A Symmetry-Based Generative Model for Shape

Nhon H. Trinh
Brown University
Providence, RI1 02912, USA

ntrinh@lems.brown.edu

Abstract

We propose a novel generative language for shape that
is based on the shock graph: given a shock graph topol-
0gy, we explore constraints on the geometry and dynamics
of the shock graph branches at each point required to gen-
erate a valid shape, i.e., with no self-intersection, cusps,
or crossovers. We model the shape boundary as a piece-
wise smooth circular arc spline, which is dense in the space
of piecewise smooth curves. Using this model we derive
an independent set of parameters which generate a vari-
ety of shapes and satisfy the reconstruction constraints. We
show simple examples of using this generative model as
an active deformable shape and for morphing between two
shapes. The results illustrate that it is possible to generate
any generic shape with relatively few parameters, further
reduced if prior knowledge of shape is available.

1. Introduction

Representation of shape is key in recognition, segmen-
tation, tracking, and other visual tasks. In one class
of representations, the mapping of the intrinsically high-
dimensional shape space to a lower-dimensional represen-
tation is not explicitly invertible, e.g., encoding by shape
invariants [18] or shape context [3]. In a second class of
representations, an explicit reconstruction of the equiva-
lence class of shapes is possible [22, 12, 20]. We refer
to these as generative models for shape. While the first
class of representations are quite sufficient in some applica-
tions, e.g., recognition from shape boundary, generative rep-
resentations are required in others. For example, in model-
based segmentation, prior knowledge is encoded in the rep-
resentation, thus requiring an understanding of the class of
shapes each representation maps to, so that restrictions on
the representation can be mapped to restrictions of shape to
a particular class of forms. Similarly, in tracking objects
in a video sequence the observed shape in previous frames
constitutes prior knowledge for the subsequent frames. In
statistical shape analysis, characterization of the notion of
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Figure 1. (Top) Generative models of shape need to avoid gener-
ating invalid or “illegal” shapes, i.e., with self-intersection, swal-
lowtails, unwanted topology changes, efc. (Bottom) From [10] A
parametric active contour, or snake, can self-intersect as it deforms
to capture the shape of interest in an image.

shape average and shape variance are not necessarily mean-
ingful in the representation space, and the inverse mapping
between the representation and the generated shape is nec-
essary to effect proper averaging in the shape space. In in-
teractive shape modeling, the “editing” of shapes, such as
bending, stretching, thinning, efc., needs to be translated
into a transformation on the shape representation, requiring
an explicit inverse mapping from the transformed represen-
tation [11]. In generating shape morphing sequences, the
representations of the “initial” and “final” shapes are inter-
polated, the results of which are used to generate shapes
in the sequence, using the representation to shape mapping
[1].

Generative models of shape face challenges not experi-
enced by non-generative models. First, a given representa-
tion must generate a “legal” shape, a member in good stand-
ing, i.e., without self-intersections, swallowtails, with valid
topology, Figure 1. Second, the model has to be capable of
generating a comprehensive and complete variety of shapes,
approximated to the desired level of accuracy. Indeed some
of the existing shape models may leave out big chunks of the
shape space, e.g., active shape models generate shapes only



for the classes learnt [6]. Third, a generative model needs
to balance expressiveness of the model with its dimension-
ality. The challenge, given the extremely high-dimensional
shape space, is to capture the essential variations in shape
while ignoring the irrelevant ones. While free-form models,
e.g., “snakes” and its level-set counterpart, generate a wide
variety of shapes, they are high-dimensional. In contrast,
parametric models such as superquadrics or Fourier models
restrict the dimensionality of the model, but this is at the
expense of discarding large chunks of the shape space.

Previous generative models can be organized into four
classes. First, active contours or “snakes” [14] and their
level-set counterpart [17] are sampled contours and sam-
pled distance transform of contours, respectively, and are
perhaps the most popular segmentation tool. The contour-
based representation can experience problems illustrated in
Figure 1, while the level-set counterpart avoids these, but its
often-praised flexibility of topological change is not easy
to control [10] . The very high-dimensional nature of the
representation affords maximal expressiveness, but this re-
quires optimization by local (gradient descent) methods,
facing the dreaded local minimum problem. To resolve this
problem, some approaches have restricted the shape of these
active models by using prior knowledge [15, 7]. However
accurate learning of the prior from sample shapes is a diffi-
cult task due to the high-dimensionality of the model.

A second class of methods model the variability of shape
by deformations from a known prototype or template/atlas.
In this approach, the template shape can be modeled as an
unorganized point cloud (known landmarks) [5, 6], by a
contour, or by other shape representations. The deformation
is also modeled in a variety of ways, either as independent
variation of each landmark modeled by a Gaussian, as pair-
wise interaction of variation using PCA [6], or by imposing
a model of deformation for the extrinsic canvas on which
the landmarks or template are painted [5, 4, 9, 12]. With
the use of unorganized point clouds or contours as shape
representation illegal shapes can arise during the above de-
formations, except for the extremely high-dimensional dif-
feomorphism approach [9].

A third class of methods model shape as parametric de-
formable primitives such as superquadrics [23], or Fourier
models [22]. The use of these primitives is attractive in that
the representation is low-dimensional, but it is also severely
limited in its expressiveness. Modeling shapes as unions of
primitive, as used in the Thingworld [19], is very appealing
as it increases the range of shapes which can be modeled
without much additional cost, but the process of bringing
primitives together is not well-defined. A key contribution
of our work is that the connectivity of the various compo-
nents of shape is represented in the topology of the medial
axis, while also satisfying the boundary condition of how
components are brought together.

A fourth class of methods, initially used by Yuille et
al [26], are graph-based representation of shape, e.g., the
hand model of [24] or the body graph of [2]. The use of a
graph is desirable in that it models the spatial relationship
of the components. The shape representations can be based
on nodes sampling the interior of shape [24], manually de-
signed graphs connecting landmarks, contours [29], or the
symmetry/medial axis [20, 13]. The effectiveness of these
methods has been demonstrated in applications involving
class-specific shape, e.g., when shapes are limited to hands,
faces, bodies, and anatomical structures such as liver, kid-
ney, and blood vessels. In this paper we develop a frame-
work for generating a general class of shapes.

Pizer [20] and Joshi [13] pioneer the use of a predeter-
mined and fixed topology skeleton to model a population
of anatomic structures in 3D images. The representation,
referred to as m-rep, is a discrete sampling of the medial
axis and its local geometry. Due to its discrete nature, con-
tinuous interpolation can fail to generate valid shapes. A
continuous function representation of the medial geometry
and the radius field was explored in Yushkevich et al [27]
and improved in [28], which modeled a medial axis branch
by a Poisson PDE with a non-linear boundary condition in
order to solve the boundary constraints in bringing together
several branches. In the process, the medial axis branches
are described on a common parameter domain, allowing
for comparison across instances. While this is a signifi-
cant progress that allows for statistical shape comparison,
the problem of shape synthesis from a medial axis of arbi-
trary topology remains unsolved. The contribution of this
paper is to solve this problem for 2D shape and to pioneer
a new generative model for shape synthesis. We have de-
veloped a significant portion of the theory required for the
use of this model in applications, and illustrate its potential
through several examples.

The paper is organized as follows. In Section 2 we re-
view the representation of shape by the shock graph, a vari-
ant of the medial axis. Each segment (link) of the shock
graph generates a fragment of the shape (various colored
regions in Figure 4c). We formulate the space of all shape
fragments for a given shock segment in Section 3 and ex-
amine constraints imposed in putting adjacent shape frag-
ments together in Section 4. In Section 5, we take this a
step further and put all shape fragments for any shock graph
together to generate a complete shape. This concludes the
presentation of the theoretical framework for generating le-
gal shapes for a given shock graph topology. This is the
main contribution of this paper. In Section 6, we illustrate
the potential of this approach by showing the variety of
shapes generated for a hand example, by highlighting how
it can be used as an active deformable model, and by show-
ing a morphing example. These examples are not intended
to validate a complete application of the theory but rather to



illustrate its potential.

2. The Medial Axis and the Shock Graph

Two significant questions underly the generic synthesis
of shapes from a given medial axis topology. First, what
is the valid domain of variation of geometry and radius for
any given medial axis branch? Second, what are the con-
straints as branches come together so that the reconstructed
shape segments come together smoothly? Together, the an-
swers to these questions should identify the free variables
that remain for generating shapes for a given medial axis
topology.

The medial axis is not sufficiently discriminative as an
indicator of the qualitative shape as shown in Figure 2, i.e.,
given a medial axis topology a much wider variety of shape
are possible. Since we would like the given topology to
qualitatively describe the shape we model shapes based on
a variant of the medial axis, the shock graph [8], which sig-
nificantly limits the variation to qualitatively similar forms.
The shock graph is a refinement of the medial axis by treat-
ing the radius as time and augmenting the geometry of
the medial axis by the dynamics of monotonically flowing
shocks, Figure 2.
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Figure 2. From [8], the advantage of the shock graph over medial
axis is its qualitative description of the boundary: given a medial
axis segment any of the six shapes in the top row can occur, while
a shock graph segment (a monotonically flowing subsegment of
the medial axis) qualitatively represents one type of shape.

To generate shapes from a shock graph topology, the first
and foremost issue is to find a low-dimensional space from
which shock geometry and shock dynamics can be selected
for each shock branch such that the reconstructed bound-
aries of neighboring shock fragments match. Unfortunately,
such a space is difficult to express directly in the shock do-
main for several reasons. First, approximating the shock
geometry and dynamics independently does not guarantee
that a valid shape, i.e. one without intersections, can be
constructed, Figure 3. Second, it is not clear that such a re-
construction would sample the space of shapes densely and
uniformly, i.e., some shapes may not be reached. Third, it
is not clear how the constraints of matching adjacent shape
fragments can be satisfied, if at all. Thus, we focus on ex-
pressing the shock geometry and dynamics as inherited di-
rectly from models of the shape boundary.

We select a fairly generic space of boundaries, namely,
Piecewise Circular Arc Splines (PCAS), which we de-
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Figure 3. (a) A simple shape and its shock graph. Invalid recon-
struction can result due to, for example, (b) intersection of bound-

aries of the two sides, (c) formation of a “swallow tail”, or (d)
non-local intersection

fine as an ordered collection of circular arc segments with
matching end-points and end-point tangents, Figure 4(a).
The set of PCAS densely samples the set of piecewise
smooth curves in the sense that any piecewise smooth curve
can be approximated to any degree of accuracy by a PCAS
[25]. This renders the space of shock graphs of piecewise
circular splines a suitable platform to generate shapes from
their shock graphs. Note that while the space of polylines
is also a dense sampling of the space of piecewise smooth
curves, polylines are only C?, in contrast to piecewise circu-
lar splines which can be C", if needed. Figures 4(b,c) show
the fragments of a shape corresponding to shock segments
of the boundary as modeled by a PCAS.

(@ N~ (b)
Figure 4. (a) A piecewise circular spline (PCAS): the end points
and end tangents of the circular arcs match. Straight line segments
are allowed. (b) A hand shape approximated by a piecewise cir-
cular spline (black) and its shock graph (red). (c) The shock frag-
ments for this approximation.

The medial axis graph topology can generally be dis-
cussed as consisting of two types of nodes [8]: (i) A3 nodes,
which are the end points of the medial axis and arise from
curvature extrema, and (ii) A:f nodes, which are the inter-
section of three branches of the medial axis '. The nodes
are connected by links which are curves of (iii) A? nodes,
which are centers of maximally inscribed bi-tangent circles.
Aside from these generic types, we are also interested in
types arising when considering a one-parameter deforma-
tion sequence, namely, (iv) A} points when four branches

'The A terminology indicates medial points with k-fold order of con-
tact with the medial circle at n distinct points.



come together, and (v) Aj A3 points which are the begin-
ning of a protrusion sequence. Finally, we must also con-
sider nodes which are non-generic in the family of piece-
wise smooth shapes, but are generic in the family of piece-
wise circular arcs, namely, (vi) A, points, which are cen-
ters of boundary circular arcs.

A shock graph, inheriting properties of a medial axis,
generally has six types of shocks [8]: (i) A3 as before, (ii)
A2 — 2 are A? points with non-vanishing flow (gradient of
the radius function), (iii) A? — 2 are A? points which are
sources of flow, (iv) AT — 4 are A? points which are sinks
of flow, (v) A? — 4 are A? points with all branches flow-
ing into the A3, and (vi) A — 2 are A} points with two
inward and one outward flow. No other combinations are
generally possible. The shock graph is constructed with A?
segments linking the remaining types as nodes. A shape
fragment is the set of all points of the shape that are in the
influence zone of a given shock segment, as color-coded in
Figure 4(c). These fragments are the basic atomic elements
of our language for generating shapes.

The reconstruction process from each shock segment is
described in [8]: Let (T, N) be the tangent and normal
to the medial axis «, and let r be the radius of the bi-
tangent circle. Let N* be the vectors orthogonal to the
shape boundary at each shock point with “+” and “-” in-
dicating the left and right sides with respect to 7', respec-
tively and let ¢ = / (T, N*). The reconstructed boundaries
v+ are computed as v+ = v + 7 cos ¢T + rsin ¢ N, with
N+ = —cos¢T Fsin pN.

3. Shape Fragments from Shocks

Our approach to formulating the space of all shapes that

can legitimately arise from a given shock graph, e.g., as
shown in Figure 4(a), is to first examine all shapes that can
arise from each individual shock segment without paying
attention to whether this fragment of shape matches the ad-
jacent fragments. Two types of fragments generically arise:
the generic A? fragments and the A, fragments, which
arise from the quenching of a circular arc at its center and
forming A, nodes. The A, nodes are degenerate in the
space of piecewise smooth curves, but are generic in the
space of PCAS.
A?-fragments: Figure 5 shows the boundary reconstruc-
tion from any portion of an A% — 1 shock segment. We
restrict each reconstructed boundary, EF’ and GH, to be
a single circular arc. In this way the entire A7 shock seg-
ment can reconstruct a circular arc spline. Denote the tan-
gent to thgnedial axis at A ﬂd B as T4 and Tg. Let
apA = Z(AB,TA), ap = Z(BA,TB), d)A = Z(TA,NX),
and (bB = Z(TB7 Ng)

Proposition 1. For an A? shape fragment with notations as

Figure 5. Notations related to a shock segment AB, shown in
red, and the corresponding shape fragment, shaded in blue and
bounded by AGHBFE.

in Figure 5, we have

¢pta ata
COS( B2 B + A2 A)

rga—rgp=AB - ,
COS<¢B“12‘O(B _ ¢A‘50(A) )
sinayg  sinagp
singsg  sinégp

Based on this proposition representing ¢ 4, ¢ 5, and the
ratio m = %, referred to as the m-factor, is sufficient
to compute a4 and ap. In addition if we know r4 and
the chord length, L = |AB]|, then we can compute .
Since scaling the shape linearly affects L and r 4 in the same
way we define a size attribute A and angle 7 to describe

the relative magnitude of L and r4: Ag = \/7"124 + L2
(L,ra)

\/ri-i-LQ’

Agcosngandry = Ay sinna.

and (cosna,sinng) = or equivalently, L =

Definition 1. (A? fragment parameter set)

The extrinsic parameters (xa,ya,04, a), and the intrin-
sic parameters (¢ A, ¢p,m,na) constitute the A? fragment
parameter set with respect to shock node A, Figure 6:

XAB = {(za,y4,04, ), (P4, 0B, ma),na}, (2)

where (x a,yA) is the location of the node A, 04 is the ori-
—

entation of the shock chord, 04 = Z(xz-axis, AB), ¢4 =

L(Ta,N¥), ¢ = Z(Tp, Ni), m is the m-factor defined

asm = —¢2 with ay = Z(A—B>,TA), and A4 and 14 are

sin
as described above.
Proposition 2. The A? fragment parameter set is complete
and minimal: Two A? fragments are identical up to a sim-
ilarity transform if and only if their ¢ 5, ¢p, m 4, and na
are identical. In addition, if s are identical then the two
shapes are identical and vice versa.
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Figure 6. The effect of variations in the A? fragment parameter
set on the reconstructed fragment is illustrated. Changes in x4,
ya,0a,and A4 produce translation, rotation, and scaling, and are
not shown here. The effect of changing ¢, ¢, ma, and Na
in isolation is illustrated in (a-d), respectively. Note that ¢4 and
¢ capture the shock dynamics, indicating the rate of change of
the radius function, or how fast the fragment is getting “thinner”
or “fatter” , while m 4 is effectively a bending parameter and 74
decides how “fat” or “thin” the fragment is.

The following proposition establishes the constraints on
the free parameters so that the reconstructed boundary of an
A% fragment is free of local intersections, e.g., Figure 3(a-

).

Proposition 3. (Legality constraints)

(a) For an A? shape fragment, at least one of the two
boundary circular arcs is less than half a circle and
(64—3) (65— 3) > 0.

(b) The necessary conditions for an A? parameter
set xap = {(7a,ya,04,74),(Pa, 0B, mA), N4}
to give rise to a valid A} fragment (no self-
intersections) are: (1) 0 < ¢a < m 0 < ¢p < T,
and (d)A—g) (d)B—g) > 0, () 0 < L, (i)
[masinga| < land|masingp| < 1, and (iv) 0 < ry <

sin(¢pp+ap) I sin(¢pp—ap) )
sin((¢p+ap)—(dataa))’ “sin((¢p—ap)—(pa—aa))

where ap,ap € (5,%) such that sinay = masinga
andsinap = —m 4 sin ¢ p.

min ( L

Definition 2. (A, fragment parameter set)

The extrinsic parameters, (xa,ya,04,74), and the intrin-
sic parameter, ¢ 4, constitute the A, fragment parameter
set, Figure 7:

XA = {(xa,y4,04,74), 04}, 3)

where (x 4,ya) is the location of the node A, theta  is the

Figure 7. An A fragment (shaded in blue) and the related pa-
rameters. The only intrinsic variation of an A, fragment is with
the parameter 3 < ¢4 < . T4,ya, 04,74 translate, rotate, and
scale the fragment respectively.

direction the shock tangent, 04 = Z(x-axis,Ta), ¢4 =
Z(Ta,N7¥), and r 4 is the radius of the circular arc.

Proposition 4. The A, fragment is complete and minimal:
Two Ao fragments with matching ¢ 4 are identical up to a
similarity transform. In addition, if r o also match then the
two fragments are identical and vice versa.

The range of these parameters is (v4,y4) € R?, 04 €
[0,27), 74 € (0,00), and ¢4 € (0,). It is interesting
that one can think of the Ao, fragment as the limit of an A%
fragment where g — 3, ¢p — m,and my — 0.

4. Putting pairs of shock fragments together

In the previous section we studied how each individual
shock fragment can be constructed and varied in a symmet-
ric manner via a minimal (non-redundant) set of extrinsic
and intrinsic parameters. Clearly, putting these fragments
together requires that adjacent fragments match in the sense
that the corresponding pairs of contours must come together
and their tangents must align. These constraints are enumer-
ated below:

I. A2-A? fragments: Let the fragment yap =
{(xA,yA, 9,4, )\A) , ((bA7 qu,mA) ,77,4} matchwithxﬁ =
{7, y71, 03, 27) , (01, 05, m7) g} end to end, ie.,
B = A. We have five constraints, Figure 8(a), (i) xp = o3
(ii) yp = yz (ili) rp = 14, (iv) Op + ap = 05+ a4, (v)
¢p = ¢. Thus a pair of matching A3 — A? fragments have
8 + 8 — 5 = 11 free variables.

1. A%2-A, fragments: Let the fragment
XA = {(za,ya,04,74),04} match with
XAB = {(x27 Y QZa AZ) ) (¢Z7 d)Ea mZ) ) UZ} Then, we
have again five constraints, Figure 8(b), (i) x4 = 2, (ii)
Yya = yg, (i) ra =17, (iv) 04 = O3 + a7, (v) 4 = ¢
Thus, the number of constraints fully consumes the degree
of freedom of the A, fragment.

III. A? — 4 fragments (three A? fragments at an A3 — 4
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Figure 8. Constraints at (a) A?-A? fragment interface, (b) A?-A. fragment interface, (c) A3 — 4 node, and (d)A3 — 2 node.

node): Let the three fragments

xaB = {(za,y4,04,A4), (04,05, m4) ,na}

XAB — {(‘(I:Za Ya 9Z7 AZ) ) (d)Za ¢§7 mZ) 777Z}

Xap ={(@1:94.04,21), (04,65 ma) 4}
come together at an A3 — 4 node. Then we have nine con-
straints, Figure 8(c): (i) xp = x5 = =3, (i) yp = yg =
Yg. (iii)rg =15 =g, (v)0pt+ap+ép = b5+ag—9op5,
(v) 9§+0z§+¢§ = 93+O‘B_¢B» and (vi) 93—}—0&3+¢B =
0p + ap — ¢p. Thus, three A% fragments coming together
at an A7 — 4 node have 8 + 8 + 8 — 9 = 15 degrees of
freedom.

IV. A3 — 2 fragments (three A? fragments at A7 — 2
nodes): Let the three fragments

xaB = {(za,y4,04,24), (4,5, ma),ma}
XE = {(‘(I:Za yZa 9Z7 AZ) ) (d)Za ¢§7 mZ) 777Z}

come together at an A3 — 2 point. Then we have nine con-
straints, Figure 8(d): (i) x4 = x5 = 3, (i) ya = yg =
Yg, (l)ra =15 =715, (V) 0at+as—da = Og+tag—op5,
(iv)g+ag+og =05+ag—odg,and (iv)Og+ap+ds =
04+ aa+ da Thus, three A? fragments coming together at
an A? — 2 node have 8 +8+8 — 9 = 15 degrees of freedom.

5. Shapes from Fragments: Putting It All to-
gether

The previous sections addressed the questions of repre-
senting individual shock fragments and the constraints aris-
ing from adjacent fragments, which significantly reduce the
number of free variables for adjacent matching fragments.
The following proposition shows that the number of free
variables is linearly dependent on the number of edges and
end-points for any shock graph:

Proposition 5. (Degrees of freedom of a shock graph) Let
(G) be a directed tree representing a shock graph topology
whose nodes have degree 1, 2, or 3. Let M be the total

(@)

number of edges and N; be the total number of degree-i
nodes in G. Then the degree of freedom of PCAS contours
giving rise to this shock graph is 3M + Ny + 3.

The above proposition illustrates that the number of free
parameters for any given shock graph is not unwieldy, but
it does not highlight which set of variables can or should be
chosen overall as a set of free variables. While in theory
any set of independent variables will do, some will lead to
more complicated equations, e.g., for boundary reconstruc-
tion. As an example, while the extrinsic variables for each
node can be treated as independent variables, that would
leave the notion of shape, which is invariant to translation
and rotation, implicit in the representation. On the other
hand, treating the extrinsic coordinates as dependent vari-
ables brings out this notion. Thus, one set of location and
orientation (xg, Yo, 0p) can be free and all other extrinsic
parameters can be treated as dependent.

Proposition 6. (Shock graph parameter set) Let G be a
shock graph, G = (V, E), where V is the vertex set and
FE is the edge set,

V:{U17U25"' 7UN}

E ={ei,ea, - ,em}.

“

Let @), = {¢%, 45, - - ,q5];71} be the set of (p — 1) (out of
the total of p) angle ¢;’s associated with each vertex vy, of
degree d, where p = d ford > 1 and p = 2 ford = 1.
Let L; be the distance between the two nodes of the edge e;.
Let (z0,y0) and 1o be the coordinates and radius of some
node, say v, and 0y the direction of the chord of some edge
at that node, say e1. Then, the set of variables

S ={(Py, P, ,Py),
(m1,ma, -+, mar),
(L1, Lo, , Lag),
(70,%0,60),70}

&)

fully specifies a PCAS which is free of intersection and has
the shock graph topology G as specified, Figure 9.



Figure 9. The independent parameter set for a PCAS is distributed
across the vertices and edges: 2 parameters (m;, L;) per edge e;
and (p — 1) parameters (¢¥, ¢k, - - ,d)’;_l) per degree-d vertex
v, where p = d ford > 1 and p = 2 for d = 1. Additional to
these intrinsic parameters are the extrinsic parameters (xo, yo, 6o)
specifying the location and orientation of the graph and a reference
radius ro for one vertex.

6. Experiments

The focal point of this paper is to present a generative

model of shapes and theoretically derive a complete, rela-
tively low-dimensional model for free-form shape approx-
imated to the desired degree. The experiments presented
below (a) generate neighboring shapes of the same skeletal
graph to any generic shapes, (b) use in morphing shapes,
and (c) indicate the potential of using it as a deformable
model. While the true test of the theory requires additional
development to enable the use of this generative model in
the four application areas described earlier and proper vali-
dation in each area, we hope that the experiments illustrate
the potential of the presented theory.
(a) The parameter set (5) allows us to generate all shapes
given a shock graph topology. Conversely, if we have shape
instance, we can find out its skeletal topology and the pa-
rameters associated with that specific instance by (i) ap-
proximate its boundary with circular arcs, then (ii) compute
its shock graph, Figure 10. We then generate its neighboring
shapes with the same skeletal graph by varying its parame-
ters in a continuous fashion, Figure 11.

Figure 10. Examples of symmetry-base models constructed auto-
matically for various shapes.

(b) Morphing a shape into another based on a contour-based
representation can lead to illegal intermediate shapes. Cur-

rently symmetry-based morphing is mostly restricted be-
tween shapes of the same skeletal topology [16]. We use
the geodesic path indicating what changes the shock graph
of our shape must undergo to become the shock graph of a
second shape [21]. We then use our generative model to put
“flesh” on this skeletal transitions, by linearly interpolate its
parameter set, Figure 12.

SRR
N R AYANN

Figure 12. Application of a morphing between two shapes using
our model. (Top row) Morphing between two shapes with the
same skeleton topology is generated in a fully automated fashion.
(Bottom row) Morphing between two shapes with different topol-
ogy skeleton using our proposed model. This sequence is guided
by the edit distance path described in [21].

(c) We construct a simple deformable model using our ap-
proach by starting with a simple “seed” shape and adjust-
ing the topology of the graph as the image forces deform
the boundary of the shape. Our examples in this paper
are restricted to “axial growth” but the approach is general.
Specifically, the model is initialized with a ”’seed fragment”
that fits well to the image. In each iteration, two new frag-
ments are added to one end of the graph to capture a new
portion of the object by optimizing their parameters with
respect to a snake-like energy functional. The process is re-
peated till each side of the graph hits a predetermined point
given by the user. Figure 13 (a) shows the result of segment-
ing the “S” shape from a synthetic image while Figure 13
(b) shows the segmentation of the knee cartilage from an
MRI image using this model.
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