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Abstract

Themain questionwe addressis: whatis the minimal informationrequired to geneate closed,
non-intesectingplanar boundaries? For this paperwe restrict ‘shape'to this meaning More
precisely we examinewhetherthe medial axis togetherwith dynamicscan serveas a language
to designshapesandto effect shapechanges,e.g, for modeling to geneiate a morphsequence
etc. We representthe medial axis togetherwith a directionof ow alongthe axis as the shod
graph,andexaminethereconstructiorof shapealongead of thethreetypesof medialaxispoints,
(labelled A%, A2, As; seebelowfor the A notation),andthe associatedix typesof shod points.
Fir stly, we showthat thetangentand curvatuie of the medialaxis,andthe speedandacceleation
of theshodk with respecto timeof propagation,i.e., r standsecondrdergeometricanddynamic
properties are sufcient to determingheboundarytangentandcurvatuse at correspondingpoints
of the boundary This impliesthat a rather coarse samplingof the symmetryaxis, its tangent,
curvature, speed,and acceleation is sufcient to regenerte accumately a local neighborhood
of shapeat regular axis points (4%). We also showhow higher order differential propertiesof
the axis can be relatedto the higherorder differential propertiesof the boundaryof the same
order. Secondlywe examinethereconstructiorof shapeat branch points(A42) whele threeregular
brandhesare joined. We showthat the three pairs of geometry(that is, curvature) and dynamics

(thatis, acceleation) mustsatisfycertainconstiaints. Finally, wederivesimilar resultsfor theend

*A shortversionof this paperappeareinh CVPR99[5]



pointsof shodk branches(A4; points). Thesgformulascompletelyspecifythe local reconstruction
of a shapefromits shok-graph or medial axis, and the conditionsrequired to form a coheent
shapefromthe medialaxis.

Keywords: Shape,ReconstructionShapeModeling, SymmetrySet, Shocks,Medial Axis,
Medial GeometryShockDynamics.

1 Intr oduction

In this paperwe are concernedvith the “shape'de ned by a non-intersectinglosedpiecavise-
smoothcurvein theplane.In factfor themostpartwe assumehatthis "boundarycurve' is smooth.

Symmetry-basedepresentationsuchasthe medialaxis [1] have beenextensiely usedasa
representatiomf shapefor recognition,and other applications wherethe essentiafeaturesfor
shapeareextractedandanalyzed However, theserepresentationsave beenusedto amuchmore
limited extentin thereconstructiorof shapesasrequiredfor the designof free-formshapejnter-
active modi cations, animation,etc. Shapes generatedy placinga volumetricelementon each
segmentof the skeletonwhich in turn generategpotential eld anda “skin' from theiso-intensity
combinedpotential[13, 17, 18]. Similarly, in animation articulatedgeometriaonodelsarecreated
using articulatedskeleton(1-k skeleton). Teichmannand Teller [10] usea spring network on a
cleaned-u@BD skeletonto generatarticulatedshapesSimilarly, skeletonsarebeingincreasingly
usedin sketching3D objects[23, 8]. Anotheruseof skeletonin matchingis in the medicaldo-
main[4]. Pizeretal. [3] describeamultiscaleapproactio modelingandrenderingshape®asedn
atomicmedialrepresentation®r M-reps. Theideais to associatatoleranceo eachboundarypo-
sition whichis relatedto scale thusproviding advantagesn renderingmorphing,andqualitatve
shapé€for interactve use. DeformableM-repshave beenusedin 3D medicalimagesegmentation
andregistration[12, 11, 3, 4]. Theavailability of shapefrom skeletonrepresentatioalsomakes
possibleanovel "active shape'approacho segmentingshapehattakesadwantageof simultaneous
deformingpairsof boundariesasrepresentethy the skeleton. A generaltheoryhighlightinghow
shapecanbe generatedrom skeletons/shocks thenusefulbothfor 2D and3D shape.However
in this paperwe restrictattentionto 2D.

A key issuein thereconstructiorof shapgrom its symmetriess how eachsymmetrysegment
canbeef ciently representednanipulatedandregeneratedo form the pieceof shapecorrespond-
ing to it, andhow the nal piecesaregluedtogetherto form a coherentshape.In this paper we



Figure 1. The geometriclocus of the medial axis (MA) doesnot qualitatvely capturethe form of the
boundary:a single medial branchcan arisefrom a variety of boundaries.The dynamicinterpretationof
themedialaxisasa o wing singularity (shock)allows the medialaxisto be organizedinto monotonically
o wing shocksegments(SH). This ner partitioning of the medial axis, where eachsegmentis simply
augmentedvith a directionof o w, allows for the qualitative form to be predicted. Sourcesof ow are

indicatedby 2 (second-ordeshocks)while sinksof o w areindicatedby 4 (forth-ordershocks).

addresshe pointwisereconstructiorof a shapefrom its symmetriesandaswell asthereconstruc-
tion of the differentialpropertiesof the boundaryfrom the differentialpropertiesof the symmetry
axis. The symmetryaxis usedto be the traditionalmedial axis asproposecdoy Blum [1] de ned
asthelocusof contoursof maximalcircles,which is augmentedvith a senseof o w: wavesfrom
the boundarycollide andform singularities,or shockswhich o w in time andwhosetraceis the
medialaxis. This allows for a sub-classi cationbasedon monotonically o wing segmentsof the
medialaxis, leadingto a directedstructure the shod graph, which is consistentith perceptual
cateyoriesof shapg[20, 24, 21]. This dynamicview of the shockstructuregivesrise to notions
of velocity and acceleratiorof shock o w which in additionto the geometricview of the axis
representedtrinsically by curvatureareusedto reconstructhe shapefFigurel.

Speci cally, in the reconstructiorwe rely on a classi cationof medialaxis pointsandshock
structuresGiblin andKimia [6] have shavn thatthemedialaxisof a (boundary)urve generically
consistof threetypesof points.In orderto describedifferentkindsof medialaxispoints,we shall
usethe following A" notation. Givena point P of a curve C' thereare mary circlestangentto
C at P: in facttheir centredraceout the normalline to C at P. All but oneof thesecircleshas
regular contactwith C' at P, thatis the circle andC have "two coincidentintersectionpoints’ at
P. Suchcirclesareof type A;. Thereis auniquecircle, thecircle of cunvatureor osculatingecircle
at P, wherethe numberof “coincidentintersectionpoints' is morethantwo: if thereareexactly
threethenthis circle hastype A, (sucha circle always crosseghe curve at the point P). Type

Az meanghatthecircle osculates” ata (nondegyeneratextremumof curvature thatis thereare



exactly four coincidentintersectionsThethreepossibletypesof medialaxis pointarethe centres
of circlesasfollows. Firstly A; A; = A%, meaninga circle is “bitangent',thatis hasordinary A,

tangenyg with the curve attwo distinctpoints:thesearetypical smoothmid-segmentpointsof the

medialaxis. SecondlyA3, wherea circle is tangentto the curve at threedistinct points, making
a Y junction' of the medialaxis, andthirdly A;, wherethe medialaxis hasan endpoint. The
extremumof cunaturemustbe a maximumin orderthatthe centreof thecircle is eligible for the

medialaxis. In generalA} refersto a circle with & fold tangeng at» distinctpointsof the curve.

We canalsoreferto the centreof sucha circle, thatis the correspondingnedialaxis point, by the

samenotation,A?, A3 or Aj.

The notationfor shockpointscontainsan additionalnumber(1, 2, 3 or 4) calledthe “order’,
referringto thebehaior of theradiusfunctionr. This numbersimply separatethe casesanddoes
not have a directnumericalrelationshipto the geometry Therearesix typesof shockpoints: (i)
A? — 1 ( rst ordershocks'),thatis A% pointswherer doesnot have an extremum; (i) A? — 2,
(secondorder shocks)which are A2 pointswith outgoing o w so that theseact as sourcesand
correspondo a local minimum of r; (iii) A — 4, (fourth order shocks,or we canwrite 4, to
emphasize4?) which are A} pointsof ingoing o w andcorrespondo alocal maximumof r; (iv)
A% — 2, (junctions)wheretwo in- o wing branchegeadto anout owing branch;(v)A42 — 4 (fourth
ordershocks,or 43 order),which are A? pointswith threeingoing branchesand(vi) A; points,
centersof circlestangent(to the boundarycurwe) at curvaturemaxima,wherethe o w is always
inbound. SeeFigure2. The latter ve typesof medialaxis point form nodesin a shod graph
connectedy sggmentsconsistingof rst ordershocks.This paperinvestigateiow the shapecan
be reconstructedrom the shockgraphfor eachtype of shockpoint correspondingo nodesand
links.

We derive equationgelatingthelocationof the characteristipoints(sourcespf a medialaxis
pointfor eachfrom the (minimal) knowledgeof thelocationandthetangendirectionof this point.
Secondwe considerthe casewhensecond-ordedifferentialpropertiesof the axes,cunatureand
accelerationarealsoavailable.Curvatureis simply therateof bendingof themedialaxiswith arc-
length.Usingthetime of propagationor theradiusof themedialaxis,as time’, we de ne notions
of shockvelocity andshockacceleratiorfa second-ordeproperty).We derive theresultthatthese
second-ordepropertieof the symmetryaxes,namelycurvatureandaccelerationaresufcient to
determinethe second-ordepropertieof the boundary(curnature)at the correspondingoints.

The paperis organizedasfollows. In Section2 we describethe necessaryotationsanddef-



Figure2: From[22]. This gure sketchesthe only genericpossibilitiesfor shockformationand propa-
gation. (a) original shapej(b) no wave collision; (c) formationof aninitial rst-order shock,an A3 point;
(d) an A2 pointwith locally minimum medialradiuswhere o w is initiated; the sourceof o w have been
referredto assecond-ordeshocksin earlierwork andaredenotechereasA? — 2; (e) an A3 pointwith two
incomingandoneoutgoingbrancheswe referto this medialaxisjunctionasan A3 — 1 point; (f) propaga-
tion of a shockwave at A2 pointswith monotonic o w, which have beenreferredto as rst-order shocks,
andaredenotechereas A? — 1; (g) terminationof o w from two branchesasink of o w which hasbeen
referredto asa forth ordershockandis denotechereas A? — 4; (h) terminationof o w at threebranches;
this sink of o w or forth-ordershockis denotedoy A3 — 4 to re ect bothits local form andnatureof o w.

Notethat A3, A? — 2, A2 — 4, A3 — 1, and A? — 4 areisolatedwhile A? — 2 o w continuously

initions, including the notion of axis geometryandaxis dynamics.In Section3, we describethe
reconstructiorof the two boundarypoints correspondingo an A2 point from its location, time,
tangentandvelocity. We alsodescribeconditionsunderwhich this is possible,andderved dif-
ferentialrelations.In Section4, we derive equationdor variousaxis propertiesasfunctionsof the
pair of boundariegiving riseto it. Thesearethenusedin Section5 to examinethe reconstruc-
tion of shapeat A3 points. We will shav thatfor the threeaxesto yield smoothboundarycurves
they mustsatisfycertainpropertiessothatessentiallythreeof the six functionsdescribingmedial
branchegcurvatureandaccelerationpreredundant.However, the choicesof threecunaturesor
threeaccelerationareinterdependerandhencecannotbe choserasthe "independenvariables'.
Thus, we reformulatethe problemassix functionswhoseodd portionsare constrained.Finally,
Section6 discusseshe reconstructiorat A; pointswith someexamples. Theseresultsare the

foundationfor thereconstructiorof shapgrom the medialaxis,asshavn in Figures4 and5.



Symbol Explanationof Notation

y Thecune representinghe SS/MA

s Arclengthalongthe SS/IMA

T,T; Tangentalongthe SS/MA, i is the branchnumber
P Angle betweerthetangentl anda x eddirection
N,N,; Normalalongthe SS/MA

r Radiusof thetangentircle centredonthe SS/MA

K Curvatureof the SS/MA

v Shockspeedcchangeof arclengthwith radius= %
a Shockacceleration= 3

x' Derivative of a quantityz with respecto arclengths
x* Derivative of a quantityz with respecto radiusr
7*, T, Ni, mi, 1/Ji Boundarycurves(y*) andtheir propertieswith notationasabove
vy, T3, N>, k7,97 | Parallelcurveto v* asigneddistancep from 4+ andits properties
Wi, Ti, Ni, R, Ei V;t for p = radiusr ata speci ed point, andits properties

o Z(T,—NT), ¢ € (0,n)

a AT, -T")=¢—-5, a€(-5,%)

Table1: Summaryof notation. Here SS means symmetryset' and MA means medialaxis'. Seealso

Figure3.

2 Notation and De nition

De nition 1 TheSymmetrySet(SS)of a smoothclosedsimplecurvein the planeis theclosure of
the setof centes of circlestangentto the curvein two or more places.For a particular bitangent
circle the points of contactwith the boundaryare referred to as the characteristigointson the

circle.

De nition 2 TheMedial Axis (MA) is the subsetf the symmetrysetgivenby maximalcircles,

thatis circleswhoseradiusequalsthe minimumdistancefromthe centerto the curve

Blum viewed the medialaxis asthe quenchpointsof the re-front initiated alongthe bound-
ariesof the shapejn the so called ‘grass- re model'. Thesequenchpointscanbe viewed asthe

self-intersectingpointsof thewavefrontpropagatedrom theinitial shapeln thisapproachsingu-
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Figure3: This Figureillustratesthe relationshipoetweergeometryof the boundarysegmentsy® andthe

symmetrycune -y.
1 1
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Table2: Thistablerelateshethreealternatve descriptiorof shockdynamicsnamely (i) velocity v andits
derwvative, acceleratiom anda’, (i) derivativesof radius,r’, ”, v, and(iii) theangle¢ andits deriatives

¢' and¢"”: ltemsin eachrow areequialentexpressions
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Figure4: The shock-basedescriptionof the imageof a hand,andits growth from shocks. This recon-

structionis effectively the union of disks centeredon shocks thusrequiringall the shocksto reconstruct
the shapg19]. Notethatsomebranchesvhich aretypically rst-order shockshave nearin nite velocity
which labelsthemasthird-ordershocks. The global natureof the procesgamalesit dif cult asa meansof
manipulatingor designinga shapeg.g., bendinga nger or stretchingit. Theresultsof this paperieadto a

local (differential)reconstructiorschemeFigure5.

laritiesthemselesinherita velocityof ow from the underlyingpropagatiorof waves,wherethe
velocity v is thereciprocalof the ratechangeof radius(or time t) with arc-lengthparameterlong
the singularityset(s). This augmentshe medialaxiswith anadditionalclassi cation,leadingto
the notion of shoks. This approachalsoleadsto anintuitive growth modelfor shape Figure 4,
[19]. However, in this approachthe shockstructureis viewed asa setof non-interactingnon-
orderedpoints,suchthatthereis no opportunityfor selectve interactionwith shapege.g. bending
a nger of thehand.Theintrinsic reconstructiordevelopedheremalkesthis possible Figure5, as
describedelow.

De nition 3 ShockSet(SH). A First-Ordershockis a medial axis point with a monotonically
owing velocity A Second-Ordeshockis a medialaxis point with strictly outwad owing ve-
locities. A Fourth-Ordershockis a medial axis point with strictly inward owing velocities. A
Third-Ordershockis a (hon-generic) medial axis point whee the radiusis locally constant,so

thatvelocitiesare in nite in alocal neighborhood.

We usethefollowing notation.Let v denotethe symmetrysetor medialaxis. Let y* represent
the two segmentsof the boundaryof the shapewhich form v, wheres, s*, denotethe arclength
parameterizationf curvesy, v+, respectiely. The unit tangentto thesecurvesis denotecdby T,
T+, andtheunit normalby N, N+, respectiely. Let theradiusof thebitangentircle ateachpoint
of v bedenotedy r. For abitangentircle with centerA, let AT and A~ denotethetwo pointsof
contactontheboundarycurve, referredto asthe characteristicpointsof A. Let vy, indicateacurve
parallelto v anda signeddistancep away alongits normal. Let 7 indicatethe particularparallel

curve passingthrougha given medial axis point. We also considersereral angles. The angle
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Figure5: Thereconstructiorof shapefrom a shockgraphas presentechere. Nodescontain rst order
(tangentand speed)properties,while links containsecond-ordeproperties(curvature and acceleration).
Thereconstructiorallows selectve interactionwith piecesof shapege.g. for bendingthe shapeor removing

apart.

betweerthetangentsI', T* anda x eddirection,saythez-axis, is denotedy 1) *, respectiely.
Also we refer to the anglebetweenT and —N* as ¢, andthe anglebetweenT and —T™* as
a=¢— 3.
The classi cation of o w togetherwith the classi cation of local form leadsto six typesof
shocks:A? — 1, A2 — 2, A? — 4, A? — 1, A} — 4, and A3, seeFigure2. Thelatter vetypesare
isolatedwhile the A? — 1 shockso w continuouslyandconnectll othertypes.This have givento
the notion of a shodk graphwhich hasbeenusedin recognition[16, 9, 14]. In this paperwe will
addresghe pointwisereconstructiorof the shapeboundariegrom eachpoint of the shockgraph.
Geometry and Dynamics: Considertwo boundarycurves~™ and~—, which form the medial

axis (or symmetryset) vy, with tangentTg at A7, respectiely, Figure3. Consider xing Tg,



but allowing v* to vary. The variationsin v* arefully capturedoy specifyingthe two curvature
functionsk® (s*). Thereis, however, an alternateview of capturingthe allowable variationsof
theboundaryin termsof propertiesof its medialaxis. Eachvariationin v~ canbecorrelatedwith
avariationin y* suchthatthe medial axislocus~y doesnot change.We referto the curve v as
the "geometry'of the medialaxis or the shockset. The geometryof the axis capturessymmetric
variationsof the boundary The informationwhich needsto be speci ed in additionto v so that
vt (or k%) arefully recoverableis referredto asthe *dynamics'of the axis andcantake several
alternatebut equivalentforms. We show below the following facts.

First, considerthe velocity of the shockalongthe shockpath,v = % wheretheradiusplays
therole of "time', in thewavefrontpropagatiorview of the medialaxis. Sincetheinitial velocity
vo atbranchendpoints,namely A% and A3 nodesis speci ed by theinitial targetconstraintsthe
acceleationa = % fully speci esthe remainingvelocity informationwithout redundang. In
this rst descriptionof geometryanddynamics.curvatureandaccleration(x, a) fully specifythe

boundarysegments andthusreplacex™®.

Secondsincev = % anda = ;3"2", r" canalsofully specifythedynamicsinformation. Thus,

(k,r") is analternatedescriptionof the axis properties.Third, we will shawv thattheanglesof the
tangentsT'* with the z-axis canbewritten as

Y=g té+]
i 2 (1)
YT =¢—-9+3,
where is theangleof theaxistangentT'. Thus,
B v A
v=E o )

_ Y=y~
¢ - 2 .

Sincey ™ (s*) andy~(s7) fully describetheboundariesy* which areconstrainedo betangentat
AZ, (¢, ¢) arean equivalentdescriptorof v*. However, sincev, and¢, arespeci edimpliesa
redundany. Thus,only their rst derived 2 and 2 is required. Rewriting thesein termsof the

. . + -
derivatives2- = xt, & = k.

' ds— k
dypt dst | dyp~ ds— dst ds™ .—
4 _ st ds T ‘ds _E:M_E
ds 2 2 2 3)
dyt dst _dy~ ds dst ds™ (
@ — dst ds — ds— ds — ;193 H’++ ;s K
ds 2 2 ’

it appearghat the speci cation(% = K, % = ¢') doesnot fully give (x*, k™) since% are
apparentlynot determined However, we will latershow thatv® = % arefully determinedrom

this descriptionaswell, and(x, ¢') is athird alternatedescriptorof the dynamicsof the axis.
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Boundary| dynamicsin termsof v dynamicsn termsof '/ dynamicsn termsof ¢
vt y—gTir‘/FN ’y—rr’TirmN v+ rcos T + rsin N
T+ :F%T ~-IN V1 — 72T —¢'N Fsin ¢T + cos N
N+ T T ‘/ﬁ‘jN PT Fv1—r?N — cos T F sin N
U pEg+2

F* Fh o T 'u('ug—l) $Hﬁ - ﬁ stTTif

vE=22 | (1 4 ) V1 — (1 + rE*) Tsin ¢(1 + r&t)

7t Y= Tt (r = ) VEIIN |y = (1= o)/ T (= p)VI— 17N | 7+ (r = p) cos ¢T  (r — p) sin N
T T+

N* N+

Table3: Summaryof formulasfor reconstructinghe boundariegrom axisproperties

Axis Property BoundaryProperties
YTy~
Y — 3
¢ ¢+;¢7
. + 4= + 10—
T (sm(%),—cos(%))
+ip—y + 4=
N (cos(L3E-), sin(H4))
B 1
v cos(¢+7¢_)
r! — cos(w;ﬁ )
+ o= - +
K %Sln(w 2¢ )(lfrn— lfrn"‘)
+ - +
¢I _lSIH(’w 21/) )(l—nrn* + l—nrn"‘)
1 sin?(¥5¥ ) - +
a 2 cos3(¢+_¢_ ) ( lfrn— lfrn'*‘)
} + - +
T” _%Sln2(¢ 21/) )(l—nrn* + l—nrn"‘)
. (v —y7)-(cos (L) sin( L))
25in(¢+;¢_)

Table4: If two pointsy* with tangentsT'* = (cos 9*, siny®) andcunaturess® form the medial axis

point~y with tangentT = (cos 9, sin %), with velocity v or alternatvely, (¢, r’), cunaturer, andaccelera-

tion a or alternatvely, (¢', "), thentheabove relationshold. Thus,thesix numbersspecifyingtheboundary

locally (v, 4*, x*) determindocal propertieof theaxis (1, ¢, &, a, ).
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3 Reconstructionof boundary from A# medial axis points

Consideran A? point A, and the symmetryset curve closeto this point -, which is smooth,
Figure 3. The boundarycurves~* and~~ arethe envelopeof circleswith radiusr(s), where
s is the arclengthparametrizatiorof v, centeredon the curve (s). The bitangentcircle at A,
touchesy® at only two points, AZ. In this sectionwe askwhatinformation,in additionto A,,
is requiredto recover A7 andthe local geometryat thesepoints. The picturethatemepgesis as
follows: rst, secondandthird orderpropertiesof the boundaryi.e., thetangent,cunature,and
derivative of cunaturewith arclength,dependon rst, secondandthird orderpropertiesof the

axis,respectely.

Lemma 1 (Pointwise Reconstructionisivenan A? point of the axis v, its time of formationor
radiusr, andvelocityvector(speedv andtangentT), the two boundarypointscorrespondingo

~ are obtainedfromany of the following equivalentexpressions.

vi =7— %T + r‘/’fj}T_lN
vE =y —rr'T+7rV1—r?N (4)
v = v+ rcos ¢T =+ rsin ¢N.

Proof: Thecharacteristipointsy* correspondingo ~, arethetwo pointson the bitangentcircle

at~ which contributeto the ervelope.Thus,we take thefamily of circlesF' = 0, where
F(P,s) = |P —(s)[" = r*(s) (5)

wheres, the arc lengthalong, is the single parametedeterminingthe envelope,and P is an
arbitrarypoint on eachcircle. For a point P to belongto the ervelopeit mustsatisfy Equation5
simultaneouslyith 2 = 0,

oF 0y ,
= 2P = ()= 3) — 2r(s)r'(s)

= =2(P = 5(s))T(s) = 2r(s)r’(5). v
Where' means<. Thisimpliesthat[P — ~(s)]T(s) = rr’, or
P=~(s)+rr'"T+ AN (7)
for some\. We now setEquation5 to zeroto obtain), as,rr'* + \2 — r2 = 0, leadingto,
A =+rv1—1r. (8)
Usingv = % = I andcos ¢ = —%, sin ¢ = V1 — 1’7 we obtainEquationst. 1

12
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() (b)
Figure6: At an A? which is a second-ordeshock(a) or a fourth-ordershock(b). The axis normaland

boundarynormalsline up.

Remark 1 Atan A7 pointwhich is a 2ndorder or a 4thorder shok, v = oo, ' = 0, and¢ = %,
which impliesthat

vE =~y+rN. 9)

At thesepointsthetangentT to the symmetnyset,which is the perpendiculambisectorof the chord

joining the characteristicpoints,Figure 6, is parallel to the boundarytangentsT+ = T.

Thelastlemmaimplicitly requiresthatfor amedialaxis|v| > 1, or |r'| < 1. We now derive a

secondhecessargondition,previously obtainedn [15].

Lemma2 Suppose is part of themedialaxis. Then,in additionto |v| > 1, or || < 1, wehave
thefollowing conditionexpressedn alternateformsin termsof v, r/, or ¢,

(v* = 1)+ % £rejv[vo2—12>0,
(1—7?)—rr" £ rev/1—172 >0, (10)
sing — ¢'r £ rk > 0.

Proof: Considerthedistancebetweeny(s), andacharacteristipointy*(0) of (0), andde ne
fr) = lv(s(r)) =y (O)|7 = r* (11)

wherer is now viewed asthe independentariable. It is importantthat f(r) > 0 for r closeto

r(0), sinceotherwisey™ (0) would beinsideamaximalcircle aty(s). In addition, f(r) = 0 when

13



r = ro = r(0). Now differentiatingwith respectto r (for the restof the proof "' temporarily

denotes?),
ST(0) = (2(s(r)) = 7 (0)) 0T = 7, 12)
and
%f”(r) =T -oT + (v(s(r)) =77(0)) - (aT +v*sN) — 1. (13)

Now, from Equationd, atr = rg

o — 10/p2 —IN) - vT — 1 (14)

and

51700) = (07 = 1) + (5T = /67 = IN) - (aT + 0*sN) 15
:02—1+%—rn\v\\/m

We cannothave f”(ry) < 0 asthis would make f have a local maximumat r, implying that

f(ro) < 0 for r closeto r,. Hence,f"(ro) > 0 for eachpoint of . The sameargumentcanbe

appliedtoy~. g

Corollary 1 A necessargonditionfor a pointto beontheshod setasa regular (4%) pointis that

lv| > 1 (16)
Kl < Y + i
or,
Ir'| <1
K[ < Vier? an
- r \/1—7"2,
or
W< 0y (19)
1
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Notethatthe ‘missing'inequalityin Equation18is justcos ¢ < 1. All of theabove inequalities
expressthe factsthat (i) the envelopeof circlescenetredbn the medialaxis mustbe real sinceit
generateshe boundarycurve, and(ii) thecircle centredata medialaxispointis locally insidethe
boundarycurwe.

We arenow readyto statetherelationshippmongsecondrderpropertieof theaxis,curvature
x and acceleratioru (or ", ¢') in termsof secondorder propertiesof the boundary namely

cunaturesk*.

Theorem 1 (Reconstructiomf boundarycurvatue) TheboundarytangentT* andnormal N+ of

amedialaxis/sho& pointrepresentedy (v, T,x,a) are thefollowing, expressedn alternateforms:

T+ =L -1T - IN

[v]
N:t — lT :F 1/1‘}2|71N (19)
T+ = Fsin ¢T + cos N
Fsin ¢ ¢ (20)
N* = — cos ¢T F sin ¢N,
T+ = 7v1 —r?T —r'N 1)
N* =T F+v1—r"”N.
Boundarycurvatuesx® are obtainedfrom
—=x
4 K
T 1R (22)
whee
R = :FK'\/JJZLI + v(vg—l)
B = Tk \/11__ - (23)
=+ _ k¢
k== :Fsin¢ sing”

Moreover, thevelocityof characteristicpointsy™ = % ontheboundarycorrespondingo (s) is

vE = % - ;“l’;_l(l +rET)
vt = FV1 —r2(1 4 r&E*) (24)

vE = Fsin (1 + r&*)
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Proof: To nd anexpressiorfor T+ we rst compute@ by differentiatingthe expressiorfor v+

foundin Lemma5, Equation4, andby using 4t = kN, &Y = —xT, L (¥ M*l) = @ and
d
o,
dy* dy d ., r d , Vv? Vu?
O L TNy LY Nty - (—#T)
ds ds ds'w v ds \U| o] |
v?2—1 ar|v| v2—1 (23)
- +re)(F—-T — —N
aftersomemanipulation.Since% = (;‘—Zz)(‘{i—s) = ds 4= %, we concluderst that
2-1 1
==Y " '7_°N, (26)
|v] v
andsecondhat
ds* v2 -1 ar|v| N
= TK
ds T ] Vo1
o (27)

1
=F (14 r&%),
]

wherer* is asde nedin Equation23. Theexpressiorfor N+ is derivedfrom thatfor T*. Finally,
Equation20 and21 canbederivedby substitutionusingTablel.

Curvatureof theboundariesanbe obtainedby differentiatingthe boundarynormalsusingthe

relation = —xT,
dN* dN* ds
+ __ + __ +
T T N (ds ds—i)T’ (28)
We can rst nd % by differentiatingEquationl9,
dN*  —a alv v2 —
= T+ — (kN N T
s =Lt )ij‘l\/v?—l ] (=+T)
alv| v2 -1 1
=(—k =+ T - -N 29
_ Y e
[v]
Finally,
d ds
K= —(——) (o) T*
_:(58 dSi (30)
K
147k
1
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Figure7: Thegeometridnterpretatiorof * asthecurvatureof thereconstructetdoundaryduringagrowth

procesf all shocksupto thetime of the currentshock.

Corollary 2
%(—E+ +F) = sig¢ (31)
%(R+ +FE )= _si(fld) = 11(112(1—1) =1

Thecorollaryshavs thatthe curvatureof the medialaxisis a ‘weightedaverage'of the curvatures
of the two boundaryarc parallelswhenwe orientthemin the samedirectionasthe medial axis
(therebyreversingthe orientationof ; which changeghe sign of curvature). Similarily, shock

dynamicsacclerationwhenexpressedisthederivative of ¢, ¢’ is a 'weighteddifference'of these

cunvatures.Thisindicateghatin som%enses;rj—¢ = si‘fl' 3 andsi‘fl' 3 arenaturalquantitiego consider
Thatin thecomputatiorof x*, thequantitys* factorsoutandthe nal form of therelationship
betweens® and&* both suggesta geometricinterpretationfor &+, namely the curvaturesof

boundaryparallelsat eachshockpoint,asshavnin Figure7.

Lemma 3 Thefamily of boundaryparallel curvesindexedby a deceasingparameterp and de-
ned by

V=7 — (r—p)%Ti(r—p)iN, (32)

for all medialpointswithr > p, is a "growing' family of parallel curves.For the nal valueof p, at
p = 0, the nal curvecoincideswith the original boudaryseggmenty = ~*. Then,the geometric
interpolationof £=(s,) is the curvature of the parallel ;5 (so) going throughthe medialpoint at

S0, thatis usingp = r(s).

17



Proof: The signi cance of parallel curves was notedby Blum and Nagel[2]. Rewriting this

expression
Yo =7—(r—p)-Tx(r—p) N
v [v]
2 -1 1 2 -1
= (- T+rYX " N)+ p(-T¥ Y2 ——N) (33)
v |v] |v]
= 7"+ pN¥,

shavs that,* is a parallelcurve of v*, respectiely, with a distancep betweerthe two curves.
Thecurvatureof 7,%, k,* is obtainedfrom the standardormularelatingthe curvatureof parallels

+

:t l{
=— 34
K’p 1 _ plfi7 ( )

or,
+

+ Kp
=_r 35
" 1+ pr,* (35)

Now, for a x edpoint of the medialaxis sy, considerthe parallelpassinghroughthe point itself,
i.e, p = ro, denotedby 7, *, or in abbreviatedform as7*. The cunvatureof this curve &*(s) is

givenby Equation30 with r = r,. This givesa geometricexpressiorfor x=*. 1

3.1 Derivativesof Curvature

Having established relationshipbetweenboundarycurvaturess* andshockgeometryanddy-
namics(x, a), we now proceedo discusglerivativesof boundarwurvatures‘g;—; Thisisimportant
notonly asa methodto expresshelocal propertieof aboundarypointasa functionof axisprop-
erties,but aswe shall see,it will be crucialin enforcingboundarycontinuityat A2 pointswhere
threeaxes cometogether Sincethe link betweenk* andaxis propertieswas established/ia an
intermediaterepresentationnamely the curvatureof boundaryparallelsz*, we adopta similar

approacthere.Let s,* denotearclengthalongy;-, the p paralleltoy*. Then

de* d ( KpE ). ds,*
dst  ds,¥ 1+ pk,=  ds* (36)
ds,* 1 drk,*

=1 dst  (1+ pﬁpi)Q] ds,*
This relatesderivatives of cunature on the boundaryto the derivative of cunvatureon ary

parallelcurve andstateghatthird orderpropertiesof the boundaryarederivablefrom up to third

18



ds,

orderpropertiesof theaxis, provided ;-¢ doesnotincludehigherorderterms.Thisis shovnto be
the casebelow.

Lemma4 Thegeneml expressiorfor derivativeof curvatuie on a boundaryparallel is

dk,* 1 K @" coso , , , 2
= + +3 2 . 37
ds,* (s) 1+ (r—p&]? [sin2 ¢ sin?¢ + sin® ¢(/~c kg’ +2¢7)] (37)
For a xed pointontheaxis sy with p = r(so) wehave
dr* K @" cos ¢
dg—i(so) =< 5 + o T P gb(ﬁz + 3k + 2(/5'2). (38)
Proof: We have
—+
n K
= — 39
Kp 1+ (r— p)a*’ (39)
sothat
RE —+2
dk,* d;—s —r'gt (40)

ds [+ (r—pF 2

Theexpression‘;—';’é canbeobtainedcby nding d—“;{;—i usingEquation27 with (r — p)

dspjE vZ—1 L
= 1 — 41
e e BN (R (41)
Thus,
dr,* ot 12
dry* _ TE - I _ (42)
ds,* dfif;i v2—1[1+ (r—p)r*]?
Now, usingEquation23, dfj—j = %[t’m"], andr’ = — cos ¢, we nd
== i "
L S S A L R Yo (43)

ds sin ¢ " sin ¢ sin?¢

whichleadsto Equation37. Finally, evaluatedat p = r(s,) This expressiorleadsto Equation38 g

Corollary 3 Theresultscanberestatedn thefollowing form

ds, sin3 ¢ 44
(14 (= R — (14— ] = e ),

sin? ¢ " sin® ¢

S+ (r = PR G + (L (r = )R )P G ] = i — 3ol
1
2

ds,



which whenevaluatedat » = p reducego

1(det | dRmy _ cos$ 41
2(d§+ + d§_) ~ sin? ¢ 3sm ¢¢ (45)
1/dr™t dge—\ _ ¢ cos ¢ 12
§(d§+ - dE_)_ sin¢  sind ¢ ( +2¢ )
Alternatively in termsof " andr"” wehave
1(det d*— 3w’y
5( K —|— K ) = (157;’27')2 + (1— r,2) 46
l(cr+ E) N 22y K27 ( )
TR BTEE BT A
A similar expressioncanbe obtainedfor a anda’. 1

We noteat this pointthatthird orderpropertiesof parallels hamely derivative of curvaturecanbe
expressedsdifferentialpropertiesof the axis of lower or equaldegree. We will usethis factin
Sectionb.

4 Recovery of axis propertiesfrom boundaries

Considertwo boundarycurvesy* which givesrise to v astheir medialaxis, asin Figure3. The
guestiorwe addressow is how to derive the geometry(tangentandcurvature)andthe dynamics
(velocity andaccelerationpf the MA/SH from the boundarytangentsaandcurvatures.

Lemma5 Thenecessarand sufcient conditionfor two points A* with tangentsT* to form a
symmetrypoint A is that

(At — A7) - (T*—T") = 0. (47)

Proof: First,assumedt andA~ form asymmetrypoint A. Then,

AT+ rNT = A" +rN™ = A, (48)
for somer. Using
Tt .N-+T -Nt =0, (49)
we take thedot productof A" — A~ = —r(N* — N7) with T* — T~ whichresultsin
(At —A7) - (TT-T7)=0. (50)
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We alsonotethat
(AT —A7) NT=N7)=—(N"—=N7)- (Nt =N7) <0. (51)
SecondassumeéEquation47 hold. Then,since(T* — T7) - (NT — N~) =0, let
At — A" =a(T"—T7)—r(NT —N), (52)
for somea andr. By Equatiord7, o = 0, andreorientingthetangentsothat
(AT —A7)- (Nt = N7)

TN N (NN = (®3)

wehave At +rNt = A~ +rN~ = A, whereA is thesymmetrypoint correspondingo A*. g

Lemma6 Considertwo boundarypointsy* with tangentsT* = (cos ¢*, sin 1)) andcurvatues
k*, respectivelywhich giverise to the medialaxis point y with tangent T = (cos v, sin 1)), cur-
vature «, velocityv, and acclemtion a. Then,we derivethe unknownsconsideed in one of the

following forms: (v, r, ¥, ¢, k, ¢") or (y,r, ¥, 7'k, "), or (v, r, ¢, v, k,a). Theradiusis obtained

as
Oy ) (NF NG (0 ) (eos(PE) sin(UH)) (54)
(N* = N-) - (N* —N7) 2sin( =00 '
Theangles) and¢ areobtainedusing
P = Yr4y- @
{¢—WZ 2 =
= v
leadingto,
T = (sin(X£L7), — cos(L340)) (56)
N = (cos(¥L£4), sin(££4)).
In alternatdform ¢ canbereplacedoy
-1
v con(555) (57)
r' = — cos(¥ ;w ).
Second-ordepropertiesareobtainedas
r = dsin(Y5E) (e - ) 58)
¢ = —5sin(U5) (T + )
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or in alternatdorm ¢’ canbereplacedoy

1 sin2(¢+;¢_) K~ KT
_ 1 59
@ 2(:053(1/’+§¢)(1—7‘/€_ + 1—7“/§+)7 (59)
and
Lo, =y K KT
m_ _ - 2 60
" 2s1n( 2 )(1—7“/-@*—1_1—7“/{*)’ (60)
i . 3 B _ .t —g— Fog=\ . Tty
Proof: First,usingy*+rN* = y~+rN~,andN*—N~ = —2sin(£5%) (cos(£1L), sin(L14))
we have

(7" =77)-(N* —N7)
(N+ —N-)- (N+ —N-)

r=—

(7 = 77 ) eos( £, sin(2527)) e
B 2 sin(w%) .
Secondye have from Equation20 andT = (cos ¢, sin 1))
T+ = Fsin ¢T + cos pN
(62)

= (cos(vp £ 9o+ g),sin(qﬁ +é+ g))

Thusy* = YE¢+75 whichcanbesolvedto obtainexpressionsor i) and¢ leadingto Equationb5.

In vectorformwe have T = —5-—(T* — T7) andN = . (N* — N7). Alternateforms of
Equation55 areeasilyobtainedusingr’ = — cos ¢ andv = _colsd)'

Third, second-ordepropertiescanbe obtainedrom Equation31

K= y(—ﬁ +E7)
Sl )
2 2 1—rk 1—rk*
Similarly, from Equation31,
+ - - +
qﬁ’:—%sin(w ;w )(1 —Iirn*—i_l—ﬁr/#)’ (64)
andanalogousxpressiongollow for ¢ andr”. 1

Lemma 7 Considertwo contous v*(s*) whee s* is the arclengthfor ead curve formingthe

symmetrycurvey(s), whee s is arclength,andwheie v+ (sg) form the symmetrysetpoint y(so).
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Then thenecessargndsufcient conditionfor v~ (s~) to couplewithy™ (s*) to formthesymmetry
setpoint~y(s) is for thefunctions™ (s™) to satisfythe ordinary differential equation.

ds~  2cos’ (w L) 4k (vt —47) - Nt (65)
& = 200 (B55) —w (T ) N

with initial conditionss™(sg) = s, . Furthermoe, havingobtaineds(s*) fromabove themedial

axis+y is describedy
Y(sT) =7 (sT) +r(sT)NT(s7), (66)

whesee

oy () — )] IN(s) - N5
") TN ) N )] NF ) - N ()] 7

Proof: Two pointsy*(s™) andvy~(s~) formthe SSpoint~(s) iff
YE(sF) + INF(sT) = (s), (68)

for somer. If we selectanarbitrarys™, the above equationinvolvestwo unknovns,ones™ and
theothertheradiusr asafunctionof s* i.e., s~ (s™) andr(s™). We canuseLemmab5 to eliminate

(Y"(s7) =77 (s7) - (T7(s) = T7(s7)) = 0. (69)

This equationrelatess™ to s* in animplicit form. We canrestateEquation69 in the form of a

differentialconditionat s,* by differentiatingEquation69 with respecto s, andusingv® = %

(r+0v )1 —-T"-T)—(y" =797 )-(v"k "Nt —0v"k"N7)=0

_ _ - 70)
v Pt — 7 it VT o (
2(1+U—+)cos( 5 Y+ (=) (kN —v—+I€N)—0,
Finally, 4 %+ = & canbesolvedas
ds™ _ —2cos?(LY0) — gt (vt — ) - N+- (71)

2
dst  2c08?(L5) — K (vt —7) - N-
Similarly, assumings — is solvedfor, we cancomputer by usingLemmab, Equation53,

=y )N =N
STNTN ) (NN ) .

Thesearethenrelatedto the axisvia Equation68. 1
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(b)
Figure8: A depictionof thelocal geometryatan A3 point (a) all branchesare o wing inwards. (b) Two
brancheso w inwardsand one outward. Thesearethe only genericpossibilities. Eachbranch~y; of the
medialaxis (the extensionsnto the symmetrysetarenot shavn here)contrikutestwo arcs'yii totheoutside
boundarycurve. Thesearcsareidenticalin pairs,andthis give usthe matchingconditionsusedin the text.
The anglesp; shavn arebetweertangentdo the medialaxis andthelinesdravn out from the centreQO to

thethreecontactpoints. Therearethreemoreanglesof thesamesizeadjacento theseyp; sothat ¢; = «.

5 Reconstructionat triple crossings(A4; points) of the symme-

try set

Considera planecurve C' anda (maximal) circle which is tangentto it in threeplaces,yielding
a triple crossingon the symmetrysetanda "Y' junction on the medialaxis at the centreof this
circle, O say Figure8. Thisis the A? situation. Eacharcof C is thenproducedby two branches
of the symmetrysetcloseto O. This meanghat,assuminghe symmetrysetbranchesandradius
functionsaregivennearQ, theremustbethreeconsisteng relations.In fact,we canconsiderthe
six possibldocal piecesof data:

Y, Y2, 73 (thethreesymmetrysetbranches:geometry’)

r1,T2,T3 (thethreeradiusfunctions,or velocitiesds; /dr;: “dynamics')

In somesenseonly three of thesesix are neededo reconstructC'. But it is not clear—indeed
not true—thatwe cantake arbitrary valuesfor threeof them,andgo on to construct,locally, a

uniquecurwe C. It is temptingto believe thatwe couldtake arny threebranchesy; throughO and
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nd suitableradiusfunctionswhich make for a consistentocal reconstructiorof C. But thisfails
becausehe curvaturesof the threebranchesat O arein factnotindependentWe give detailsof
thisbelown. Thus thegeometryof threeaxesat ajunctioncannotbe speci edarbitrarily’. Nor can
thethreeradiusfunctions(or velocities)be speci edarbitrarily: eachvalueof dr;/ds; is minusthe
cosineof anangleg¢;, Tablel, andthethreeanglesaddto w, ¢; + ¢2 + ¢35 = 7, Figure8. Thus,
“thedynamicof thethreeaxescannotbe speci edarbitrarily. In termsof velocitiesthis givesthe
constraint

. V12 |v1 V|
‘/U1/U2‘ — \/U12 — 1\/1)22 —1
In orderto avoid overwhelmingthereademwith details,we give a brief accounthereof two cases:

(73)

U3

1. Supposehattwo branchgeometriesy, v, andbranchdynamicssayoneradiusfunctionr,
aregiven. Thenthecurve C canbelocally constructediniquelyandthereareno constraints
beyondtheusual|dr;, /ds;| < 1.

2. Supposehatthreebranchesy; aregiven. Thenthereareconstraintsvhich have to be satis-

ed, andwe detailtheinitial onesof these.

The setupis that of Figure8, wherewe have orientedthe threebrancheof the symmetryset
throughO into the medialaxis. Eachbranch~;, togethemwith the correspondingadiusfunction
r(s;) (s; beingarclengthon-;, with s; = 0 atthetritangentcentre0), givesriseto two arcsy;" and
v, of theboundarycurve C. Thetritangentcircle hasradiusr, sayandthethreeradiusfunctions
naturallysatisfyr;(0) = ro. All arcsy;* of C' areassumearientedanticlockwiseroundthecircle.

The identi cations (matchings)which resultfrom requiringa consistentreconstructiorof C'

are

W=7, Y =7, 7 =7, (74)

in thesensdhatthe pairsof curvesnotedasequalareactuallyidentical.In Section5.2,thewayin
whichwe usethisis to saythatthe curvatureof ;" atthe pointof contactwith thetritangentcircle
equalghatof , atthesamepointandthesameappliesto thederivativesof curvaturewith respect
to arclengthetc. Writing T; for thetangento +;, pointinginto the medialaxis,we have say
0=

sothattheinitial velocitiesaredeterminedy the angleshetweerthethreebranche®f the medial

Ty - T3 = cos(ds + ¢3) = —cos ¢y =

axisatO.

25



1 1

v | g COS ¢y T Ty
1 1

V2 | 5 coS 92 | T,
1

Vs | 7o | —cCOS 03 LT,

Table5: Firstorderdynamicsat A$ points.

5.1 Giventwo ‘geometries'yy, v and one dynamics' radius function r;

Thisis aneasycase From~y, andr; we canreconstructy:*. Thisgivesus~y, andy;” immediately
becaus®f the matchingsEquation74. But we aregiven-y,, sowe thereforededucer,. We now

have vi andcan nd thethird branchy; asthe medialaxis of thesetwo curvesusingLemmaz?.

No choiceshave to be madein this reconstructionwhich is thereforeunique. However, the lack
of symmetryin theinformationgiven,namely two geometrieandon dynamicsjs in someways
unsatiséctory andwe areled to considerthe completelysymmetricalcaseof the next section.

5.2 Giventhe three geometries'y;

This caseinvolvessomeratherunexpectedconstrainton the geometry Therearelesssurprising
constraint®nthe dynamics':in the rst place,asalreadymentionedthethreevaluesof ;(0) are
equalto — cos ¢; andthe angleshereaddto =. This placesa constrainton the rst derivativesof
theradiusfunctions.

We shall usethe arcs¥;* which areobtained asin Section3, from ;= by moving down their
normalsa distancery. We uses; ands; to denotearclengthjn the givenorientation,onv; and=;,

respectrely. Then,it is alsotruethat

T=Tas Mo =Ts> V=71 (75)
Theequalityof thesecurvespartiallyimpliesthattheir second-ordepropertiesareidentical. Using
Equation23 andthattheidenti cationsin Equation75imply &;7 = &, kKo7 = k3~ andrz™ =

x1 , we nd the following. Here,’ is usedfor differentiationwith respectto the appropriate

arclengths; on~;.

7 !
K1 K2 1 ¢y ai _ a2 _ ™ )
sin ¢1 + sin ¢ sin ¢1 + sin ¢2 v1(v12-1) v (v22—1) 1—7"’12 + 1 r’22
7 / 1" 1
K2 k3 % b3 _ a2 _ as — __" + T3 (76)
sin ¢ sin ¢3 sin ¢2 sin ¢3 va(v22—1) v3(vz2—1) 177’22 1 Té2
K3 + K1 A + # — as _ a1 — _ Ty + i
sin ¢3 sin ¢1 sin ¢3 sin ¢ vz(vs2—1) vy (v12-1) 1-7«&2 1 r’12 .

Whenwe addtheseequationsve obtainthefollowing.
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Proposition 1 Thecurvatuesof the three branchesof the medialaxis throughthe A? point are
subjectto thefollowing curvaturesconstraint, expressedn threealternateforms:

K1 + K2 + K3 — 0

sin ¢1 sin ¢2 sin ¢3

K1 + K2 + K3 — O
\/1—7"’12 \/1—7"22 \/1—7"’32 (77)
K1lv K2|v K3|v

1]va] 2|va| + slvsl ).

\/1—11% \/1—11% \/1—11%

Equation77 canalsobe obtainedby addingthethreeinstance®f the rst formulaof Corollary 2,
fori = 1,2,3. Assumingki, k9, k3 Satisfy this constraint,thenwe canrecover the dynamics
by choosingoneof the dynamicsexpressedn oneof the alternateforms ¢,'(0), a4 (0), or r{(0),
anddeducingthe valuesof (¢,'(0), ¢3'(0)), (a2(0), az(0)), or (r"(0),73"(0)) respectiely, from
the rst andthird Equationin 76. Thus, (k1, ke, ¢}) form a setof independentariableswhich
determing ks, ¢, ¢4), asdiscussedn Section5.1.

Thelack of symmetryin theform of specifyingsecond-ordeeventsatan A% point, promptsus
to consideran alternateview: It is possibleto specify (¢}, ¢}, ¢;) atan A? andderive (1, k2, £3)

usingEquation76 as

ki o % 4

sing; ~ singg sin ¢3
ke  _ & #

sinchg - sin:;bg - sin1¢1 (78)
ks _ %

singg ~  sing sin ¢a ’

to determinecurvatures.Thus,for second-ordederiatives,the threedynamicparametersufce

to determinegeometry

5.3 Higher-order derivatives

Let ustake theanalysisonestagefurther, to examinewhetherthereis a constraintwhich hasto be

satis ed by thederivativesof curvatureof thethreemedialaxisbranches.

. + 7t dRgt Rt Rt +
Thethreeequationstfl. = dfa_ dka” _ dis” gpgdis_ — di

andEquation38imply that

dsit — dsaT ' dsat T ds3t dsst T dsiT!
¢Y ¢y _ _ K] K cos @1 2 ' 12 Cos ¢2 2 ' 12
sn’o, T snle; — smle; T smig T sn’e (K1 + 3k101 + 2017) + o b3 (k5 — 3Kkady + 2¢5°),

(79)
andtwo similar equationsobtainedby cyclically permutingthe indices. Hence the constrainton
thesecondlervative of ¢, (or third derivativesof r;) is

P ¢y ¢ _ cos¢y

sin?¢,  sin¢y, sin’ds;  sin® ¢y

COS ¢3
Sin3 ¢3

cos ¢
(k2 +2¢)%) + m(ﬂg +2657) +

(k3 + 204°),

(80)
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or

P QR LA ) (81)

sin? ¢; sin® ¢;
Adding the 'sum' formulaein Equation46 andusingthe matchingsn Equation75 in theform of

deit _ dry~  dRzt _ dR3" drzt _ dRi- - i e it gi
GF = o goF = g and iy = 2=, doesnotgive aconstrainbnthe x;; in factit gives

dr; Kl
Z dgj_ B Z SiIl2 ¢z

Similarly,

"m n2 .1

:Z g =—3 Ti5 4 3 K’;TI 39 (82)
2 T A T

T T T T

andsimilar alternatve expressionsanbederivedfor «;’. Thus,thelocal descriptionof dynamics
is constrained.

Notethat s, have disappearedrom the summationn Equation81 andthe expressionon the
right only involves lower orderderivatives', x; and¢;, whichwerefully discusse@bove. Thus,if

1, ¢4 arechosengy is fully determined.Selectinga valuefor ) thenresultsin }, andx} from

Equation79,i.e, (k}, ¢/, #3) formsanindependensetthatdeterminegx}, x5, ¢5), andprovides
acompletepictureof “third orderderivatives' atan A3 point.

Alternatively, the lack of symmetryin this descriptionpromptsusto consider(x!, k, k%) as

theindependensetandderive (¢Y, ¢4, %) from Equation79 as

$ Ky K + cos ¢1 (H%+2¢/12) __ cos¢2 3H2¢'2+ cos ¢3 3K3¢é: (83)

sin? ¢ sin? ¢ sin? ¢3 sin® ¢ sin? ¢ sin? ¢3
andtwo similar equations.An examinationof the higherordercasesn a similar fashionreveals

thefollowing theorem.

Theorem 2 Theconstaintson the three axis branchesat an A? point are, besidesEquation77,
a constmaint on even order derivativesof curvatuie of the medial axis branchesof the following
form: foreachn > 0

(2n)

Ky

sin®** (¢;)
equalsan expressionn thelower order derivativesof curvatuie, theanglesy;, andthederivatives
of ¢; up to but notincludingthe order 2n. Thee are correspondingconstiints on the odd order
derivativesof theradiusfunctionor evenderivativesof ¢, beside€Equation80,i.e.,
o
Sin2n(¢z’)
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Figure9: Left: thecurvey = asz? + azz® + aqz* + ... neartheorigin; right: two copiesof this curwe,
the upperonerotatedandthelower onethenre ectedin the z-axisto producea pair of arcswith a straight

line medialaxis.

canbeexpressedn lower order derivativesof the curvatuie the angle ¢;, andtheir derivativesup
to but notincluding2n.

5.4 Examples

In this sectionwe give somesimpleexampleswhich illustratesomeof the formulaeof Sectionb.
Let usstartwith two curvesusingLemma? which aresymmetricabbouta line. Thisline is
thenthe medialaxisof thecurves,Figure9. We cantake thetwo piecesof curve to belocally like
y = f(z) = ax? + asx® + asz* + .. .. Theradiusfunctionassociatedvith this pair of curves,
asafunctionof z = arclengthon the straightmedialaxis, hasthe following expansion(obtained

usingMaple):

.92 2 i .3
2
r:ro—xcos¢+m27a28m ¢ 3( a; in” ¢ cos ¢ as sin” ¢ )—i— (84)

14 2rgas (14 2rpaq)? (14 2rpas)?
On the otherhandif we move the curve y = f(x) a distancer, downwardsand calculatethe
derivative of curvaturewith respecto arclengthatz = 0 we nd theresult6as/(1 + 2ryas)®. To
seethat theseresultsagreewith Equation37 notethat the uppercurve in Figure9 is congruent
to y = f(x) andthereforehasthe samederative of curvaturewith respecto arclength. (This
derivativeis independentf the orientationof thecurve.) In Equation37 wetake x = k' = 0 since

themedialaxisis straight,andfrom Equation84 we canreadoff the secondandthird derivatives

29



(@) (b)
Figure 10: (a) Threestraightsegmentsfor a boundaryproducethreestraightmedial axis sggments;(b)
we can also obtain three straightmedial axis sggmentswith threeidentical curves which are themseles

symmetrical Eachof thesecurvesis congruento y = asz? + asz*+ higherevenorderterms.
of ther with respecto z:

2a, sin? ¢ _ 12a3sin” g cos ¢ 6as sin® ¢

n 0 — m O — .
r ( ) (1 + 27"0@2)2’ r ( ) (1 -+ 27‘0@2)2 (1 + 27"0@2)3

(85)

Puttingthesein Equation37 givestheresult6asz /(1 + 2ryas)® asrequired.

Now let usconsidera situationwheretherearethreestraightmedialaxis sggmentsmeetingin
an A3 point. We canachieve this with threestraightboundarysegments Figure10a,or with three
copiesof thecurve y = f(z) above providedwe take a3 = 0 to make the curwve itself symmetrical
abouta line Figure 10h The former caseis ratheruninteresting:the radiusfunction becomes
a linear function of arclength,so secondand higher derivativesof » are zero. Also all x; and
derivativesof thesearezerobecaus®f the straightmedialaxes. So everythingvanishedrom the
Equations/7 and82.

For the caseof Figure 10b, we have, from Equation85, anda; = 0, the valuesof ”/(0) and
7"(0). In addition,all thecurves~;*, andthereforealso7;, have avertex atthetritangeng point,

soall expressionslz;- /ds; arezero.Substitutingthese andx; = 0, in Equation82, the termsfor

1

eachi separatelyancelmakingthe equatiorveri ed.

5.5 Discussionof A3 case

The precedingexaminationhasrevealedthatin “designing'the medialaxisatajunctionpoint A3,
neitherthe geometrynor the dynamicsof the threebranchesanbe freely speci ed. On theone
hand,even ordergeometry(even derivatives of the curvaturefunction) mustsatisfy a constraint
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so that only two of the threecurvaturederwvativesare independenvariables. Thus, either they
mustbe complementedby specifyingoneout of threedynamicsvariablesof the sameorder e.g.,
(1, K2, @}), Or to enforcesymmetryin descriptionsimply specifyeven-orderdynamicsonly (odd-
orderderiativesof ¢), e.g., (¢}, @5, ¢5).

Onthe otherhand,odd-orderdynamics(evenorderderivativesof ¢) areconstraineguchthat
only two of threerepresenindependentariables.In this case githerthesemustbe complemented
by specifyingan odd-ordergeometryderivative of the samedegree,e.g., (¢7, ¢35, ¢%), or for the
sale of symmetryin speci cation,onecansimply specify(«, x5, 3). Thus,odd-dervativesof «

and¢ form anindependenandcompletedescriptorof the A% geometry:

Corollary 4 Themedialaxisin a neighborhoodf an A? point 4, is completelyspeci edby the

set
{Ao, 70, (T1, T2, Ts), (¢}, 65, 63), (K3, k3, 3), (7, 85, 85'), (k1 k3, k5), ..}, (86)
which completelydetermineghe set
{(¢1, 82, $3), (K1, K2, K3), (87, B3, 85), (K7, K3, K3), ..} (87)

In other words, the odd portions of the two functions (x, ¢), namely x°(s) = =252 gng

¥°(s) = % determingheevenportions,x® and ¢¢. Thus,in functionalform the following
setdescribeghelocal neighborhoodf the medialaxisat an A? point

{A()? 7o, (Tlv T27 T3)7 (K)T(S), Kg(8)7 Kg(s))v (qﬁ‘l’(s), d)g(s)a ¢g(8))} (88)

Remark 2 In a more symmetricform, one can usethe angle insteadof curvatur, replacing
Equation86 with

{70, (1,0, 13), (81, B, B5), (U1, 0, ), (B, i 63), (WS s i), .3 (89)

6 Endpoint (A3 point) of the medial axis

In this sectionwe examinethe medialaxis at its endpoints.The formulaedevelopedsofar do not

alwaysgive usanswersn this case.As anexampleof this, considerthe relationship31 between
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g= medial axis

() (b)
Figure11: (a) The generalsetupof a curve tangentto the z-axis at the origin andhaving a maximumof
cunaturethere—henceéheabsenc®f anz? termin theexpansion We examinethe cunatureof the medial
axisatthe beginning point, which is the centerof curvature(0, 1/2a2) correspondingo the origin (b) The
parabolay = z?, whosemedialaxisis the y-axisfrom y = 0.5 upwards,and(dashed}he parallelto the
parabolahrough(0, %). Despiteappearanceshe parallelhasin nite curvatureat (0, %). Also shawvn are
a bitangentcircle andthe limiting bitangentcircle whereboth contactpointsareat the origin, making A3

contactthere.

the cunatureof the medialaxis~y andthatof the parallelsto the boundarycurvesy*, Figurella.
At an A3 point of the medialaxisthe two boundarycurveshave cometogetheythatis sin ¢ = 0,
orr = 1, v = 1. However, the parallelsto the boundarycurves are (singular) when dravn
throughthecenterof curvature.In fact,whenwe draw the parallelto a curve with avertex, passing
throughthe centerof cunatureatthevertex, theparallelis “very singular'. Considerfor examplea
parabolay = 22 (we shallreturnto this examplelater). The A5 pointcorrespondso themaximum
of curvatureatz = 0 andthecenterof curvaturethereis (0, %). The parallelthroughthis pointhas
parametrizatiorof theform (223 + ..., 4+ 3z* + ...), whichis easilyveri ed to have in nite
cunatureat z = 0. (Thisis not at all obvious from the appearancef the parallel curve; see
Figurella.)Sotheformula31takestheform x = 0(—oo + oo) andis thereforeindeterminate.
In factit turnsout thatat the endpointthe curvatureof the medialaxisdependn muchmore
thanthe curvatureof the boundary*. To discoverthe formulae,it is probablybestto parametrize
everythingandto usepower seriesexpansionsThisis whatwe did, andtheresultingcalculations
wereperformedwith Maple. In whatfollows, we give theresultsbut sparethereaderthe detailsof

1Thereis nota priori reasorto expectthatsecond-ordepropertief the axis shoulddependonly onup to second
orderpropertief theboundaryin fact,thatthis is the casefor A2 pointsis suprising!
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calculation.The generalsetupis in Figurella,wherethe boundarycurve v+ hasparametrization
Yy = ax® + aux* + azz® + ..., say with no 23 termin orderto make the curvature have an

extremumatz = 0. At theorigin, v andvy~ meet. We shallwrite v+ from now on, ratherthan

~* forz < 0andy forz > 0.

Lemma8 Atan A; pointwehave

! (90)
rr=v=1; ¢=0, (91)

dst3 (92)

5 (dQ_NJF)Q ’

(k1)* (93)

Proof: In factthe curvaturex™ of the boundarycurve as a function of arclengths™ measured

anticlockwisefrom s* = 0 attheorigin, hasexpansion
k't =2ay +12(as — ad)(s7)? + 20as(s)> + ... .

For amaximumof curvatureatz = 0 we requirea3 > a,. We nd thefollowing:

1. Thecurvaturex of themedialaxisattheend-point(0, ﬁ) dependsotjustonthecurvature

of theboundaryatthe A3 point,but upto thethird derivativeof thecurvatureof theboundary
Explicitly let ususe’ hereto denotederivative with respecto arclengths™ ontheboundary
Then,atthe A; point,

3 +\3( A\
Thustheinitial' curvatureof themedialaxisatthe endpointdependsn amuchmoresubtle

way on the boundarycurve thanthe curvatureof the axisatinterior points.
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2. Let r asusualbe the radiusfunction. As a function of s = arclengthon the medial axis,
measurednto the medialaxis, startingat s = 0 from the A5 point,we have

r= +s % S+...= : +8+3(’€+)482+
 2ay a3 — ay Ukt 2 (k)" Y

wherethe curvaturex™ andderivatives(’ is with respecto arclengthon the boundaryhere)
areevaluatedatthe A3 point, s = 0. Theinitial velocity, v = ds/dr ats = 0, is 1. For the

initial acceleration ats = 0 we have

oo 30 3
Cdr dr2 2(kH)" ds?2 0 (k)

(95)

3. Supposeve startwith asmoothpieceof curve v, parametrizedby arclengths, andasmooth
functionr(s), wherer’(s) > 1 for smalls < 0, 7'(0) = 1 andr’(s) < 1 for smalls > 0.
Thelatterconditionsarebasedntheradiusfunctionatan A3 point: moving into the medial
axis with increasings, the boundarycurve "appears'at s = 0, sincer’ becomes< 1 and
the envelopebecomeseal (compareEquation17). We canthenaskwhetherthereareary
further conditions,besidegshoseimposedon r here,neededo ensurethat the ervelopeof
thecirclescentredaty(s) andradiusr(s), is asmoothcurve with anextremumof curvature
ats = 0. It is certainlyto be expectedthatr”(0) < 0 sincer’ is decreasinghroughs = 0,
andit turnsoutthatthisis the only conditionrequired.

Thusthereis no restrictionon the radiusfunction at an endpointof the medialaxis besides
the naturalone that d?r/ds?> < 0 at the endpoint. This is equivalentto sayingthat the

accelerationi?s/dr? is > 0. I

Corollary 5 (Reconstructiorat A3 points)At an A3 pointwith » = rg, curvatue of axis ko and
acceleation ag, the contourhascurvatue < (s™) which can be locally expandedat the corre-
spondingcurvature maximumas

1d*x"(0) 1d**(0)

Flot) — ot 2 +\3
H(S‘)—KJ(O)+2 s (3)+6 ps (s7)° + ... (96)
whee
kt(0) =L
To
2
2(0) = 3180, (©7)
5(0) = — g
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-15 -1 0.5 0 05 1 15

Figure12: The parabolay = 2, whosemedialaxis is the y-axis from y = 0.5 upwards,and (dashed)
the parallelto the parabolathrough(0, 3). Despiteappearanceshe parallelhasin nite cunatureat (0, 1).
Also shavn areabitangentircle andthelimiting bitangentircle wherebothcontactpointsareattheorigin,

making As contactthere.

6.1 Examples

Hereis a simpleexampleto illustratesomeof theabove. Considerm parabolay = 22, with straight
medialaxisalongthe y-axisfor y > % Figurel2. It is a straightforvard matterto nd theradius
functionin this case:moving alongthe normala distancer we arrive on the y-axis at the point

(0, s + 3) wheres is the (arc)lengthalongthe y-axisfrom (0, 1 ):

(x,x2)+rm— (0,s+1).

V1+422 2
Solvinggivesr = $v/1+42? ands = z?. Thusr? = s + ;. It follows thatd®s/dr? is 2 and
d’r/ds®* = —2 ats = 0. For theparabolax™ = 2 and (k)" = —24 atz = 0, sotheformulae

givenin Equation95 areveri ed.

Equation94 for the cunatureof the medial axis, which is zero hereasthe medialaxisis a
straightline, is veri ed becausehe third dervative (andeachodd derwative) of the curvatureof
the boundaryis zeroin view of the symmetryof the parabola.So both sidesof Equation94 are

Zero.

7 Discussion

We have presentedhe minimal intrinsic informationrequiredfor the reconstructiorof the shape
from its shockgraphfor eachof thethreetypesof medialpoints, 43 (endof branch),A? (junction),
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A? (regularpointin theinterior of branch),andassociatedhockgraphwhereA? (two types),A4;
points (onetype) and A2 points (two types A2 — 2, A2 — 4) form the nodesand the remaining
A? points,which form monotonically o wing shockgroups,arethe graphlinks, assummarized
below.

First, A? pointscanbedescribedy theaxispointsandits tangentthis givesthecorresponding
(characteristicpoints and their tangent. The addition of axis curvatureand acceleratiorat this
pointyieldscurvatureatthecorrespondindgpoundarypoints. Similarly, furtherspecifyingcurvature
andacceleratiorderivativesleadsto the derivativesof cunatureon the boundary Thus,a shock
branchconsistingof A2 pointscanbefully speci edby (i) initial poseinformation,its initial point
Ay, tangentTy,, velocity vy, andradiusry; (i) geometryin the form of a cunaturefunction x(s),
s € [0, L], whereL is the lengthof the axis, and (iii) dynamicsin the form of the acceleration
functiona(s), or alternatvely ¢'(s), or 7. Underrigid transformatioronly the poseinformation
needdo beupdated.

Second,A4? points bring togetherthree shock branches. The continuity of the shapeat the
commoncharacteristigoint correspondingo eachpair of branchesmplies constraintson cor
respondingcunatureandacceleratiorfunctionsof the threebranches We have shown thatonly
the odd portion of eachfunctionforms anindependensetof variableswhile the evenportionis
deducedrom theseconstraints.The remarkableconclusionis that shapeinformationis decom-
posedinto two groups:thosewhich alterthe geometry(odd portion) andthosewhich ensurethe
continuity of the shape(even portion) maintainedthroughthe propagatiorof constraintshough
theshockgraphhierarchy

Third, the A3 points,namelythe shockgroupendpointsandthe shockgraphtip points,con-
stitutethe secondype of boundaryconditionfor a shockgroup (graphlink). The A3 point with
associatetangentT’, (velocityv = 1), radiusr, givesthe correspondingsingle)boundarypoint.
The conversionof extrinsic, pointwisedescriptionof medial axis pointsto an intrinsic minimal
graph-basedescriptioris critical to theuseof themedialaxis(shockgraph)in shapedesignmor
phing, manipulation etc. Sincethe useof the medialaxisis intuitive andfacilitatesuserinitiated
deformationsuchasbendingandstretchingalonganobjectaxiswhich areotherwiseverydif cult
to implementwe expectthefundamentatesultsdescribedherewould leadto signi cant advances
in 2D shapedesign,active shape shapetracking, measuremermf medicalstructurechangeand
computationahtlasesshapemorphingapplications.This framework is currentlybeingextended
by establishinganalogousesultsfor 3D shapee.g., for solid modeling,by relyingonaclassi ca-
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tion of thelocal form of 3D skeletonq7].
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