set of regular shocks and transformations of the remaining set that we use for indexing into a
database of shapes.

Figure 5: The shock-based description of a shape composed of trapezoids, as a hierarchy of merged
protrusions, and its growth from shocks. The shock-based description of a biological shape as five
bends (the fingers) attached to protrusions (the latter describing the palm), and its growth from
shocks [32].



Shock Grammar
o V ={5,5,, 53 54 51,57, E}. The symbols S;, 53,54 represent first-, second-, and
fourth-order shocks. Since third-order shocks never appear in isolation, a group of
third-order shocks is itself an element of the alphabet, denoted by S3. Sr is a start
symbol, ST is a terminal symbol, and E represents the end of a growing shock sequence.

o ¥ ={Sr}.

o R =
{S[ — SlE,S[ — SQE,S[ — SgE,S[ — 54,

SIE — $18,E, SiE — S185E, S\ E — S,
SoE — 55, E,

SgE — Sgle, SgE — SgST,

Sy — S4S7}.

The symbol E represents the end of a shock group that is being generated, and is used
to enforce the requirement that shocks be added only to that end. This reflects the
notion of time in the evolution of the shape, making the grammar context dependent.

Table 2: A summary of shock grammar [32].

S =S, SE=S;SE, .., 4 5 4 S >SE,SE>S,SE , ...,
1 4
S 5 [51...51] E=I Sl...sl] S, . 2 > N SZ[Sl Sl] E>SZ[ Sy Sl] Sy,
[s;-s)s~1 S;"S1SSt s,ls;-s)s=~s,ls;-s)s,s;
S|>S§E, S§E> Sf:,SlE .
4
. S=S,.5,>5,5; 3 1 3 Slsy-SjE=ssls ss:E,

sé[ S;+84 SiE=> s§[ S84 S35t

Figure 6: This figure illustrates the application of some of the rules of SG [32]. Note that whereas
the grammar suffices to describe the composition of a shock group, it does not reflect the geometric
and topological constraints which shocks satisfy. These relations can be represented by embedding
the grammar in a graph.
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Figure 7: This figure sketches the link and node definitions for some simple shapes. The triangular
shape is represented by a terminal node which gives birth to a single fourth order shock (seed) after
some delay (¢1) which then grows using information in each of the three 1st-order shock group links.
The quadrilateral illustrates a branch point. Note that the hierarchy is established by the flows of
shocks in time. The “dumbbell” shape illustrates a 2nd order shock, where shape is decomposed
into parts. The triangular shape with gaps in the boundary shows that the approach is application
not only to segmentable shapes but also edge maps.

a formal definition of a graph-based representation of shocks represented in shape-based
coordinates (Intrinsic Shock Graph). It should be noted that the graph structure does not
rely on a priori figure/ground segmentation.

Definition 1 The Extrinsic Shock Set is the set of individual shocks, each characterized
by order € {1,2,3,4}, label * € {R=regular, S=semi-degenerate, D=degenerate}, location
(x,y), time t, and velocity vector(s) {v/} = {(#;,vi)}. Define a Joint (J) as a shock point
which connects two distinct shock groups not in {2,4}. Define an Initial shock (I) as the first
shock invoked by the start symbol. Define as a boundary source the boundary point (S) or
the set of boundary points (S) which form an initial shock (I), an (initial) 2nd order shock,
or an initial 4th order shock. Let T denote the terminal node.

The shock grammar [32] allows us to group individual first and third-order shocks into
shock groups, naturally leading to a hierarchical structure which we use as the primary
representation for a characteristic view of an object.

Definition 2 (Intrinsic Shock Graph). Let {T,4,2,1,.J,S} represent nodes. Let 1st order
and 8rd order shock groups represent shock links between nodes {4,2,.J, I}, represented in-
trinsically by the curvature function of the link and the acceleration of the shock along this

*label represent additional classification of shocks [39].



Nodes/links

Information stored

Terminal node(T):

4th order node (4)

2nd order node (2)
Joint node(J):
Initial node(I):

Boundary source node (5):

((z0,v0), 6o, A) (translation, rotation, scaling)

(label, x,y,t,{0;, v;})
(label, z,y,t,0,00)
(label, x,y,t,{0;, v;})
(label, z,y,t,0,v)
(label, x,y,0,{6;, 00})

shock links {k(s),s €1[0,1], L} and {a(t),t € [0,1],T}
time links t
boundary links {r(s),s €]0,1],L}

Table 3: This table summarizes the types of nodes and links of the intrinsic shock graph together
with the information stored for each. Note that each node’s coordinates are relative to the parent
and where the root node represents global shape information, namely, location, orientation, and
scale, which are subsequently inherited by children nodes and used in the match process. Observe
the intrinsic representation of the graph.

path. Let the connection between node pairs {(T,4),(T,J)}, and (I,S5), be represented by
time links (¢). Let S nodes be connected by boundary links to represent the boundary seg-
ment between two S-nodes, each represented by a curvature function. The resulting graph is

defined as the Intrinsic Shock Graph.

Figure 7 illustrates the intrinsic shock graph for a few simple shapes. Note that the graph
describes the relational /structural aspect of the object as well as an intrinsic representation
of metric information for each “component”, via curvature and acceleration functions as
attributes to the shock links, which is not shown in figure. The segregation of shape infor-
mation along shock groups into “geometry” of the link represented by a curvature function
and “dynamics” of the shocks traveling along the link as represented by an acceleration func-
tion is essential to properly relate a shape as a deformation of another shape: The bending of
structure affects curvature, while acceleration “fattens” or “thins” the shape, Figure 9. Each
node is also represented intrinsically with respect to parent nodes. Finally, the root node
(T') contains global shape information, i.e., location (xg,yo), orientation (6y), and scale ().
All other nodes inherit this information from parent nodes to determine the best parameters
during the match. Table 3 summarizes the information stored at each node and link. We
now describe a method for matching query graphs to those stored in the database.

4 Shock Graph Matching by the Graduated Assignment Algo-

rithm
Graphs are powerful data structures which describe the relationship among abstracted
structure. Shapiro and Haralick [31] were among the pioneers in their use in structural
description of objects in images via weighted graphs. Fu [7] used attributed relational graphs
(ARG’s) to describe parametric information as a basis of a general image understanding
system based on extracting and matching hierarchical ARG’s. Eshera and Fu [5, 6] found
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the best inexact match between two ARG’s by minimizing the overall distance between
the two graphs, defined as the incremental distance between corresponding nodes and links.
Minimization of distance was converted into a shortest path problem over the directed acyclic
branch-weighted lattice from the initial state to a state in the set of final states. This is solved
by dynamic programming in a time linearly proportional to the number of lattice’s states,
which grows very rapidly with the number of nodes.

The computational intractability of graph matching as an NP-complete problem has led
to the development of several classes of algorithms. Search-Oriented methods explore the
shortest path in the state space, e.g., via branch and bound methods [19]. These methods
require heuristics to reduce exponential time complexity (worst case) to a low-order (2, 3)
polynomial in the number of nodes(!) and links(m). Another class of algorithms is based on
nonlinear optimization which does not explicitly search the state space and its computational
complexity is typically linear in the number of nodes/links, e.g., relazation labeling [12].
However, these methods only enforce one-way constraints. Eigenvalue decomposition works
well when a pair of weighted graphs are nearly isomorphic, and while their combination with
hill-climbing improves matching, poor local minima can often result [40]. Other types of
techniques for graph matching include the use of neural networks [34], linear programming [1]
and Lagrangian Relaxation [26].

We modify the graduated assignment algorithm [8] to implement shock graph matching.
Several factors motivate the use of this algorithm: First, it enforces two-way assignment via
softassign [35, 18] in contrast to relaxation labeling type algorithms which enforce one-way
assignment. Second, it avoids poor local minimum by the use of graduated convexity [4, 41]
continuation technique. Third, this algorithm is efficient in comparison to current techniques
(an order of magnitude better than relaxation labeling), partly due to an explicit encoding
of sparsity. Fourth, the algorithm handles missing/extra nodes/links, which is important
in matching shapes, and is superior in this regard to other existing techniques [§]. Fifth,
the algorithm is stable under noisy conditions [8]. Finally, the formulation can be adapted
to also take into account continuous variables representing similarity transformations and
shape deformations.

We now briefly describe the graduated assignment algorithm [9]. The basic idea underly-
ing graph matching is to associate nodes in two graphs as represented by a match matrix M
(a permutation matrix if the numbers of nodes in two graphs are equal) where 1 represents
association of two nodes, Figure 8. Slack rows and columns are added to the match matrix
to represent missing /extra nodes. In order to allow for differential movement for one permu-
tation to another, graduated non-convexity is used to turn these discrete (binary) variables
into continuous ones. To avoid poor local minima, a control parameter is used to slowly move
the matrix towards a (0, 1) discretization. At each stage, the best match matrix is estimated
and normalized to ensure it remains the continuous analogue of a discrete assignment, a
technique discovered by Sinkhorn [35].

Formally, consider two graphs GG and ¢g. Refer to nodes of G and ¢ by G, and g¢;, re-
spectively, and links of G and ¢ by Gu and g;;, respectively, where a,b = 1,... , A, and
1,7 =1,...,I. The match matrix M is defined by M,; = 1 if the node a € G corresponds to



Begin A: (Do A until § > y)
Begin B: (Do B until M converges or # of iterations > Ip)
OFy
Qai — = GM(;,]’
Mg; + exp BQu )
Begin C: (Do C until M converges or # of iterations > I)

Update M by normalizing across all rows:
70

~ MO,
M~ ey oy
a E/\iill M((z)l
Update M by normalizing across all columns:
. ATl
Mo,  ——ai
@ L My
End C

End B

B B3
End A

Table 4: A summary of the graduated assignment algorithm from [9]

node i € g, and M,; = 0 otherwise. In graduated assignment [9] an energy (objective func-
tion) E(M) is defined for each possible M. To differentially move from one permutation to
another, M,; is allowed to take values between 0 and 1. However, it is necessary to maintain
YouMa=1and >, M, =1, 1ie. M needs to remain a doubly stochastic matrix [35]. The
Taylor Expansion of this energy function

E(M)=E(M°) =Y Z Qai( Mo — MY;) (1)

where () = —%(Mo), turns the energy minimization into maximizing EaAzl Ei[:l Qi M,;,
an assignment problem [9]. This is, in turn, solved by softassign where an initial matrix is
moved towards a solution by increasing a parameter 3 which controls the convexity of the
energy landscape. Therefore, the algorithm follows three nested iterations (i) for each
and M find Q(M) (it) update M through softassign; (iii) the procedure is repeated until
convergence and [ is increased; the latter is repeated until convergence, Table 4.

Having outlined the algorithm, it remains to define E in a meaningful manner. Gold and
Rangarajan give a generic definition for attributed relational graphs (ARGs) as

A T 4 T AT
E(M) = ZZZZMaiMbjLaibj - QZZMMNM ; (2)
; ] a=1 =1

where Lg;; represents total similarity between links Ggp and g;;, and N,; represents total
similarity between nodes G, and g¢;,



I 1 if links Gy, and g;; both exist (3)
@7 = 1 Null otherwise

N, — { 1 if nodes a and 7 match

0 otherwise

This leads to,

Qai( M) =2 Z Z MyjLaiv; + aNa; (5)

A
b=1 y=1

This energy function allows robust matching of two arbitrary graphs. The Intrinsic
Shock Graph can be matched structurally, by simply considering whether a link exists. To
motivate this approach, consider that the aim of indexing by shape is to recognize objects
from characteristic views. While changes in viewing parameters have been factored out by
defining affine (projective) invariants [22], these work well for fairly flat objects viewed at a
distance and do not work well in the presence of modest partial occlusion and articulation,
which affect the projected boundaries. However, what survives a rather broad range of
visual transformations is the relationship among the various components of the shape. This
is precisely what the above energy minimization task is achieving and we refer to it as
Structural Matching.

This form of matching, however, does not take into account the various transformations
a shape undergoes. While the match is effective in pruning unlikely matches and forming
categories, shapes within a category cannot be ranked by a structural match. The matching
strategy must therefore take account of shape transformation. We consider two classes of
shape deformations, () rigid transformations (translation and rotation) which together with
scaling form the class of similarity transformations; (i) and non-rigid shape deformations
which are intuitively described as bending, stretching, compressing, protruding, indenting,
etc.

The matching process can take into account similarity transformations by explicitly in-
corporating it in the energy functional. However, since the structural matching described
above is invariant with respect to the similarity transformations, we should first discuss the
second class of deformations. As discussed earlier, deformations of shape affect the curvature
and acceleration functions of each link. In determining an appropriate energy, the following
principle is required:

Principle 1 (Similarity via Deformation): The similarity between two shapes is inversely

proportional to the minimum amount of deformation required to bring one shape in register
with another.
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In other words, a shape can be deformed to another through sequences of (canonical)
transformations, Figure 11. The dissimilarity between two shapes is the length of the mini-
mum length path in the space of transformations. We consider the following canonical defor-
mations: (¢) stretching or compressing where similarity is effectively translated into length
comparison between link length dy(Ly, Ly); (ii) fattening or thinning a shape, where simi-
larity is measured by comparing acceleration functions d,(a1(t), a2(t)); (%) bending which
affects curvature function, where similarity is measured by comparing curvature functions
di(k1(8), ka(s)). Link similarities are then functions of these individual similarities consid-
ered as separable dimensions of deformations. Node similarities compare the size of each
node represented as time d;(¢1,%,), and initial velocities d,({ ¥ 1;}, { @ 2}). It should be ob-
served that similarity transformations affect some of these comparisons: if the query shape
is scaled up to twice its size, Lo becomes 2L,; thus we are in general comparing the L,
corresponding to the item in the database and ALy, where X is the scale variable for the
query shape, optimized in the match process. The energy can now be formulated as follows:

A I A A T
E(M7$07y07907)\0) = ZZZZMMMI)] azb] )\0 ZZ at az x07y07(907)\0) 5 (6)

=1

o
Il
—
<.
Il
—
>
Il
—

.

Where L,p; and N,; represent the metric similarities described above. The optimization
with respect to the match M is carried out by the graduated assignment algorithm, hand
in hand with optimization by gradient descent for other variables. Thus, the result of each
match is an energy as well as an optimal pose and scale for the query shape. (We have built
a visual debugger to examine the correspondence of each match). We refer to this process
as metric matching.

Our initial implementation of eq(6) revealed that energy defined in this way varies with
the number of nodes and links in each graph, such that the similarity between pairs of shapes
could not be effectively compared. This motivates a normalization of each component of the
energy functional by the maximum possible value for each case, so that 0 < E <1,

A I A A T
E(M7 51?07y07907)\0) = _Ei_;(a]w—)ZZZZMmeJLmb]()\O) EN ZZMaiNai(x07y07907)‘0)
Mazx ; Max

=1 a=1 1=1
(7)

o
Il
—
-
Il
—
>
Il
—

~

where

EY (M) = Z Z Z Z Mei Miy; Lais, (8)

T _ 1 it either link G, or g;; exists (9)
@b = 1 Null otherwise
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Figure 8: This figure illustrates the match matrix for two simple graphs corresponding to two
triangles. Note that an integral aspect of the matching process is the recovery of the similarity
transformation parameters (rotation, scale, orientation), as well as deformations.

and,

Mai7 (10)

1

Efae(M) =)

a=1 :

1

The corresponding () can be derived as,

~ A I
Qui( M) = (1= o)l g5 L 2j=1 Moj(Laivj + Lojai)
EL(M A I - T @ )
#)) Dbt 2t Mij(Laivj + Lyjai)] + Yo Vai

- 2
EJI\llaa: (M Max

(11)

Observe that the metrics defined above for comparing length, size, etc. are scale invariant.
In addition, we use a square root distance, \/(L; — ALy), for length comparison, motivated
by (i) a re-interpretation of Weber’s law, (%) to maintain sensitivity to variations when two

items are close, and (i) to reduce sensitivity when two items are very distant. We have
11 —Lo||

L . . . . max(ly,La)”

metric similarity using a detailed comparison of curvature and acceleration functions is often

not necessary to distinguish two shapes. Rather, curvature and acceleration functions can be
approximated coarsely via a few parameters, leading to parametric similarity. The examples
in this paper are generated by parametric matching.

Finally, robust matching must deal with “seams” in the shape space created by the

found this norm to perform better for our application than others, e.g. Finally,

discrete categorization of symmetries into types. The similarity of shapes on either side of
the “boundary” of each category is not captured by the graph structure, but is implicit in
metric information embedded in it. To illustrate, consider Figure 13 where a rectangle and
four slight deformations of it are presented. The similarity can be realized by observing that
the limit of a first-order shock group as its velocity is increased is a third-order shock group.
Thus, velocity comparisons must give a small distance when comparing 400 to —occ.

12
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Figure 9: This figure sketches shapes with the same graph structure (a first order shock group ter-
minating in a fourth order shock) generated by altering metric information only, (a) altering shock
dynamics (acceleration), and (b) by altering shock geometry (curvature). Observe that (7) the rela-
tional knowledge of how various shock groups connect categorizes shapes such that all shapes above
are immediately distinguishable, e.g., from rectangles (structural similarity). (it) This category can
be further refined by simply observing that acceleration is negative, constant, or positive, respec-
tively, from left to right in (a), and using an approximation using a few parameters [13] leading to
parametric similarity. Finally, (#i) unique instances can be identified by an exact specification of
shock geometry and dynamics. Using such exact descriptions leads to metric similarity.

= = = OO

Figure 10: This figure illustrates examples of (a) regional deformations: bending and stretching
(b) bending deformations: protrusion and indentation (c) part composition/decomposition

) N o 0 a A

Figure 11: The need for a multistage similarity matching: (a) a linear deformation, and (b) an
unlikely method of deforming a triangle to another by deforming it to a blob first. It is this
deformation energy this leads to metric similarity.

13



Figure 12: This example illustrates that we cannot use the “oldest” 4th order shock to calibrate
the scale of two shapes. Scale () is a global parameter of the shape and should be used to optimize

the global fit.

The graduated assignment algorithm handles missing and extra nodes, such that the
“bump” in Figure 14 is viewed as an extra node. However, since slight variations cause
bumps such as these to appear/disappear, we may build this behavior directly into our
representation by creating virtual links when warranted. The virtual link complements the
existing representation such that the rectangle with a bump can easily match a perfect
rectangle. A similar argument holds for creating virtual nodes.

5 Results and Discussion

We now report on the result of applying this approach to a database consisting of binary
shapes, and match grey-scale images of isolated objects and user-drawn sketches against this
database. Comparisons are made at the structural and metric levels. Structural comparisons
quickly rule out a large number of shapes and parametric comparisons are then performed
for the remaining. This is not merely an exercise in efficiency, but is required as the metric
comparisons combine both relational and metric aspects of the deformation. Table 5 shows
the parametric comparison between pairs of shapes along a continuum. Figure 15 shows the
resulting correspondence between two pairs of shapes from our shape database. Figure 16
illustrates the parametric similarity scores for this database on a scale of 0-1 and the top
four matches are highlighted. Observe the ordering of shapes is intuitive. i.e., the highest
scores for the tools images are in the tools category. The use of categorization to organize
a database of images, supported by psychophysics [27] as well as the use of hierarchical
structure in image indexing [24] is well supported by our approach and is the current focus
of ongoing research in our laboratory. Table 6 shows the results of indexing hand-drawn
sketches and images containing isolated objects into this database. Note that some of the
queries are images of isolated objects, without requiring pre-segmentation of images due to
the extraction of symmetries directly from grey-scale images. In fact, this approach allows
a potential top-down flow for segmentation to follow matching, e.g., triangle with gaps in
Figure 4. The results of our proposed indexing scheme, as evidenced by results in Figure 16

14
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Figure 13: The limit of fast moving 1st order shock group is a third order shock group.
A shock transform is needed to “seem up” the shape space between positive and negative
fast moving first 1st order shock groups (a), (b) and (c). Links with high speeds invoke the
transform, e.g., on (a) left which turns the (4, ) combinations into a (J, 7) joined by a third
order shock. This asymmetrical reference is not unusual, e.g., as in referring to off-red as
red or referring to nearly vertical as vertical [21].

N~ |

v-link

Figure 14: Virtual links (v-links) are introduced across nodes in which one of the shock

groups can be easily pruned.
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0.983 | 0.895 | 0.722 | 0.780 | 0.835 | 0.821 | 0.762
0.983 | 0.776 | 0.838 | 0.790 | 0.766 | 0.753

0.991 | 0.855 | 0.795 | 0.752 | 0.753

0.986 | 0.794 | 0.756 | 0.738

0.993 | 0.930 | 0.796

0.991 | 0.814

>»>b bl

0.981

Table 5: Metric comparison between pairs of shapes along a continuum. The first row shows
that as the quadrilateral moves towards a refuge, the similarity is decreased, but it then increases,
because the best match requires a 180° rotation of the shape.

X, .,
X, ™,

* £ N

N
~ % ®

Table 6: Result of matching hand-drawn sketches, as well as grey-scale images against the database
of Figure 16.
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Figure 15: Example of a match between two fish and between two rabbits.
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and Table 6, are highly promising. We are in the process of compiling formal performance
measures on a much larger database.

In a related paper, Siddiqi et. al [33] present an alternative use of shock structure for
shape matching. Although this approach and ours, presented initially in [13], are similar in
the use of the notions of shocks, shock grammar, and a shock graph, they are distinct in the
conversion of the shock structure to a shock graph and in the shape matching approach. First,
Siddiqi et. al use only the first and third order shock groups as nodes of the shock graph, and
the links represent the time-directed relation between them. The modeling of geometrically
rich shock segments (curves) by nodes (points) annihilates distinctions between endpoints,
forcing an ad-hoc representation of end points of 3rd order shocks via dashed lines, and
leading to instabilities with deformations. Also, modeling 2nd and 4th order shocks as 3rd
order nodes ignores significant distinctions between these types. In contrast, we represent
the isolated 2nd and 4th order shocks as nodes, and the continuous stream of first and third
order shock groups as links. Second, in the matching of nodes Siddiqi et. al use an affine
transformation that aligns one node to another and the degree of similarity is based on
the cost of the transformation. Unfortunately, the transformations at distinct nodes, each
consisting of rotation, translation, and scaling of nodes, are not dependent on each other and
hence challenge the integrity of the shape and the match, 7.e. one node may be scaled up and
another may be scaled down in the same shape. Our matching algorithm explicitly defines
variables to represent these global transformations. Third, the tree matching algorithm
introduced, restricts the search space by heuristic size constraints, and matches using a
best-first strategy which may not recover from an erroneous match. Finally, the lack of
normalization causes the distance between two graphs to be dependent on the number of
nodes, making it impossible to get an accurate absolute similarity between two shapes.

6 Conclusion

We have demonstrated an approach based on (i) extraction of symmetries from grey-
scale images, (%) organization of symmetries into a hierarchical groups, (iii) segregation of
relational structures of groups of symmetry into graphs and continuous variables representing
deformation and similarity deformations as attributes of graphs, (4v) matching of two intrinsic
shock graph via a multistage graph matching algorithm. We have not discussed the role of
salience of shape components, shock transforms to deal with spurious edge elements, gaps
and occlusions [38, 39]. These will be presented in forthcoming papers. We have, however,
presented an approach for the use of symmetry as a cue for indexing with very promising
results. We are in the process of compiling an extensive evaluation of the match results for a
much larger database. We expect that given the generic formulation of this approach which
inherently includes arbitrary deformations, the performance of this approach in conjunction
with a level of categorization will be excellent with enlarging the size of the pictorial database
to practical numbers.
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