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Abstract

Themain questionwe addressis: what is the minimal informationrequired to generate closed,

non-intersectingplanar boundaries?For this paperwe restrict `shape' to this meaning. More

precisely, we examinewhetherthe medialaxis togetherwith dynamicscan serveas a language

to designshapesand to effect shapechanges,e.g., for modeling, to generatea morphsequence,

etc. We representthe medialaxis togetherwith a directionof �ow along the axis as the shock

graph,andexaminethereconstructionof shapealongeach of thethreetypesof medialaxispoints,

(labelled
��� �

,
��� �

,
� � ; seebelowfor the

�
notation),andtheassociatedsix typesof shock points.

Firstly, weshowthat thetangentandcurvatureof themedialaxis,andthespeedandacceleration

of theshock with respectto timeof propagation,i.e., �r standsecondordergeometricanddynamic

properties,aresuf�cient to determinetheboundarytangentandcurvatureat correspondingpoints

of the boundary. This implies that a rather coarsesamplingof the symmetryaxis, its tangent,

curvature, speed,and acceleration is suf�cient to regenerate accurately a local neighborhood

of shapeat regular axis points (
� � �

). We also showhow higher order differential propertiesof

the axis can be relatedto the higher-order differential propertiesof the boundaryof the same

order. Secondly, weexaminethereconstructionof shapeat branch points(
� � �

) where threeregular

branchesare joined. We showthat the threepairs of geometry(that is, curvature) anddynamics

(that is,acceleration)mustsatisfycertainconstraints.Finally, wederivesimilar resultsfor theend
�
A shortversionof thispaperappearedin CVPR99[5]



pointsof shock branches(
� � points). Theseformulascompletelyspecifythe local reconstruction

of a shapefrom its shock-graph or medialaxis, and the conditionsrequired to form a coherent

shapefromthemedialaxis.

Keywords: Shape,Reconstruction,ShapeModeling, SymmetrySet, Shocks,Medial Axis,

MedialGeometry, ShockDynamics.

1 Intr oduction

In this paperwe areconcernedwith the `shape'de�ned by a non-intersectingclosedpiecewise-

smoothcurvein theplane.In factfor themostpartweassumethatthis`boundarycurve' is smooth.

Symmetry-basedrepresentationssuchasthe medialaxis [1] have beenextensively usedasa

representationof shapefor recognition,andotherapplications,wherethe essentialfeaturesfor

shapeareextractedandanalyzed.However, theserepresentationshave beenusedto a muchmore

limited extentin thereconstructionof shapes,asrequiredfor thedesignof free-formshape,inter-

active modi�cations,animation,etc. Shapeis generatedby placinga volumetricelementon each

segmentof theskeletonwhich in turn generatespotential�eld anda `skin' from theiso-intensity

combinedpotential[13, 17, 18]. Similarly, in animation,articulatedgeometricmodelsarecreated

usingarticulatedskeleton(1-k skeleton). TeichmannandTeller [10] usea springnetwork on a

cleaned-up3D skeletonto generatearticulatedshapes.Similarly, skeletonsarebeingincreasingly

usedin sketching3D objects[23, 8]. Anotheruseof skeletonin matchingis in the medicaldo-

main[4]. Pizeretal. [3] describeamultiscaleapproachto modelingandrenderingshapesbasedon

atomicmedialrepresentations,or M-reps.Theideais to associateatoleranceto eachboundarypo-

sition which is relatedto scale,thusproviding advantagesin rendering,morphing,andqualitative

shapefor interactive use.DeformableM-repshave beenusedin 3D medicalimagesegmentation

andregistration[12, 11, 3, 4]. Theavailability of shapefrom skeletonrepresentationalsomakes

possibleanovel `activeshape'approachto segmentingshapethattakesadvantageof simultaneous

deformingpairsof boundariesasrepresentedby theskeleton.A generaltheoryhighlightinghow

shapecanbegeneratedfrom skeletons/shocksis thenusefulbothfor 2D and3D shape.However

in thispaperwe restrictattentionto 2D.

A key issuein thereconstructionof shapefrom its symmetriesis how eachsymmetrysegment

canbeef�ciently represented,manipulated,andregeneratedto form thepieceof shapecorrespond-

ing to it, andhow the �nal piecesaregluedtogetherto form a coherentshape.In this paper, we
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Figure 1: The geometriclocus of the medial axis (MA) doesnot qualitatively capturethe form of the

boundary:a singlemedialbranchcanarisefrom a variety of boundaries.The dynamicinterpretationof

themedialaxisasa �o wing singularity(shock)allows themedialaxis to beorganizedinto monotonically

�o wing shocksegments(SH). This �ner partitioning of the medial axis, whereeachsegmentis simply

augmentedwith a directionof �o w, allows for the qualitative form to be predicted. Sourcesof �o w are

indicatedby 2 (second-ordershocks)while sinksof �o w areindicatedby 4 (forth-ordershocks).

addressthepointwisereconstructionof ashapefrom its symmetriesandaswell asthereconstruc-

tion of thedifferentialpropertiesof theboundaryfrom thedifferentialpropertiesof thesymmetry

axis. Thesymmetryaxisusedto be the traditionalmedialaxisasproposedby Blum [1] de�ned

asthelocusof contoursof maximalcircles,which is augmentedwith a senseof �o w: wavesfrom

theboundarycollide andform singularities,or shocks,which �o w in time andwhosetraceis the

medialaxis. This allows for a sub-classi�cationbasedon monotonically�o wing segmentsof the

medialaxis, leadingto a directedstructure,theshock graph, which is consistentwith perceptual

categoriesof shape[20, 24, 21]. This dynamicview of the shockstructuregivesrise to notions

of velocity andaccelerationof shock�o w which in addition to the geometricview of the axis

representedintrinsicallyby curvatureareusedto reconstructtheshape,Figure1.

Speci�cally, in the reconstructionwe rely on a classi�cationof medialaxispointsandshock

structures.Giblin andKimia [6] haveshown thatthemedialaxisof a(boundary)curvegenerically

consistsof threetypesof points.In orderto describedifferentkindsof medialaxispoints,weshall

usethe following `
�

' notation. Given a point
�

of a curve � therearemany circlestangentto

� at
�

: in fact their centrestraceout thenormalline to � at
�

. All but oneof thesecircleshas

regular contactwith � at
�

, that is the circle and � have `two coincidentintersectionpoints' at
�

. Suchcirclesareof type
� �

. Thereis auniquecircle, thecircleof curvatureor osculatingcircle

at
�

, wherethenumberof `coincidentintersectionpoints' is morethantwo: if thereareexactly

threethenthis circle hastype
� � (sucha circle alwayscrossesthe curve at the point

�
). Type

� � meansthatthecircle osculates� at a (nondegenerate)extremumof curvature,that is thereare
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exactly four coincidentintersections.Thethreepossibletypesof medialaxispoint arethecentres

of circlesasfollows. Firstly
� � � � � ��� � , meaninga circle is `bitangent',that is hasordinary

� �

tangency with thecurveat two distinctpoints:thesearetypical smoothmid-segmentpointsof the

medialaxis. Secondly
� � �

, wherea circle is tangentto thecurve at threedistinctpoints,making

a `Y junction' of the medialaxis, andthirdly
� � , wherethe medialaxis hasan endpoint. The

extremumof curvaturemustbea maximumin orderthatthecentreof thecircle is eligible for the

medialaxis. In general
���� refersto a circle with

�
fold tangency at � distinctpointsof thecurve.

We canalsoreferto thecentreof sucha circle, thatis thecorrespondingmedialaxispoint,by the

samenotation,
� � �

,
��� �

or
� � .

The notationfor shockpointscontainsan additionalnumber(1, 2, 3 or 4) calledthe `order',

referringto thebehavior of theradiusfunction � . Thisnumbersimplyseparatesthecasesanddoes

not have a directnumericalrelationshipto thegeometry. Therearesix typesof shockpoints: (i)
� � ���
	

(`�rst ordershocks'),that is
� � �

pointswhere � doesnot have anextremum;(ii)
� � �����

,

(secondordershocks)which are
� � �

pointswith outgoing�o w so that theseact assourcesand

correspondto a local minimum of � ; (iii)
� � �
���

, (fourth ordershocks,or we can write
� � to

emphasize
� � �

) which are
�
�
� pointsof ingoing�o w andcorrespondto a local maximumof � ; (iv)

� � �����
, (junctions)wheretwo in-�o wing branchesleadto anout�owing branch;(v)

� � �����
(fourth

ordershocks,or
� � order),which are

� � �
pointswith threeingoing branches;and(vi)

� � points,

centersof circlestangent(to theboundarycurve) at curvaturemaxima,wherethe �o w is always

inbound. SeeFigure2. The latter � ve typesof medialaxis point form nodesin a shock graph

connectedby segmentsconsistingof �rst ordershocks.Thispaperinvestigateshow theshapecan

be reconstructedfrom the shockgraphfor eachtype of shockpoint correspondingto nodesand

links.

Wederiveequationsrelatingthelocationof thecharacteristicpoints(sources)of amedialaxis

point for eachfrom the(minimal)knowledgeof thelocationandthetangentdirectionof thispoint.

Second,we considerthecasewhensecond-orderdifferentialpropertiesof theaxes,curvatureand

acceleration,arealsoavailable.Curvatureis simplytherateof bendingof themedialaxiswith arc-

length.Usingthetimeof propagation,or theradiusof themedialaxis,as`time', wede�ne notions

of shockvelocityandshockacceleration(asecond-orderproperty).Wederive theresultthatthese

second-orderpropertiesof thesymmetryaxes,namelycurvatureandacceleration,aresuf�cient to

determinethesecond-orderpropertiesof theboundary(curvature)at thecorrespondingpoints.

Thepaperis organizedasfollows. In Section2 we describethenecessarynotationsanddef-
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Figure2: From [22]. This �gure sketchesthe only genericpossibilitiesfor shockformationandpropa-

gation. (a) original shape;(b) no wave collision; (c) formationof an initial �rst-order shock,an
� � point;

(d) an
� � �

point with locally minimummedialradiuswhere�o w is initiated; thesourcesof �o w have been

referredto assecond-ordershocksin earlierwork andaredenotedhereas
� � �����

; (e)an
� � �

pointwith two

incomingandoneoutgoingbranches;we referto this medialaxisjunctionasan
� � � ���

point; (f) propaga-

tion of a shockwave at
� � �

pointswith monotonic�o w, which have beenreferredto as�rst-order shocks,

andaredenotedhereas
� � � ���

; (g) terminationof �o w from two branches,a sink of �o w which hasbeen

referredto asa forth ordershockandis denotedhereas
� � � �	�

; (h) terminationof �o w at threebranches;

this sink of �o w or forth-ordershockis denotedby
� � �
���

to re�ect bothits local form andnatureof �o w.

Notethat
� � ,
� � � ���

,
� � � ���

,
� � � �
�

, and
� � � ���

areisolatedwhile
� � � ���

�o w continuously.

initions, including thenotionof axisgeometryandaxisdynamics.In Section3, we describethe

reconstructionof the two boundarypointscorrespondingto an
� � �

point from its location,time,

tangent,andvelocity. We alsodescribeconditionsunderwhich this is possible,andderiveddif-

ferentialrelations.In Section4, wederiveequationsfor variousaxispropertiesasfunctionsof the

pair of boundariesgiving rise to it. Thesearethenusedin Section5 to examinethe reconstruc-

tion of shapeat
� � �

points. We will show that for thethreeaxesto yield smoothboundarycurves

they mustsatisfycertainproperties,sothatessentiallythreeof thesix functionsdescribingmedial

branches(curvatureandacceleration)areredundant.However, thechoicesof threecurvaturesor

threeaccelerationsareinterdependentandhencecannotbechosenasthe`independentvariables'.

Thus,we reformulatethe problemassix functionswhoseodd portionsareconstrained.Finally,

Section6 discussesthe reconstructionat
� � pointswith someexamples. Theseresultsare the

foundationfor thereconstructionof shapefrom themedialaxis,asshown in Figures4 and5.
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Symbol Explanationof Notation

� Thecurve representingtheSS/MA
� ArclengthalongtheSS/MA
�

,
���

TangentalongtheSS/MA, � is thebranchnumber
�

AnglebetweenthetangentT anda �x eddirection
�

,
� �

NormalalongtheSS/MA

� Radiusof thetangentcirclecentredon theSS/MA
� Curvatureof theSS/MA
	 Shockspeed:changeof arclengthwith radius ��

�
��
� Shockacceleration��

���
�� �
��� Derivativeof aquantity � with respectto arclength�
��� Derivativeof aquantity � with respectto radius�
����� � ��� � ��������� � � Boundarycurves( � � ) andtheir propertieswith notationasabove

� �! � � �! � � �! ��� �! � � �! Parallelcurveto � � a signeddistance" from �#� andits properties

� � � � � � � � � � � � � � � �$ for "&% radius' at a speci�edpoint,andits properties
( )�* � � � �,+.-

,
(0/1*32 �54 -

6 )7* � � � � +.- � ( �98
� , 6 /:* �;8

� � 8 � -

Table1: Summaryof notation. HereSSmeans̀ symmetryset' andMA means̀ medialaxis'. Seealso

Figure3.

2 Notation and De�nition

De�nition 1 TheSymmetrySet(SS)of a smoothclosedsimplecurvein theplaneis theclosureof

thesetof centers of circlestangentto thecurvein two or more places.For a particular bitangent

circle the pointsof contactwith the boundaryare referred to as the characteristicpointson the

circle.

De�nition 2 TheMedial Axis (MA) is the subsetof the symmetrysetgivenby maximalcircles,

that is circleswhoseradiusequalstheminimumdistancefromthecenterto thecurve.

Blum viewedthemedialaxisasthequenchpointsof the �re-front initiatedalongthebound-

ariesof theshape,in thesocalled`grass-�remodel'. Thesequenchpointscanbeviewedasthe

self-intersectingpointsof thewavefrontpropagatedfrom theinitial shape.In thisapproach,singu-
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Figure3: This Figureillustratestherelationshipbetweengeometryof theboundarysegments� � andthe

symmetrycurve � .

	
�

���
� �
�����	�

� � � � ��
���
��
��������� � �

( �
� � � � � � ���� �

��� � � � ��
���
��
��������� � �

( � � �
� + � ��
�� � ������ � �

( � �

� � ������� ( �
�

� � � �! �" ( ( � �$#� �
� � � � �%�&� ( ( � � � �! �" ( ( � � � # �� �

�'� # ��)(
�%��� ( �

� � �
�
�

�! �" ( * 	 �
� � � + � � �

�
, � ,

( � � � �* � � � � �
� # , � ,
� � + � � �

�

( � � � � � �- � � ��� ��.0/�
� � � � � � �- � � ��� ��. � �

� # � , � ,� � - � � �
�
.0/�

� - � � � � � . , � ,�)( - � � �
�
. � �
� �

Table2: This tablerelatesthethreealternative descriptionof shockdynamics,namely, (i) velocity 1 andits

derivative,acceleration2 and 2 � , (ii ) derivativesof radius,3 � , 3 � � , 3 � � � , and(iii ) theangle 4 andits derivatives

4 � and 4 � � : Itemsin eachrow areequivalentexpressions
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Figure4: The shock-baseddescriptionof the imageof a hand,andits growth from shocks.This recon-

structionis effectively the union of diskscenteredon shocks,thusrequiringall the shocksto reconstruct

theshape[19]. Note thatsomebrancheswhich aretypically �rst-order shocks,have nearin�nite velocity

which labelsthemasthird-ordershocks.Theglobalnatureof theprocessmakesit dif�cult asa meansof

manipulatingor designinga shape,e.g., bendinga �nger or stretchingit. Theresultsof this paperleadto a

local (differential)reconstructionscheme,Figure5.

larities themselvesinherit a velocityof �ow from theunderlyingpropagationof waves,wherethe

velocity 	 is thereciprocalof theratechangeof radius(or time
�
) with arc-lengthparameteralong

thesingularityset
* � - . This augmentsthemedialaxiswith anadditionalclassi�cation,leadingto

the notionof shocks. This approachalsoleadsto an intuitive growth modelfor shape,Figure4,

[19]. However, in this approach,the shockstructureis viewed asa setof non-interacting,non-

orderedpoints,suchthatthereis no opportunityfor selective interactionwith shape,e.g. bending

a �nger of thehand.Theintrinsic reconstructiondevelopedheremakesthis possible,Figure5, as

describedbelow.

De�nition 3 ShockSet (SH): A First-Ordershockis a medial axis point with a monotonically

�owing velocity. A Second-Ordershockis a medialaxis point with strictly outward �owing ve-

locities. A Fourth-Ordershockis a medialaxis point with strictly inward �owing velocities. A

Third-Ordershockis a (non-generic)medialaxis point where the radius is locally constant,so

that velocitiesare in�nite in a local neighborhood.

Weusethefollowing notation.Let � denotethesymmetrysetor medialaxis.Let � � represent

the two segmentsof theboundaryof theshape,which form � , where � , � � , denotethearclength

parameterizationof curves � , � � , respectively. Theunit tangentto thesecurvesis denotedby
�

,
� � , andtheunit normalby

�
,
� � , respectively. Let theradiusof thebitangentcircleateachpoint

of � bedenotedby � . For abitangentcirclewith center
�

, let
� +

and
� � denotethetwo pointsof

contacton theboundarycurve,referredto asthecharacteristicpointsof
�

. Let � ! indicateacurve

parallelto � anda signeddistance� away alongits normal. Let � indicatetheparticularparallel

curve passingthrougha given medial axis point. We also considerseveral angles. The angle
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Figure5: The reconstructionof shapefrom a shockgraphaspresentedhere. Nodescontain�rst order

(tangentand speed)properties,while links containsecond-orderproperties(curvatureand acceleration).

Thereconstructionallows selective interactionwith piecesof shape,e.g. for bendingtheshapeor removing

apart.

betweenthetangents
�

,
� � anda �x eddirection,saythe � -axis,is denotedby

�
,
� � , respectively.

Also we refer to the anglebetween
�

and
� � +

as
(
, and the anglebetween

�
and

� � +
as

6 � ( � 8
� .

The classi�cation of �o w togetherwith the classi�cationof local form leadsto six typesof

shocks:
��� � � 	

,
� � � � �

,
��� � � �

,
��� � ��	

,
��� � � �

, and
� � , seeFigure2. The latter � ve typesare

isolatedwhile the
� � ��� 	

shocks�o w continuouslyandconnectall othertypes.Thishavegivento

thenotionof a shock graphwhich hasbeenusedin recognition[16, 9, 14]. In this paperwe will

addressthepointwisereconstructionof theshapeboundariesfrom eachpointof theshockgraph.

Geometry and Dynamics: Considertwo boundarycurves � + and � � , which form themedial

axis (or symmetryset) � , with tangent
� �

� at
� �

� , respectively, Figure3. Consider�xing
� �

� ,
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but allowing � � to vary. Thevariationsin � � arefully capturedby specifyingthe two curvature

functions � � * � � - . Thereis, however, an alternateview of capturingthe allowablevariationsof

theboundaryin termsof propertiesof its medialaxis.Eachvariationin � � canbecorrelatedwith

a variationin � + suchthat the medialaxis locus � doesnot change.We refer to the curve � as

the`geometry'of themedialaxisor theshockset. Thegeometryof theaxiscapturessymmetric

variationsof the boundary. The informationwhich needsto be speci�ed in additionto � so that
� � (or � � ) arefully recoverableis referredto asthe `dynamics'of the axisandcantake several

alternatebut equivalentforms.We show below thefollowing facts.

First, considerthevelocityof theshockalongtheshockpath, 	 � 

�
�� , wheretheradiusplays

therole of `time', in thewavefrontpropagationview of themedialaxis. Sincethe initial velocity
	 � at branchendpoints,namely,

� � �
and

� � nodesis speci�edby theinitial targetconstraints,the

acceleration � � 
 � �
�� � fully speci�es the remainingvelocity informationwithout redundancy. In

this �rst descriptionof geometryanddynamics,curvatureandaccleration
* �.� � - fully specifythe

boundarysegments,andthusreplace��� .

Second,since 	 �
�

� � and � � � � � ���� � , � � � canalsofully specifythedynamicsinformation.Thus,
* � � � � � - is analternatedescriptionof theaxisproperties.Third, we will show thattheanglesof the

tangents
� � with the � -axiscanbewrittenas���� � + � � � ( � 8

�
� � � � � ( � 8

� �
(1)

where
�

is theangleof theaxistangent
�

. Thus,���� � ����� + �	�� � 8
�

( �
� � � � �� � (2)

Since
� + * � +.- and

� � * � � - fully describetheboundaries� � whichareconstrainedto betangentat
� �

� ,
* � � ( - arean equivalentdescriptorof � � . However, since

�
� and

(
� arespeci�ed impliesa

redundancy. Thus,only their �rst derived 
 �

� and 
 �

� is required.Rewriting thesein termsof the

derivatives 
 � �

� � � � + , 
 � �

� � � � � .���� 
 �

� �
��� ���� � ��� ���� + ��� ���� � ��� �����
�98
� � ��� ������ � + ��� ������ ��

�98
�


 �

� � ��� ���� � ��� ���� � ��� ���� � ��� ����� � ��� ���� � � + ��� ���� � �� � (3)

it appearsthat the speci�cation
* 
 �

� � � � 
 �

� �

( � - doesnot fully give
* � + ��� � - since 

���
5� are

apparentlynot determined.However, we will latershow that 	 � ��

� �
5� arefully determinedfrom

thisdescriptionaswell, and
* � � ( � - is a third alternatedescriptorof thedynamicsof theaxis.
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Boundary dynamicsin termsof 	 dynamicsin termsof � � dynamicsin termsof
(

� � � � �� � � � + � � �
�

, � , � � � � � � � � � * 	
� � � � � � � � �%��� ( � � � �! �" ( �
� � � + � � �

�
, � , � � �� � � * 	 �

� � � � � � � � � �! �" ( � � ����� ( �
� �

�
� � � + � � �

�
, � , �

� � � � * 	 �
� � � � ���%��� ( � � �! �" ( �

� � � � ( � 8
�

� � � � �+ � � �
� � #� - � � �

�
. � �

�
* � � ��� �

� � � �� � �
� �
� � � � ���
����

	 � � 

� �

� � + � � �
�

, � , * 	 � � � � - � * 	 �
� � � * 	 � � � � - � �) �" (�* 	 � � � � -

� ! � � ����� �	��
��
 � - � � ! . + ��� � /� � ��� � � - � � ! . � � 
 � - � � ! .��
�
� ��� � � � + - � � ! . ����� � 
 � - � � ! . ��
���� �

� � � �
� � � �
� ! � � �� + - � � ! . � �

Table3: Summaryof formulasfor reconstructingtheboundariesfrom axisproperties

Axis Property BoundaryProperties
� � � + � �� � 8

�
( � � � � ��
� * �! �" * � � + �	�� - � ������� * ��� + �	�� - -
� * �%��� * � � + � �� - � �! �" * � � + � �� -5-
	 � �

����� - � � � � �� .
� � ���%��� * ��� � � �� -
�

�
�
�! �" * � � � � �� - * � �� � � � �

� � �� � � � �
-

( � � �
�
�! �" * � � � � �� - * � �� � � � � � � �� � � � �

-

� � �
�
��
�� � - � � � � �� .����� � - � � � � �� .

* � �� � � � � � � �� � � � �
-

� � � � �
�
�! �" � * � � � � �� - * � �� � � � � � � �� � � � �

-

�
- � � � � � .�� - ����� - � � � � �� .�� ��
�� - � � � � �� . .

� ��
�� - � � � � �� .
Table4: If two points � � with tangents� �������! #"%$ �'&("()+*,$��.- andcurvatures/ � form themedialaxis

point � with tangent0 �1���! #"%$2&("()+*3$3- , with velocity 1 or alternatively, � 4 & 3 � - , curvature / , andaccelera-

tion 2 or alternatively, � 4 ��& 3 � �4- , thentheaboverelationshold. Thus,thesix numbersspecifyingtheboundary

locally � � �5&6$ �5& / �7- determinelocalpropertiesof theaxis �8$9& 4 & / & 2 & 3 - .
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3 Reconstructionof boundary fr om
� �
	 medial axispoints

Consideran
��� �

point
�

� and the symmetryset curve close to this point � , which is smooth,

Figure3. The boundarycurves � + and � � are the envelopeof circleswith radius �
* � - , where

� is the arclengthparametrizationof � , centeredon the curve � * � - . The bitangentcircle at
�

�

touches� � at only two points,
� �

� . In this sectionwe askwhat information,in additionto
�

� ,

is requiredto recover
� �

� andthe local geometryat thesepoints. The picturethat emergesis as

follows: �rst, second,andthird orderpropertiesof theboundary, i.e., the tangent,curvature,and

derivative of curvaturewith arclength,dependon �rst, second,andthird orderpropertiesof the

axis,respectively.

Lemma 1 (PointwiseReconstruction)Givenan
� � �

point of the axis � , its time of formationor

radius � , andvelocityvector(speed	 andtangent
�

), thetwo boundarypointscorrespondingto
� areobtainedfromanyof thefollowingequivalentexpressions.���� ���

��� � � � �� � � � + � � �
�

, � , �
� � � � � � � � � � � * 	 � � � � �
� � � � � � �%�&� ( � � � �) �" ( � � (4)

Proof: Thecharacteristicpoints � � correspondingto � , arethetwo pointson thebitangentcircle

at � whichcontributeto theenvelope.Thus,we take thefamily of circles � � 2
, where

� * � ��� - ��� � � � * � - � � � � � * � - (5)

where � , the arc lengthalong � , is the singleparameterdeterminingthe envelope,and
�

is an

arbitrarypoint on eachcircle. For a point
�

to belongto theenvelopeit mustsatisfyEquation5

simultaneouslywith ���� � �
2
,�
��
� �

� * � � � * � -5- * �
�
��
�
- � �

�
* � - � � * � -

� ��� * � � � * � - - � * � - � � � * � - � � * � - � (6)

Where` � ' means 


� . This impliesthat 	 � � � * � -�
 � * � - � � � � , or

� � � * � - � � � � � �
� � (7)

for some
�
. Wenow setEquation5 to zeroto obtain

�
, as, � � � � �
� � � � � � 2

, leadingto,

� � � � * 	 � � � � (8)

Using 	 � 

�
�� �
�

��� and
�%�&� ( � �

�

��� ,
�) �" ( � * 	 �

� � � weobtainEquations4.
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Figure6: At an
� � �

which is a second-ordershock(a) or a fourth-ordershock(b). The axis normaland

boundarynormalsline up.

Remark 1 At an
� � �

point which is a 2ndorder or a 4th order shock, 	 � � , � � � 2
, and

( � 8
� ,

which impliesthat

� � � � � � � � (9)

At thesepointsthetangent
�

to thesymmetryset,which is theperpendicularbisectorof thechord

joining thecharacteristicpoints,Figure6, is parallel to theboundarytangents
� � � �

.

Thelastlemmaimplicitly requiresthatfor a medialaxis � 	 ��� 	 , or � � � ��� 	 . We now derivea

secondnecessarycondition,previouslyobtainedin [15].

Lemma 2 Suppose� is part of themedialaxis. Then,in additionto � 	 ��� 	 , or � � � ��� 	 , wehave

thefollowingconditionexpressedin alternateformsin termsof 	 , � � , or
(
,���� ���

* 	 � � 	 - � # �� � � � � 	 � * 	 � � 	�� 2 �
* 	 �

� � � - � � � � � � � � * 	 � � � � � 2 �
�! �" ( � ( � � � � � � 2 � (10)

Proof: Considerthedistancebetween� * � - , andacharacteristicpoint � + *32 - of � * 2 - , andde�ne

� *
�
- �
	 � * � * � - - � � + * 2 - 	 � � � � (11)

where � is now viewed asthe independentvariable. It is importantthat
� *
�
- � 2

for � closeto

�
*32 -

, sinceotherwise� + *32 - would beinsideamaximalcircle at � * � - . In addition,
� *
�
- � 2

when

13



� � � � � �
*32 -

. Now differentiatingwith respectto � (for the restof the proof ` � ' temporarily

denotes 

�� ),
	
�
� � * � - � * � * � * � -5- � � + *32 - - � 	 � � � � (12)

and
	
�
� � � * � - � 	 � � 	 � � * � * � * � - - � � + * 2 - - � * � � � 	 � � �0- � 	 � (13)

Now, from Equation4, at � � � �

�
�
� � * � �

- � * � * 2 - � � + * 2 - - � 	 � � � �

� * � �� � � � �, � , * 	 � � 	 � - � 	 � � � �

� 2 �
(14)

and
�
�
� � � * � �

- � * 	 � � 	 - � * �� � � �, � ,
� * 	 � � 	 -
� - � * � � � 	 � � �0-

� 	 � � 	 � # �� � � � � 	 � * 	 � � 	 (15)

We cannothave
� � � * � �

- � 2
as this would make

�
have a local maximumat � � implying that

� *
� �
- � 2

for � closeto � � . Hence,
� � � * � �

- � 2
for eachpoint of � . Thesameargumentcanbe

appliedto � � .

Corollary 1 A necessaryconditionfor a point to beontheshock setasa regular (
� � �

) point is that���� � 	 � � 	
� � ��� + � � �

�

� , � ,
� # , � ,

� � + � � �
� � (16)

or, �� � � � � � � 	
� � ��� * � � �
� ��

� � � �* � � � � �
� (17)

or

� � ��� �! �" (
�
� ( � � (18)
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Note that the`missing' inequalityin Equation18 is just
����� ( � 	 . All of theabove inequalities

expressthe factsthat (i) theenvelopeof circlescenetredon themedialaxismustbereal sinceit

generatestheboundarycurve,and(ii) thecircle centredata medialaxispoint is locally insidethe

boundarycurve.

Wearenow readyto statetherelationshipamongsecondorderpropertiesof theaxis,curvature
� and acceleration� (or � � � , ( � ) in termsof secondorder propertiesof the boundary, namely,

curvatures� � .

Theorem 1 (Reconstructionof boundarycurvature)Theboundarytangent
� � andnormal � � of

a medialaxis/shock point representedby( 	 ,
�

, � , � ) arethefollowing, expressedin alternateforms:���� � � � � + � � �
�

, � , � � �� �
� � �

�
� � � + � � �

�
, � , � � (19)

�� � � � � � �! �" ( � � ����� ( �
� � � ���%�&� ( � � �! �" ( � � (20)

�� � � � � � * 	
�
� � � � � � � �

� � � � � � � * 	 �
� � � � � (21)

Boundarycurvatures � � areobtainedfrom

� � � � �
	 � � � �

� (22)

where ����� ����
� � � � � , � ,

+ � � �
� � #� - � � �

�
.

� � � � �
�

* � � � � �
� � � �� � � � �

� � � � ���
�� � � � ���
�� � �
(23)

Moreover, thevelocityof characteristicpoints 	 + � 

� �

� on theboundarycorrespondingto � * � - is���� ���
	 � � 

� �

� � � + � � �

�
, � , * 	 � � � � -

	 � � � * 	 � � � � * 	 � � � � -
	 � � � �! �" (�* 	 � � ��� -

(24)
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Proof: To �nd anexpressionfor
� � we �rst compute

� �
5� by differentiatingtheexpressionfor � �

foundin Lemma5, Equation4, andby using 
 


� � � � , 
 �
5� �
� � � , 

5�

* + � � �
�

, � , - � #, � , � + � � �
� , and


 �

� �
�

,
� � �
� � �

� �
� �
� �

� �
* �
	
- � � �

	
* � � - � �

� �
*
�
* 	 � � 	
� 	 � -5� � �

* 	 � � 	
� 	 � * � � � -

� * � * 	 � � 	
� 	 � � � � � 	 �

	 � * 	 � � 	
� � � - * �

* 	 � � 	
� 	 � � � 	

	
�0- � (25)

aftersomemanipulation.Since 

� �

� � * 
 � �
5� � - * 

� �

� - � 

� �

� � � , weconclude�rst that

� � � � * 	 � � 	
� 	 � � � 	

	
� � (26)

andsecondthat
� � �
� � � � * 	 � � 	

� 	 � � � � � 	 �
	 � * 	 � � 	

� � �

� � * 	 � � 	
� 	 � * 	 � � � � - �

(27)

where� � is asde�ned in Equation23. Theexpressionfor
� � is derivedfrom thatfor

� � . Finally,

Equations20 and21canbederivedby substitutionusingTable1.

Curvatureof theboundariescanbeobtainedby differentiatingtheboundarynormalsusingthe

relation 
 �

� �
� � � ,

� � � �
� � �
� � � � � � � � *

� � �
� �

� �
� � �

- � � � � (28)

Wecan�rst �nd 
 � �

� by differentiatingEquation19,
� � �
� � �

� �
	 �

� � 		
* � � - � � � 	 �

	�� * 	 � � 	
� � * 	 � � 	

� 	 � * � � � -

� * � � � � � 	 �
	 � * 	 � � 	

- * � * 	 � � 	
� 	 � � � 	

	
�0-

� � * 	 � � 	
� 	 � � � � � �

(29)

Finally,

� � � � *
�

� �
� �

- * � �
� � �

- � � �

�
� �

	 � � � � �
(30)
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Figure7: Thegeometricinterpretationof
�/ � asthecurvatureof thereconstructedboundaryduringagrowth

processof all shocksup to thetimeof thecurrentshock.

Corollary 2 ���� �
�
* � � + � � � - � ���
�����
�
* � + � � � - � � � ���
���� � #� - � � �

�
. �

� � � �� � ��� � � (31)

Thecorollaryshowsthatthecurvatureof themedialaxisis a `weightedaverage'of thecurvatures

of the two boundaryarc parallelswhenwe orient themin the samedirectionasthe medialaxis

(therebyreversingthe orientationof � +� which changesthe sign of curvature). Similarily, shock

dynamics,accleration,whenexpressedasthederivativeof
(
,
( � is a`weighteddifference'of these

curvatures.Thisindicatesthatin somesense ���
���� � � ���
���� and
� ���
���� arenaturalquantitiesto consider.

Thatin thecomputationof � � , thequantity � � factorsoutandthe�nal form of therelationship

between��� and � � both suggesta geometricinterpretationfor ��� , namely, the curvaturesof

boundaryparallelsateachshockpoint,asshown in Figure7.

Lemma 3 Thefamily of boundaryparallel curvesindexedby a decreasingparameter� andde-

�ned by

� ! � � � � *
�
�

�
- 	
	
� � *

�
�

�
- * 	 � � 	

� 	 � � � (32)

for all medialpointswith �
�

� , is a `growing' familyof parallel curves.For the�nal valueof � , at

� �
2
, the�nal curvecoincideswith theoriginal boudarysegment� �� � � � . Then,thegeometric

interpolationof � � * � �
-

is thecurvature of theparallel � �� �
* � �

-
going throughthemedialpoint at

� � , that is using � � �
* � �

-
.
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Proof: The signi�cance of parallel curves was notedby Blum and Nagel [2]. Rewriting this

expression

� ! � � � � *
�
�

�
- 	
	
� � *

�
�

�
- * 	 � � 	

� 	 � �

� * � � �	
� � �

* 	 � � 	
� 	 � �0- �

�
* 	
	
� � * 	 � � 	

� 	 � �0-

� � � �
�
� � �

(33)

shows that � ! � is a parallelcurve of � � , respectively, with a distance� betweenthe two curves.

Thecurvatureof � ! � , � ! � is obtainedfrom thestandardformularelatingthecurvatureof parallels

� ! � �
� �

	 �
� � �

� (34)

or,

� � � � ! �
	 �

� � ! � � (35)

Now, for a �x edpoint of themedialaxis � � , considertheparallelpassingthroughthepoint itself,

i.e., � � � � , denotedby � � � � , or in abbreviatedform as � � . Thecurvatureof this curve � � * � - is

givenby Equation30 with � � � � . Thisgivesa geometricexpressionfor � � .

3.1 Derivativesof Curvature

Having establisheda relationshipbetweenboundarycurvatures� � andshockgeometryanddy-

namics
* � � � - , wenow proceedto discussderivativesof boundarycurvatures
 � �

� � . Thisis important

notonly asamethodto expressthelocalpropertiesof aboundarypointasa functionof axisprop-

erties,but aswe shall see,it will becrucial in enforcingboundarycontinuityat
� � �

pointswhere

threeaxescometogether. Sincethe link between� � andaxis propertieswasestablishedvia an

intermediaterepresentation,namely, the curvatureof boundaryparallels � � , we adopta similar

approachhere.Let � ! � denotearclengthalong � �! , the � parallelto � � . Then
� ���
� � � �

�

� � ! �
* � ! �
	 �

� � ! �
- �

� � ! �
� � �

� 	
� � ! �
� � � �

	
* 	 �

� � ! � - �

 � � ! �
� � ! � �

(36)

This relatesderivativesof curvatureon the boundaryto the derivative of curvatureon any

parallelcurve andstatesthat third orderpropertiesof theboundaryarederivablefrom up to third
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orderpropertiesof theaxis,provided 

� �

� � doesnot includehigherorderterms.This is shown to be

thecasebelow.

Lemma 4 Thegeneral expressionfor derivativeof curvatureona boundaryparallel is
� � ! �
� � ! �

* � - �
	

	 	 � *
�
�

�
- � � 
 � 	

� �
�! �" � ( � ( � �

�! �" � ( �
�%��� (
�! �" � ( * � � � � � ( � � � ( � � -�
 � (37)

For a �xed pointon theaxis � � with � � �
* � �

-
wehave

� � �
� � �

* � �
- � � �

�) �" � ( � ( � �
�! �" � ( �

����� (
�! �" � ( * � � � � � ( � � � ( � � - � (38)

Proof: Wehave

� ! � �
���

	 � *
�
�

�
- � � � (39)

sothat
� � ! �
� � �


 � �
5� � � � ��� �	 	 � *
�
�

�
- � � 
 � � (40)

Theexpression
 � � �

� � � canbeobtainedby �nding 

� � �

� usingEquation27with
*
�
�

�
-

� � ! �
� � � � * 	 � � 	

	 	 	 � *
�
�

�
- � � 
 (41)

Thus,

� � ! �
� � ! �

�

 � � �

�

� � �

� � � � 	 �

* 	 � � 	

 � �

� � � � � � �	 	 � *
�
�

�
- ��� 
 � � (42)

Now, usingEquation23, 
 � �

� � 


� 	 � � � � ���
���� 
 , and � � � ���%��� (
, we �nd

� � �
� �

�
� � � � � � � � �

�! �" ( �
( � �

�) �" ( � �%��� (
�! �" � ( * � � � � � ( � � � ( � � - (43)

which leadsto Equation37. Finally, evaluatedat � � �
* � �

-
Thisexpressionleadsto Equation38.

Corollary 3 Theresultscanberestatedin thefollowing form�� � �
� 	 * 	 � *

�
�

�
- � + - � 
 � � �
5� �� � * 	 � *

�
�

�
- � � - � 
 � � �

� �� 
 � � ���
�� � �

� � ����� ���
�� � �
( � �

�
� 	 * 	 � *

�
�

�
- � + - � 
 � � �
5� �� � * 	 � *

�
�

�
- � � - � 
 � � �

� �� 
 � � � ���
�� � �

� ����� ���
�� � �
* � � � � ( � � - � (44)
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which whenevaluatedat � � � reducesto���� �
�
* 
 � �
 � � � 
 � �
 � � - � � ���
�� � �

� � ����� ���
�� � �
( � �

�
�
* 
 � �
 � � � 
 � �
 � � - � � � ���
�� � �

� ����� ���
�� � �
* � � � � ( � � - � (45)

Alternatively, in termsof � � � and � � � � wehave���� �
�
* 
 � �
 � � � 
 � �
 � � - � � � � � � � �- � � �
� � . �

� � �- � � �
� � .�
�
* 
 � �
 � � � 
 � �
 � � - � � � � �- � � ��� ��. � �

� � � � � � � �- � � ��� ��. (�
� � �3�- � � ��� ��. � � � (46)

A similar expressioncanbeobtainedfor � and � � .

Wenoteat thispoint thatthird orderpropertiesof parallels,namely, derivativeof curvaturecanbe

expressedasdifferentialpropertiesof the axisof lower or equaldegree. We will usethis fact in

Section5.

4 Recovery of axispropertiesfr om boundaries

Considertwo boundarycurves � � which givesrise to � astheir medialaxis,asin Figure3. The

questionwe addressnow is how to derive thegeometry(tangentandcurvature)andthedynamics

(velocityandacceleration)of theMA/SH from theboundarytangentsandcurvatures.

Lemma 5 Thenecessaryandsuf�cient conditionfor two points
� � with tangents

� � to form a

symmetrypoint
�

is that

* � + � � � - � * � + � � � - � 2 � (47)

Proof: First,assume
� +

and
� � form a symmetrypoint

�
. Then,

� + � � � + � � � � � � � � � � (48)

for some� . Using

� + � � � � � � � � + � 2 � (49)

we take thedotproductof
� + � � � � � � * � + � � � - with

� + � � � which resultsin

* � + � � � - � * � + � � � - � 2 � (50)
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Wealsonotethat

* � + � � � - � * � + � � � - � � � * � + � � � - � * � + � � � - � 2 � (51)

Second,assumeEquation47 hold. Then,since
* � + � � � - � * �,+ � � � - � 2

, let

� + � � � � 6 * � + � � � - � � * � + � � � - � (52)

for some6 and � . By Equation47, 6 � 2
, andreorientingthetangentssothat

� �
�

* � + � � � - � * � + � � � -
* � + � � � - � * � + � � � -

� 2 � (53)

wehave
� + � � � + � � � � � � � � � , where

�
is thesymmetrypoint correspondingto

� � .

Lemma 6 Considertwoboundarypoints � � with tangents
� � � * �%��� � � � �) �" � � - andcurvatures

� � , respectively, which giverise to themedialaxispoint � with tangent
� � * ����� � � �! �" � - , cur-

vature � , velocity 	 , and accleration � . Then,we derivethe unknownsconsidered in oneof the

following forms:
* � � � � � � ( � �.� ( � - or

* � � � � � � � � � �.� � � � - , or
* � � � � � � 	�� �.� � - . Theradiusis obtained

as

� �
�

* � + � � � - � * � + � � � -
* � + � � � - � * � + � � � - �

�
* � + � � � - � * ����� * � � + � �� - � �) �" * � � + � �� - -

� �) �" * � � � � �� - � (54)

Theangles
�

and
(

areobtainedusing �� � � ��� � + � �� � 8
�

( � � � � � �� � (55)

leadingto, ���� � � * �! �" * � � + � �� - � ������� * � � + � �� - -
� � * �%��� * � � + � �� - � �! �" * � � + � �� -5- � (56)

In alternateform
(

canbereplacedby���� 	 � �
�

����� - � � � � �� .
� � � ������� * � � � �	�� - � (57)

Second-orderpropertiesareobtainedas���� � �
�
�
�! �" * � � � � �� - * � �� � � � �

� � �� � � � �
-

( � � �
�
�
�) �" * � � � � �� - * � �� � � � � � � �� � � � �

- � (58)
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or in alternateform
( � canbereplacedby

� � �
	
�
�! �" � * � � � � �� -
�%��� � * � � � � �� - *

� �
	 �

� � �
� � +
	 �

� � +
- � (59)

and

� � � � �
	
�
�! �" � * � + � � �

�
- * � �
	
�

� � �
� � +
	 �

� � +
- � (60)

Proof: First,using� + � � �,+ � � � � � � � , and
� + � � � � ��� �! �" * � � � � �� - * �%��� * � � + � �� - � �! �" * � � + � �� -5-

wehave

� �
�

* � + � � � - � * �,+ � � � -
* � + � � � - � * � + � � � -

�
* � + � � � - * �%��� * � � + � �� - � �! �" * � � + � �� -5-

� �) �" * � � � � �� - � (61)

Second,we have from Equation20 and
� � * �%��� � � �! �" � -

� � � � �) �" ( � � �%��� ( �

� * �%��� * � � ( � 4
�
- � �) �" * � � ( � 4

�
- - � (62)

Thus,
� � � � � ( � 8

� whichcanbesolvedtoobtainexpressionsfor
�

and
(

leadingtoEquation55.

In vectorform we have
� � �

�
� ��
�� � * � + � � � - and

� � �
�

��
�� � * � + � � � - . Alternateformsof

Equation55areeasilyobtainedusing � � � � �%��� (
and 	 � �

�
����� � .

Third, second-orderpropertiescanbeobtainedfrom Equation31

� �
�! �" (
�

* � � + � � � -

�
	
�
�! �" * � + � � �

�
- * � �
	 �

� � �
� � +
	 �

� � +
- � (63)

Similarly, from Equation31,

( � � �
	
�
�! �" * � + � � �

�
- * � �
	
�

� � �
� � +
	 �

� � +
- � (64)

andanalogousexpressionsfollow for � and � � � .

Lemma 7 Considertwo contours � � * � � - where � � is the arclengthfor each curve, forming the

symmetrycurve � * � - , where � is arclength,andwhere � � * � �
�
-

form thesymmetrysetpoint � * � �
-
.
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Then,thenecessaryandsuf�cient conditionfor � � * � � - to couplewith � + * � + - to formthesymmetry

setpoint � * � - is for thefunction � � * � + - to satisfytheordinarydifferentialequation.

� � �
� � + �

�
� �%��� � * ��� � � �� - � � � * � + � � � - � � +
� �%��� � * � � � � �� - � � � * � + � � � - � � �

� (65)

with initial conditions� � * � +� - � � �
� . Furthermore, havingobtained� � * � +.- fromabove, themedial

axis � is describedby

� * � + - � � + * � + - � � * � + -5� + * � + - � (66)

where

�
* � + - � � 	 � + * � +.- � � + * � + -�
 � 	 � + * � +.- � � � * � +.-�


	 � + * � + - � � � * � + - 
 � 	 � + * � + - � � � * � + -�
 � (67)

Proof: Two points � + * � +.- and � � * � � - form theSSpoint � * � - if f

� � * � � - � � � � * � � - � � * � - � (68)

for some� . If we selectanarbitrary � + , theabove equationinvolvestwo unknowns,one � � and

theothertheradius� asa functionof � + i.e., � � * � + - and �
* � + - . WecanuseLemma5 to eliminate

� .

* � + * � + - � � � * � � -5- � * � + * � + - � � � * � � -5- � 2 � (69)

This equationrelates� � to � + in an implicit form. We canrestateEquation69 in the form of a

differentialconditionat � � � by differentiatingEquation69 with respectto � , andusing 	 � � 

� �
5�
* 	 + � 	 � - * 	
� � + � � � - � * � + � � � - � * 	 + � + � + � 	 � � � � � - � 2

� * 	 � 	 �
	 +

- �%��� � * � + � � �
�

- � * � + � � � - � * � + � + � 	 �
	 + � �

� � - � 2 � (70)

Finally, 

� �
5� � � � �� � canbesolvedas

� � �
� � + �

� � ����� � * ��� � �	�� - � � + * � + � � � - � � +
� �%��� � * � � � � �� - � � � * � + � � � - � � � � (71)

Similarly, assuming� � is solvedfor, wecancompute� by usingLemma5, Equation53,

� �
� * � + � � � - � * � + � � � -
* � + � � � - � * � + � � � - � (72)

Thesearethenrelatedto theaxisvia Equation68.
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Figure8: A depictionof the local geometryat an
� � �

point (a) all branchesare�o wing inwards. (b) Two

branches�o w inwardsandoneoutward. Thesearethe only genericpossibilities. Eachbranch � � of the

medialaxis(theextensionsinto thesymmetrysetarenotshown here)contributestwo arcs� �� to theoutside

boundarycurve. Thesearcsareidenticalin pairs,andthis give usthematchingconditionsusedin thetext.

Theangles4 � shown arebetweentangentsto themedialaxisandthelinesdrawn out from thecentre
�

to

thethreecontactpoints.Therearethreemoreanglesof thesamesizeadjacentto these4 � sothat � 4 � ��� .

5 Reconstructionat triple crossings(
� �
	 points) of the symme-

try set

Considera planecurve � anda (maximal)circle which is tangentto it in threeplaces,yielding

a triple crossingon the symmetrysetanda `Y' junction on the medialaxis at the centreof this

circle, � say, Figure8. This is the
� � �

situation.Eacharcof � is thenproducedby two branches

of thesymmetrysetcloseto � . This meansthat,assumingthesymmetrysetbranchesandradius

functionsaregivennear � , theremustbethreeconsistency relations.In fact,we canconsiderthe

six possiblelocalpiecesof data:

� � � � � ��� � (thethreesymmetrysetbranches:̀geometry')�

�
� � � � � � � (thethreeradiusfunctions,or velocities

� � ��� � � � : `dynamics')�
In somesenseonly threeof thesesix are neededto reconstruct� . But it is not clear—indeed

not true—thatwe cantake arbitraryvaluesfor threeof them,andgo on to construct,locally, a

uniquecurve � . It is temptingto believe thatwe couldtake any threebranches� � through � and
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�nd suitableradiusfunctionswhich make for a consistentlocal reconstructionof � . But this fails

becausethecurvaturesof the threebranchesat � arein factnot independent.We give detailsof

thisbelow. Thus`thegeometryof threeaxesata junctioncannotbespeci�edarbitrarily'. Nor can

thethreeradiusfunctions(or velocities)bespeci�edarbitrarily: eachvalueof
�
�
��� � � � is minusthe

cosineof anangle
( �

, Table1, andthethreeanglesaddto 4 ,
( � � ( � � ( � � 4 , Figure8. Thus,

`thedynamicsof thethreeaxescannotbespeci�edarbitrarily.' In termsof velocitiesthisgivesthe

constraint

	 � �
	 � 	 � � 	 � 	 � �� 	 � 	 � � � * 	 � � � 	 * 	 � � � 	 (73)

In orderto avoid overwhelmingthereaderwith details,wegiveabrief accounthereof two cases:

1. Supposethattwo branchgeometries� � � � � andbranchdynamics,sayoneradiusfunction �
�
,

aregiven.Thenthecurve � canbelocally constructeduniquelyandtherearenoconstraints

beyondtheusual � � � � � � � � � � 	 .
2. Supposethatthreebranches� � aregiven. Thenthereareconstraintswhich have to besatis-

�ed, andwedetailtheinitial onesof these.

Thesetupis thatof Figure8, wherewe have orientedthe threebranchesof thesymmetryset

through � into themedialaxis. Eachbranch� � , togetherwith thecorrespondingradiusfunction

�
* � � - ( � � beingarclengthon � � , with � � � 2

at thetritangentcentre� ), givesriseto two arcs� +� and
� �� of theboundarycurve � . Thetritangentcircle hasradius � � sayandthethreeradiusfunctions

naturallysatisfy �
� *32 - � � � . All arcs� �� of � areassumedorientedanticlockwiseroundthecircle.

The identi�cations (matchings)which result from requiringa consistentreconstructionof �
are

� +� � � �� � � +� � � �� � � +� � � �� � (74)

in thesensethatthepairsof curvesnotedasequalareactuallyidentical.In Section5.2,theway in

whichweusethis is to saythatthecurvatureof � +� at thepointof contactwith thetritangentcircle

equalsthatof � �� at thesamepointandthesameappliesto thederivativesof curvaturewith respect

to arclength,etc.Writing
�7�

for thetangentto � � , pointinginto themedialaxis,wehavesay

� � � � � � ����� *3( � � ( � - � ������� ( � �
�
�
�

� � �
*32 - �

	
	 � * 2 - �

sothattheinitial velocitiesaredeterminedby theanglesbetweenthethreebranchesof themedial

axisat � .
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 �
Table5: Firstorderdynamicsat

� � �
points.

5.1 Given two `geometries' ��������� and one`dynamics' radius function � �

This is aneasycase.From � � and �
�

wecanreconstruct� �� . Thisgivesus � �� and � +� immediately

becauseof thematchings,Equation74. But we aregiven � � , sowe thereforededuce� � . We now

have � �� andcan�nd the third branch� � asthemedialaxisof thesetwo curvesusingLemma7.

No choiceshave to bemadein this reconstruction,which is thereforeunique.However, the lack

of symmetryin theinformationgiven,namely, two geometriesandon dynamics,is in someways

unsatisfactory, andweareled to considerthecompletelysymmetricalcaseof thenext section.

5.2 Given the thr ee`geometries' �
	

This caseinvolvessomeratherunexpectedconstraintson thegeometry. Therearelesssurprising

constraintson the`dynamics':in the�rst place,asalreadymentioned,thethreevaluesof � �� *32 - are

equalto
������� ( �

andtheangleshereaddto 4 . This placesa constrainton the�rst derivativesof

theradiusfunctions.

We shallusethearcs � � � which areobtained,asin Section3, from � �� by moving down their

normalsa distance� � . We use � � and � � to denotearclength,in thegivenorientation,on � � and � � ,
respectively. Then,it is alsotruethat

� + � � � �� � � +� � � �� � � +� � � �� � (75)

Theequalityof thesecurvespartially impliesthattheirsecond-orderpropertiesareidentical.Using

Equation23 andthat theidenti�cations in Equation75 imply � � + � � � � , � � + � � � � and � � + �
� � � , we �nd the following. Here, � is usedfor differentiationwith respectto the appropriate

arclength� � on � � .����� ���� � /��
����
/
� � ���
���� �

� � � � /��
�� �
/
� � � ���
�� � �

� #
/�

/
- �
/ � �
�
.
� # �� � - � � � �

�
. �

� � � �/� � � � / �
� � � ��� � � �� �� ���
���� �

� � ���
���� �
� � � � ���
�� � �

� � � ���
�� � �
� # �� � - � � � �

�
.
� # �� �

- � � � �
�
. �

� � � ��� � � �� �
� � � ��� � � �� �� ���
���� �

� � /��
����
/
� � � � ���
�� � �

� � � /��
�� �
/
� # �� �

- � � � �
�
.
� #

/�
/
- �
/ � �
�
. �

� � � ��� � � �� �
� � � �/� � � � / �

�
(76)

Whenweaddtheseequationsweobtainthefollowing.
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Proposition 1 Thecurvaturesof the threebranchesof the medialaxis throughthe
� � �

point are

subjectto thefollowing curvaturesconstraint, expressedin threealternateforms:����� ����
� /��
����
/
� � ���
���� �

� � ���
���� �
� 2

� /* � � � � / �
� � �* � � � �� �

� � �* � � � �� �
� 2

� / , � / ,* � � � �/
� � � , � � ,* � � � ��

� � � , � � ,* � � � ��
� 2 � (77)

Equation77 canalsobeobtainedby addingthethreeinstancesof the�rst formulaof Corollary2,

for � � 	 � � � � . Assuming � � ��� � ��� � satisfy this constraint,then we can recover the dynamics

by choosingoneof thedynamicsexpressedin oneof thealternateforms
( � � *32 - , � � *32 - , or � � �� *32 - ,

anddeducingthe valuesof
* ( � � *32 - � ( � � *32 -5- , * � � *32 - � � � *32 - - , or

*
� � � � *32 - � � � � � *32 -5- respectively, from

the �rst andthird Equationin 76. Thus,
* � � ��� � � ( � � - form a setof independentvariableswhich

determine
* � � � ( � � � ( � � - , asdiscussedin Section5.1.

Thelackof symmetryin theform of specifyingsecond-ordereventsatan
� � �

point,promptsus

to consideranalternateview: It is possibleto specify
*3( � � � ( � � � ( � � - at an

��� �
andderive

* � � � � � � � � -

usingEquation76 as ���� ��� � /��
����
/
� � � ���
���� �

� � � ���
�� � �� ���
���� �
� � � ���
���� �

� � � /��
�� �
/� ���
���� �

� � � /��
����
/
� � � ���
�� � �

�
(78)

to determinecurvatures.Thus,for second-orderderivatives,thethreedynamicparameterssuf�ce

to determinegeometry.

5.3 Higher-order derivatives

Let ustake theanalysisonestagefurther, to examinewhetherthereis aconstraintwhichhasto be

satis�edby thederivativesof curvatureof thethreemedialaxisbranches.

Thethreeequations
 � / �
 � / � � 
 � � �
 � � � , 
 � � �
 � � � � 
 � � �
 � � � and 
 � � �
 � � � � 
 � / �
 � / � , andEquation38 imply that
� � �/��
�� � � /

� � � ����
�� � � �
� � � � /��
�� � � /

� � � ���
�� � � /
� �����	�

/��
�� � � /
* � � � ��� � � ( � � � � ( � � � - � ����� � ���
�� � � �

* � �� � � � � ( � � � � ( � � � - �

(79)

andtwo similar equationsobtainedby cyclically permutingthe indices.Hence,theconstrainton

thesecondderivativeof
( �

(or third derivativesof �
�
) is( � ��

�) �" � ( � �
( � ���! �" � ( �

� ( � ���) �" � ( �
�

����� ( �
�) �" � ( � * � � � � � ( � �

� - � ����� ( �
�) �" � ( �

* � �� � � ( � � � - �
����� ( �
�) �" � ( �

* � �� � � ( � � � - �

(80)
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or
� ( � ��

�! �" � ( � �
� ����� ( �

�! �" � ( � * � �� � � ( ��
� - � (81)

Adding the`sum' formulaein Equation46 andusingthematchingsin Equation75 in theform of

 � / �
 � / � � 
 � � �
 � � � , 
 � � �
 � � � � 
 � � �
 � � � and 
 � � �
 � � � � 
 � / �
 � / � , doesnotgiveaconstrainton the � �� ; in factit gives

� � � +�
� � +� �

� � ��
�! �" � ( � �

Similarly,

� � � � ��* 	 �
� � � - (� * 	 � � �

� - � �
� � � � � � �� � � �* 	 �

� � � - ( � * 	 � � �
� - � �

� � � �� � �* 	
�
� � � - ( � * 	
� � �

� - � �
� (82)

andsimilar alternativeexpressionscanbederivedfor � � � . Thus,thelocal descriptionof dynamics

is constrained.

Note that � �� have disappearedfrom thesummationin Equation81 andthe expressionon the

right only involves`lowerorderderivatives', � � and
( �� , whichwerefully discussedabove. Thus,if

( � �� � ( � �� arechosen,
( � �� is fully determined.Selectinga valuefor � � � thenresultsin � � � and � � � from

Equation79, i.e.,
* ��� � � ( � �� � ( � �� - formsanindependentsetthatdetermines

* � � � ��� � � � ( � �� - , andprovides

acompletepictureof `third orderderivatives' at an
� � �

point.

Alternatively, the lack of symmetryin this descriptionpromptsus to consider
* ��� � ��� � � � � � � - as

theindependentsetandderive
*3( � �� � ( � �� � ( � �� - from Equation79as

� � �/��
�� � � /
� � � ���
�� � � �

� � � ���
�� � � �
� �����	�

/��
�� � � /
* � � � � � ( � � � - � ����� � ���
�� � � �

� � � ( � � � ����� � ���
�� � � �
� � � ( � � � (83)

andtwo similar equations.An examinationof thehigherordercasesin a similar fashionreveals

thefollowing theorem.

Theorem 2 Theconstraintson the threeaxisbranchesat an
� � �

point are, besidesEquation77,

a constraint on even order derivativesof curvature of the medialaxis branchesof the following

form: for each �
� 2

� � - � � .�
�) �" � � + � * ( � -

equalsanexpressionin thelowerorderderivativesof curvature, theangles
( �

, andthederivatives

of
( �

up to but not includingtheorder
�
� . There are correspondingconstraintson theoddorder

derivativesof theradiusfunctionor evenderivativesof
(
, besidesEquation80, i.e.,

� ( - � � .�
�) �" � � * ( � -
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0r f

Figure9: Left: thecurve � � 2 ��� ��� 2 ��� ��� 2 � � � �������
neartheorigin; right: two copiesof this curve,

theupperonerotatedandthelower onethenre�ected in the � -axisto producea pair of arcswith a straight

line medialaxis.

canbeexpressedin lowerorderderivativesof thecurvature theangle
( �

, andtheir derivativesup

to but not including
�
� .

5.4 Examples

In this sectionwegivesomesimpleexampleswhich illustratesomeof theformulaeof Section5.

Let usstartwith two curvesusingLemma7 which aresymmetricalabouta line. This line is

thenthemedialaxisof thecurves,Figure9. Wecantake thetwo piecesof curve to belocally like	 � � * � - � � � � � � � � � � � �
�
� � � � � � . Theradiusfunctionassociatedwith this pair of curves,

asa functionof � � arclengthon thestraightmedialaxis,hasthe following expansion(obtained

usingMaple):

� � � �
� � ����� ( � � � � �

�! �" � (
	 � � � � � �

� � ��
 � � �� �! �" � ( �%��� (
* 	 � � � � � � - �

� � � �! �" � (
* 	 � � � � � � - �
� � � � � � (84)

On the otherhandif we move the curve 	 � � * � - a distance� � downwardsandcalculatethe

derivativeof curvaturewith respectto arclengthat � � 2
we �nd theresult � � � � * 	 � � � � � � - � . To

seethat theseresultsagreewith Equation37 notethat the uppercurve in Figure9 is congruent

to 	 � � * � - andthereforehasthe samederivative of curvaturewith respectto arclength. (This

derivativeis independentof theorientationof thecurve.) In Equation37wetake � � ��� � 2
since

themedialaxis is straight,andfrom Equation84 we canreadoff thesecondandthird derivatives
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(a) (b)

Figure10: (a) Threestraightsegmentsfor a boundaryproducethreestraightmedialaxis segments;(b)

we canalsoobtain threestraightmedialaxis segmentswith threeidenticalcurves which are themselves

symmetrical.Eachof thesecurvesis congruentto � � 2 ��� � � 2 � � � � higherevenorderterms.

of the � with respectto � :

� � � *32 - �
� � � �! �" � (

* 	 � � � � � � - �
� � � � � * 2 - �

	 � � �� �! �" � ( �%��� (
* 	 � � � � � � - �

� � � � �! �" � (* 	 � � � � � � - � � (85)

Puttingthesein Equation37givestheresult � � � � * 	 � � � � � � - � asrequired.

Now let usconsidera situationwheretherearethreestraightmedialaxissegmentsmeetingin

an
� � �

point. We canachieve this with threestraightboundarysegments,Figure10a,or with three

copiesof thecurve 	 � � * � - aboveprovidedwe take � � � 2
to make thecurve itself symmetrical

abouta line Figure 10b. The former caseis ratheruninteresting:the radiusfunction becomes

a linear function of arclength,so secondandhigherderivativesof � are zero. Also all � � and

derivativesof thesearezerobecauseof thestraightmedialaxes.Soeverythingvanishesfrom the

Equations77 and82.

For thecaseof Figure10b,we have, from Equation85, and � � � 2
, thevaluesof � � � *32 - and

� � � � * 2 - . In addition,all thecurves � �� , andthereforealso � �� , haveavertex at thetritangency point,

soall expressions
� � �� � � � �� arezero.Substitutingthese,and � � � 2

, in Equation82, thetermsfor

each� separatelycancel,makingtheequationveri�ed.

5.5 Discussionof
��� � case

Theprecedingexaminationhasrevealedthatin `designing'themedialaxisata junctionpoint
� � �

,

neitherthegeometrynor thedynamicsof the threebranchescanbe freely speci�ed. On theone

hand,even ordergeometry(even derivativesof the curvaturefunction) mustsatisfya constraint
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so that only two of the threecurvaturederivativesare independentvariables. Thus,either they

mustbecomplementedby specifyingoneout of threedynamicsvariablesof thesameorder, e.g.,

( � � ��� � � ( � � ), or to enforcesymmetryin description,simplyspecifyeven-orderdynamicsonly (odd-

orderderivativesof
(
), e.g., (

( � � � ( � � � ( � � ).
On theotherhand,odd-orderdynamics(evenorderderivativesof

(
) areconstrainedsuchthat

only two of threerepresentindependentvariables.In thiscase,eitherthesemustbecomplemented

by specifyingan odd-ordergeometryderivative of the samedegree,e.g., (
( � �� � ( � �� � ( � �� ), or for the

sake of symmetryin speci�cation,onecansimply specify( ��� � � � � � ��� � � ). Thus,odd-derivativesof �
and

(
form anindependentandcompletedescriptorof the

� � �
geometry:

Corollary 4 Themedialaxis in a neighborhoodof an
� � �

point
�

� is completelyspeci�edby the

set

� �
� � � � � * � � � � � � � � - � * ( � � � ( � � � ( � � - � * � � � ��� � � ��� � � - � *3( � � �� � ( � � �� � ( � � �� - � * � � � �� � � � � �� ��� � � �� - � � � ��� � (86)

which completelydeterminestheset

� * ( � � ( � � ( � - � * � � ��� � ��� � - � * ( � �� � ( � �� � ( � �� - � * � � �� ��� � �� � � � �� - � � � ��� � (87)

In other words, the odd portions of the two functions
* � � ( - , namely, ��� * � - � � - � . � � - � � .� and

( � * � - � � - � . � � - � � .� determinetheevenportions, ��� and
( � . Thus,in functionalform thefollowing

setdescribesthelocal neighborhoodof themedialaxisat an
� � �

point

� �
� � � � � * � � � � � � � � - � * � � � * � - � � �� * � - ��� �� * � -5- � *3( � � * � - � ( �� * � - � ( �� * � - - � � (88)

Remark 2 In a more symmetricform, onecan usethe angle
�

insteadof curvature, replacing

Equation86 with

�
� � � * � � � � � � � � - � *3( � � � ( � � � ( � � - � * � � �� � � � �� � � � �� - � * ( � � �� � ( � � �� � ( � � �� - � * �

- � .� � � - � .� � � - � .� - � � � ��� � (89)

6 Endpoint (
� � point) of the medial axis

In this sectionwe examinethemedialaxisat its endpoints.Theformulaedevelopedsofar do not

alwaysgive usanswersin this case.As anexampleof this, considertherelationship31 between
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Figure11: (a) Thegeneralsetupof a curve tangentto the � -axisat theorigin andhaving a maximumof

curvaturethere—hencetheabsenceof an � � termin theexpansion.Weexaminethecurvatureof themedial

axisat thebeginningpoint, which is thecenterof curvature � � & ��� � 2 � - correspondingto theorigin (b) The

parabola� � � � , whosemedialaxis is the � -axis from � � � ���
upwards,and(dashed)theparallelto the

parabolathrough � � &
�
� - . Despiteappearances,theparallelhasin�nite curvatureat � � &

�
� - . Also shown are

a bitangentcircle andthe limiting bitangentcircle wherebothcontactpointsareat theorigin, making
� �

contactthere.

thecurvatureof themedialaxis � andthatof theparallelsto theboundarycurves � � , Figure11a.

At an
� � point of themedialaxis thetwo boundarycurveshave cometogether, that is

�) �" ( � 2
,

or � � � 	
, 	 � 	

. However, the parallelsto the boundarycurves are (singular) when drawn

throughthecenterof curvature.In fact,whenwedraw theparallelto acurvewith avertex, passing

throughthecenterof curvatureat thevertex, theparallelis `verysingular'.Considerfor examplea

parabola	 � � � (weshallreturnto thisexamplelater).The
� � pointcorrespondsto themaximum

of curvatureat � � 2
andthecenterof curvaturethereis

* 2 �
�
�
-
. Theparallelthroughthispointhas

parametrizationof the form
* � � � � � � � � �� � � � � � � � � - , which is easilyveri�ed to have in�nite

curvatureat � � 2
. (This is not at all obvious from the appearanceof the parallel curve; see

Figure11a.)Sotheformula31 takestheform � � 2 * � � � � -
andis thereforeindeterminate.

In factit turnsout thatat theendpointthecurvatureof themedialaxisdependson muchmore

thanthecurvatureof theboundary1. To discover theformulae,it is probablybestto parametrize

everythingandto usepowerseriesexpansions.This is whatwe did, andtheresultingcalculations

wereperformedwith Maple. In whatfollows,wegivetheresultsbut sparethereaderthedetailsof
1Thereis nota priori reasonto expectthatsecond-orderpropertiesof theaxisshoulddependonly onup to second

orderpropertiesof theboundary;in fact,thatthis is thecasefor ���� pointsis suprising!
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calculation.Thegeneralsetupis in Figure11a,wheretheboundarycurve � � hasparametrization	 � � � � � � �
�
� � � � � � � � � � � � say, with no � � term in order to make the curvaturehave an

extremumat � � 2
. At theorigin, � + and � � meet.We shallwrite � + from now on, ratherthan

� + for � � 2
and � � for � � 2

.

Lemma 8 At an
� � pointwehave

� �
	
� + � (90)

� � � 	 � 	�� ( � 2 � (91)

� �
� �
�

* � + - � 
 � � �

� � �* 
 � � �

� � � - � � (92)

������ �����
� � � ��

- � � . �� ��� ���� � �� � � � � �
- � � . �� ��� ���� � �( � � � �

(93)

Proof: In fact the curvature � + of the boundarycurve asa function of arclength � + measured

anticlockwisefrom � + � 2
at theorigin, hasexpansion

� + � � � � � 	 � * � � � � �� - * � + - � � � 2 � � * � + - � � � � � �
For amaximumof curvatureat � � 2

werequire� �� � �
� . We �nd thefollowing:

1. Thecurvature� of themedialaxisat theend-point
*32 �

�
� # �

-
dependsnot justonthecurvature

of theboundaryatthe
� � point,butupto thethirdderivativeof thecurvatureof theboundary.

Explicitly let ususe� hereto denotederivativewith respectto arclength� + ontheboundary.

Then,at the
� � point,

� � � � � � ��* � �� � � � - � �
� �

�

* � +.- � * � +.- � � �
*5* � + - � � - � � (94)

Thusthe`initial' curvatureof themedialaxisat theendpointdependsin amuchmoresubtle

wayon theboundarycurve thanthecurvatureof theaxisat interior points.
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2. Let � asusualbe the radiusfunction. As a function of � � arclengthon the medialaxis,

measuredinto themedialaxis,startingat � � 2
from the

� � point,wehave

� �
	
� � �

� � � � � �
� �� � �

�

� � � � � � � 	
� + � � � �

�
* � + - �
* � + - � � �

� � � � � �
wherethecurvature � + andderivatives( � is with respectto arclengthon theboundaryhere)

areevaluatedat the
� � point, � � 2

. Theinitial velocity, 	 � � � � � � at � � 2
, is 1. For the

initial acceleration� at � � 2
wehave

� �
� 	
�
�
�

� � �
�
� �
� �

� * � + - �
� * � + - � �

�
� �
�

� � � � � � * � + - �
* � + - � � � (95)

3. Supposewestartwith asmoothpieceof curve � , parametrizedby arclength� , andasmooth

function �
* � - , where � � * � - � 	 for small � � 2

, � � * 2 - � 	 and � � * � - � 	 for small � � 2
.

Thelatterconditionsarebasedontheradiusfunctionatan
� � point: moving into themedial

axis with increasing� , the boundarycurve `appears'at � � 2
, since � � becomes� 	 and

theenvelopebecomesreal (compareEquation17). We canthenaskwhetherthereareany

further conditions,besidesthoseimposedon � here,neededto ensurethat theenvelopeof

thecirclescentredat � * � - andradius�
* � - , is asmoothcurvewith anextremumof curvature

at � � 2
. It is certainlyto beexpectedthat � � � * 2 - � 2

since � � is decreasingthrough � � 2
,

andit turnsout thatthis is theonly conditionrequired.

Thusthereis no restrictionon theradiusfunctionat anendpointof themedialaxisbesides

the naturalone that
� �
�
� � � � � 2

at the endpoint. This is equivalent to sayingthat the

acceleration
� � � � � � � is � 2

.

Corollary 5 (Reconstructionat
� � points)At an

� � point with � � � � , curvature of axis � � and

acceleration � � , the contourhascurvature � + * � +.- which can be locally expandedat the corre-

spondingcurvaturemaximumas

� + * � + - � � + * 2 - �
	
�
� � � + * 2 -
� � + �

* � + - � �
	� � � � + *32 -� � + �

* � + - � � � � � (96)

where ���� ���
� + *32 - �

�

� �


� �

� � � *32 - � � �� � �� � �


 � �

� � � *32 - � � �
�
� � �� (� # ��

(97)
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Figure12: The parabola� � � � , whosemedialaxis is the � -axis from � � � ���
upwards,and(dashed)

theparallelto theparabolathrough � � &
�
� - . Despiteappearances,theparallelhasin�nite curvatureat � � &

�
� - .

Also shown areabitangentcircleandthelimiting bitangentcirclewherebothcontactpointsareattheorigin,

making
� � contactthere.

6.1 Examples

Hereis asimpleexampleto illustratesomeof theabove. Consideraparabola	 � � � , with straight

medialaxisalongthe 	 -axisfor 	 � �
� , Figure12. It is a straightforwardmatterto �nd theradius

function in this case:moving alongthe normala distance� we arrive on the 	 -axis at the point
*32 ��� �

�
�
-

where � is the(arc)lengthalongthe 	 -axisfrom
* 2 �
�
�
-
:

* � � � � - � �
* � � � � 	 -
* 	 � � � � �


 2 ��� � 	� � �
Solving gives � �

�
�
* 	 � � � � and � � � � . Thus �

� � � � �
� . It follows that

� � � � � � � is 2 and
� �
�
� � � � � ��� at � � 2

. For theparabola,� + � � and
* � + - � � � � � � at � � 2

, so the formulae

givenin Equation95 areveri�ed.

Equation94 for the curvatureof the medialaxis, which is zerohereasthe medialaxis is a

straightline, is veri�ed becausethe third derivative (andeachoddderivative) of thecurvatureof

the boundaryis zeroin view of thesymmetryof theparabola.So both sidesof Equation94 are

zero.

7 Discussion

We have presentedtheminimal intrinsic informationrequiredfor the reconstructionof theshape

from its shockgraphfor eachof thethreetypesof medialpoints,
� � (endof branch),

� � �
(junction),
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��� �
(regularpoint in theinterior of branch),andassociatedshockgraphwhere

� � �
(two types),

� �

points (onetype) and
� � �

points (two types
� � � � �

,
��� � ���

) form the nodesandthe remaining
� � �

points,which form monotonically�o wing shockgroups,arethe graphlinks, assummarized

below.

First,
� � �

pointscanbedescribedby theaxispointsandits tangent;thisgivesthecorresponding

(characteristic)pointsand their tangent. The additionof axis curvatureandaccelerationat this

pointyieldscurvatureatthecorrespondingboundarypoints.Similarly, furtherspecifyingcurvature

andaccelerationderivativesleadsto thederivativesof curvatureon theboundary. Thus,a shock

branchconsistingof
� � �

pointscanbefully speci�edby (i) initial poseinformation,its initial point
�

� , tangent
�

� , velocity 	 � , andradius � � ; (ii ) geometryin theform of a curvaturefunction � * � - ,
� / 	 2 � � 


, where
�

is the lengthof the axis, and(iii ) dynamicsin the form of the acceleration

function � * � - , or alternatively
( � * � - , or � � � . Underrigid transformationonly theposeinformation

needsto beupdated.

Second,
��� �

points bring togetherthreeshockbranches.The continuity of the shapeat the

commoncharacteristicpoint correspondingto eachpair of branchesimplies constraintson cor-

respondingcurvatureandaccelerationfunctionsof the threebranches.We have shown thatonly

theoddportionof eachfunction formsan independentsetof variables,while theevenportion is

deducedfrom theseconstraints.The remarkableconclusionis that shapeinformationis decom-

posedinto two groups:thosewhich alter thegeometry(oddportion)andthosewhich ensurethe

continuity of the shape(even portion) maintainedthroughthe propagationof constraintsthough

theshockgraphhierarchy.

Third, the
� � points,namelytheshockgroupendpointsandtheshockgraphtip points,con-

stitutethesecondtypeof boundaryconditionfor a shockgroup(graphlink). The
� � point with

associatedtangent
�

� (velocity 	 � 	 ), radius� � givesthecorresponding(single)boundarypoint.

The conversionof extrinsic, pointwisedescriptionof medialaxis points to an intrinsic minimal

graph-baseddescriptionis critical to theuseof themedialaxis(shockgraph)in shapedesign,mor-

phing,manipulation,etc. Sincetheuseof themedialaxis is intuitiveandfacilitatesuser-initiated

deformationssuchasbendingandstretchingalonganobjectaxiswhichareotherwiseverydif�cult

to implement,weexpectthefundamentalresultsdescribedherewould leadto signi�cant advances

in 2D shapedesign,active shape,shapetracking,measurementof medicalstructurechangeand

computationalatlases,shapemorphingapplications.This framework is currentlybeingextended

by establishinganalogousresultsfor 3D shape,� ��� � , for solidmodeling,by relyingonaclassi�ca-
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tion of thelocal form of 3D skeletons[7].
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