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Abstract

This paper examines the problem of database organiza-
tion and retrieval based on computing metric pairwise dis-
tances. A low-dimensional Euclidean approximation of a
high-dimensional metric space is not efficient, while search
in a high-dimensional Euclidean space suffers from the
“curse of dimensionality”. Thus, techniques designed for
searching metric spaces must be used. We evaluate sev-
eral such existing exact metric-based indexing techniques,
and show that they require extensive computational effort.
This motivates the development of an approximate nearest
neighbor search technique where the & nearest neighbors
are used to approximate the local neighborhood of a point.
The resulting £NN graph is searched in a best-first fashion
producing excellent indexing efficiency.

1 Introduction

Indexing into image databases is an increasingly im-
portant problem in computer vision. The straightforward
approach to nearest neighbor search requires O(n) dis-
tance computations, where n is the number of items in the
database, which is prohibitive for large databases. This
has motivated the development of efficient nearest neigh-
bor search techniques which can be broadly classified into
two classes: (%) spatial access methods [4, 11, 18], and (i)
distance-based indexing methods [6, 20, 23, 5]. Our interest
is in retrieval by shape content, Figure 1.

Spatial access methods are useful in shape retrieval ap-
plications where each shape is represented by a finite set
of “labeled” features, and where distance between a pair of
shapes is defined as the Euclidean distance between those
features, e.g., using moments, Fourier descriptors [14],
invariants [17], active shape models [1], etc.. The Eu-
clidean structure of the embedding space is used to divide
the database elements into spatial clusters, e.g., as in KD-
tree [4], R-Tree [11] and Quadtree [18], thus avoiding the
search of some clusters when querying the database [8, 10].
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Figure 1. This figure from [19] illustrates indexing results
for a database of 99 shapes (9 categories and 11 shapes in
each category). The recognition rates are excellent, but each
query shape has to be compared against all shapes in the
database for finding the nearest neighbors.

One of the main drawbacks of spatial access methods is that
their computational complexity is exponentially dependent
on the dimensionality of the space (number of features), the
so called curse of dimensionality. In practice, spatial ac-
cess methods become intractable when the dimensionality
of the database exceeds twenty [22]. A second drawback
of spatial access methods for shape retrieval is that they
cannot be used in conjunction with shape matching algo-
rithms where shapes are not represented in terms of a finite
set of attributable features, and only pairwise distances are
available [3, 2, 19]. For example, matching methods us-
ing point clouds [3], elastically deformed shape outlines [2],
and skeletal graphs [19] which only give a dissimilarity dis-
tance between shapes cannot be organized using spatial ac-
cess methods.

Distance-based indexing methods rely solely on the
pairwise distances for database organization and retrieval.
Database elements with “similar” distances are grouped
into clusters, and the triangle inequality is used to prune
some clusters [6, 20, 23, 5], Section 2. However, we find
that these methods have poor indexing efficiency for shape-
based indexing. Another class of approaches that rely solely
on distances are the distance-preserving methods like mul-
tidimensional scaling (MDS) [13] and Fastmap [9], which
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Figure 2. This figure (adapted from [5]) illustrates how
some clusters can be pruned using the triangle inequal-
ity. Let p be a pivot and C be one of the clusters. Let
the range of distances from pivot p to the cluster C be
[mind(p, C), maxd(p,C)]. Let q be the query and r be
the search tolerance of the query. If [d(p, q) —7.d(p, q) +7]
N [mind(p, C), maxd(p, C)] = ¢, then cluster C need not
be examined by applying the triangle inequality.

project elements in a Euclidean structure while attempting
to optimally preserve pairwise distances. Once the coor-
dinates for each element are estimated, nearest neighbor is
found using spatial access methods. MDS is not useful in
our application because of its high computational complex-
ity. Fastmap addresses the complexity issue, but performs
poorly for non-Euclidean spaces [12].

The above finding motivates the development of a new
approach. We attribute the computational complexity of
MDS, which approximates a metric space with a finite di-
mensional Euclidean space, to the global characterization
of the space. Alternatively, the topology of the space can
be characterized locally, thus offering a degree of flexibil-
ity without necessarily requiring a large number of dimen-
sions. Specifically, we represent the local neighborhood
topology of each shape in terms of its k& nearest neighbors.
This results in a graph, namely, the kNN graph, where each
element in the database is represented by a node, and is
connected to its k£ nearest neighbors. The £NN graph is
searched in a best-first fashion, starting from a few well-
separated nodes (“seeds™) to find the nearest neighbors. We
find that this approach gives excellent indexing efficiency.
However, the drawback of this approach is that it is not ex-
act in that it is not guaranteed to find the nearest neighbor
every time. This approach is developed in Section 3 and
results are presented in Section 4.

2 Distance-based Indexing M ethods

This section reviews and evaluates several distance-
based indexing methods for shape retrieval. We present
these methods in terms of the following problem: given a
query g and a search tolerance r, find all elements in the
database S whose distance to ¢ is less than r, i.e., find

{p € S|d(p,q) < r}. The problem of finding the closest
element to a query can be cast in similar terms, with the
minimum distance at each step playing the role of the toler-
ance radius.

One of the earliest distance-based indexing approaches
is the Burkhard-Keller tree (BK-Tree) [6]. In the BK-Tree,
an arbitrary element p is chosen as the pivot, and other
database elements are split into clusters based on their dis-
tances to the pivot. The triangle inequality is used to prune
some clusters while querying the database, Figure 2.

Another approach that relies on partitioning the database
elements is the geometric near-neighbor access tree
(GNAT) [5]. In GNAT, k well-separated pivots (called split-
points in [5]) are used to separate the database elements into
k clusters, depending on the distance to the closest pivot.
GNAT is then recursively built for each cluster. At each
level, the triangle inequality is used to prune some clusters,
Figure 2. The special case of GNAT with k= 2 is the gen-
eralized hyper-plane tree (GH-Tree) [20].

Metric tree [20] or vantage point tree (VP-Tree) [23] uses
one element (called vantage point in [23]), and the remain-
ing elements are split into two clusters using the median dis-
tance as the threshold. The VP-Tree is then built recursively
for the two clusters, When searching for the nearest neigh-
bor of a query, some of the subtrees can be pruned using
the triangle inequality. Note that VVP-Tree is not a dynamic
structure, in that it cannot be updated with the addition of
elements to the database, due to the use of global measures
like median distance.

Spatial approximation tree (SA-Tree) [15] approximates
the Voronoi region for each pivot p, by identifying all el-
ements that are closer to the pivot than to any other ele-
ment. This problem is NP-complete, and hence the follow-
ing heuristic is used. All elements are sorted in ascending
order of distances from p, and are added to N (p) one at a
time if they are closer to p than to any element in N (p).
All unassigned elements are then split into clusters, based
on which element in N (p) they are closest to. The process
is repeated for each cluster. SA-Tree is searched in a best-
first fashion, and the triangle inequality is used to eliminate
some subtrees. Note that SA-Tree is not dynamic as the tree
construction algorithm requires all elements.

The Approximating Eliminating Search Algorithm
(AESA) [21] uses the matrix of pairwise distances between
all elements in the database as the basic data structure.
When searching with a query ¢ and range =, an object p
in the database is picked at random, and every object « that
does not satisfy d(q,p) — r < d(q,u) < d(q,p) + r is
eliminated. This process of picking a random object and
eliminating more objects is repeated until only a few ob-
jects remain.

Most distance-based indexing methods attempt to cre-
ate balanced data structures by forming equal-sized clus-



Distance computations avoided

Method Average Max Min
VP-Tree 56 (23%) 228 0
AESA 94 (39%) 235 6
Unb. BKT-7 | 58 (24%) 231 0
Unb. BKT-15| 22 (9%) 224 0
GH-tree 13 (5%) 216 0
GNAT-13 | 23 (10%) 227 0
GNAT-20 17 (7%) 213 0
GNAT-39 | 47 (20%) 201 0

Table 1. This table reports the indexing efficiency of VVP-
Tree [20, 23], AESA [21], unbalanced BK-tree [7] GH-
Tree [20] and GNAT [5] for shape retrieval. The results are
averaged over 140 queries. The unbalanced BK-Tree [7]
and GNAT [5] depend on user-specified parameters. In the
unbalanced BK-tree we have to set the maximum number
of elements in the left subtree, and in GNAT the number of
pivots has to set. Indexing performance for a few represen-
tative values are shown in both cases.

ters. A recent paper [7] claims that “unbalancing” is central
to tackling the curse of dimensionality, where the histogram
of pairwise distances is narrow [5]. This causes equal-sized
clusters to have small distance ranges, the triangle inequal-
ity eliminates very few clusters. Hence, clusters with fixed
distance ranges are used in [7] with some clusters will have
having most of the elements. As in [7], we use a BK-Tree
to evaluate unbalancing.

We have implemented and evaluated the following meth-
ods: VP-Tree [20, 23], AESA [21], unbalanced BK-
Tree [7], GH-Tree [20] and GNAT [5]. The database
consists of 384 shapes of which 240 shapes form a core
database (30 categories and 8 shapes in each category),
while the rest (144 distinct shapes) are used for querying.
The distances between shapes are computed as the edit dis-
tance of their shock graphs [19]. All methods are exact, in
that they are guaranteed to find the nearest neighbor of the
query. Hence, the performance measure of interest is the
indexing efficiency (the number of distance computations
avoided in finding the nearest neighbor of the query). The
results indicates some saving, Table 1. However, the best
method avoids only 39% of distance computations, and is
not useful for shape retrieval, as distances between shapes
are expensive to compute. This motivates the development
of a technique that keeps the number of distance evaluations
to a minimum.

3 Approximating the Local Topology with
kNN Graph

A key concept underlying the search of a database em-
bedded in a Euclidean space is that the underlying space
can be partitioned into regions. Specifically, given a set of

elements in a Euclidean space, the Voronoi tesselation asso-
ciates a Voronoi region with each element, Figure 3a. This
gives rise to a notion of a neighborhood, which can be rep-
resented in terms of the Delaunay graph®. The significance
of this neighborhood is that if a query is closer to a database
element than all its neighbors, then we have found the near-
est element in the whole database [15]. Thus, gradient de-
scent from an arbitrary node can be used to find the optimal
solution. We now formalize these concepts.

Definition 1 The neighborhood of a node p in the Delaunay
graph, denoted by A/(p), is the set of elements that share a
Delaunay edge with p.

Proposition 1 Let S be the database represented using its
Delaunay graph. Let p be a node in Delaunay graph, and
N (p) its neighborhood. For a given query g, if d(p,q) <
d(a,q) for all a € N(p), then d(p,q) < d(a,q) for all
a€Ss.

This proposition leads to the following algorithm to find
the nearest neighbor in a Euclidean space using the Delau-
nay graph: For a query g, start at an arbitrary node in the
Delaunay graph. Move along a Delaunay edge to the adja-
cent node with minimum distance to query ¢. Repeat this
step until the current element is closer to the query than all
its neighbors, and from Proposition 1 we have found the
closest element to the query.

The key question is whether a similar technique can be
adopted for indexing into high-dimensional metric spaces,
in particular, for shape databases?. It has been shown that
the Delaunay graph of an arbitrary metric space constructed
from pairwise distances alone is the complete graph [15],
i.e., an edge is present between every pair of nodes. Hence,
N(p)= S\{p}, and distances to all the elements have to
be computed, in order to process the first node, which is
exactly what we set out to avoid.

Observe that the main feature of the Delaunay graph-
based representation of a Euclidean database is that the lo-
cal topology is established for each element in terms of a
few neighbors, which allows for an efficient nearest neigh-
bor search by using local comparisons. Similarly, we need
to approximate the local topology of each shape in the
database, which is done in terms of its & nearest neighbors.
In other words, we use the & nearest neighbor graph (kNN
graph) as a local approximation to the Delaunay graph.
Note how this local approximation contrasts with MDS [13]
where each element is represented relative to all other ele-
ments. In the kNN graph each element in the database is a
node, and is connected to its k£ nearest neighbors. With this

1Deaunay graph is the dua of the Voronoi diagram, where each ele-
ment p is connected to all elements that share a Voronoi edge with p [16].

2Recall that shapes typically do not have a coordinate representation,
and indexing has to rely solely on the pairwise distances.
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Figure 3. (a) This figure shows the \oronoi region
(shaded) of and element p in 2D given the set of genera-
tor points (all dots). The neighborhood of p is defined using
the Delaunay graph. Delaunay edges (dotted lines) con-
nect p and its neighbors a;,i=1, ..., 6 (dots with a boxed
surround). (b) This figure illustrates that if the kNN graph
is used to approximate the Delaunay graph, Proposition 1
need not hold. In the above example, the element p is con-
nected to five nearest neighbors a;,7 =1,...,5, and q is
closer to p than all five, i.e., d(p,q) < d(as, q). However,
the nearest neighbor of the query ¢ is element b.

approximation, however, the analogue to Proposition 1 need
not hold, i.e., even when the current element is closer to
the query than all its neighbors, we are not guaranteed that
it is the nearest neighbor of the query, as illustrated in Fig-
ure 3b. To account for this approximation error, we increase
the number of elements in the neighborhood by relaxing the
definition of “closeness” in Proposition 1. A fixed threshold
T (> 1.0) is used to relax the definition of “closeness” as
follows (see Figure 4).

Definition 2 T -closer: An element p; is 7 -closer to ¢ with
respect to p if d(p;,q) < Td(p,q).

Note that if we set 7= 1, we get the definition of “closer”
that is used in Proposition 1. We use the notion of 7 -closer
to define an extended neighborhood EN (p, ¢) of a node p in
the kNN graph with respect to query q. EN(p, q) contains
all neighbors of node p. In addition, it recursively includes
all the neighbors of each neighbor of p, that is 7 -closer to
q with respect to p. This implies that a node belongs to
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Figure 4. This figure illustrates how 7-closer is used to
define the extended neighborhood EN (p, ) of the node p
ina kNN graph, with respect to a query g. We set k=5, and
the five nearest neighbors of p are a;,7 = 1,...,5. Top:
The dotted circle centered at ¢ of radius d(p, g) includes
no other element in £A(p), which is the stop criterion in
the Delaunay graph search. For the kNN graph search, we
relax this criterion by a factor of 7, which is indicated by
a the bold circle (centered on ¢ and radius 7d(p,q)). In
this example, a1 and a2 are T -closer to ¢ with respect to
p. Bottom: The neighbors of a1 and a» are included in the
extended neighborhood €N (p, q). Note that the elements
as, a4, and as are not T -closer to q with respect to p and
form the “boundary” of EA (p, q), which is denoted by dots
with a boxed surround.

EN(p, q) if all nodes in its path to p are T -closer to ¢ with
respect to p.

Definition 3 Extended neighborhood: An element p,, be-
longs to the extended neighborhood EN (p, q) of p with re-
spect to query g, if there exists a path pg, p1, . . . , pn, Where
p = po and p; is T-closer to ¢ with respect to p for all
i=1,...,n—1.

The definitions of T-closer and extended neighborhood al-
low us to use the following heuristic to search the kNN
graph, in analogy to Proposition 1 for the Delaunay graph.

Heuristic 1 Let S be the database and ¢ be a query. Let p
be a node in this graph, and let EN (p, q) be the extended



neighborhood of p. If d(p,q) < d(a,q) for a € EN(p,q),
then p is the nearest neighbor of the query in the database,
i.e.,d(p,q) < d(a,q) foralla € S.

Note that the choice of 7 determines how good the extended
neighborhood approximation is. If a sufficiently large value
of 7 is used, the extended neighborhood will contain all
the elements in the database, which leads to no saving over
linear search. On the other hand, if 7 is very small, the
extended neighborhood will contain very few elements, and
Heuristic 1 will not be true for some queries, and we will
make erroneous choices for their nearest neighbor.

Our approach to search the NN graph to find the near-
est neighbor of a query is based on the above heuristic.
We select a few well-separated elements in the database as
“seeds”, from which the graph search starts. The seeds rep-
resent a coarse sampling of the database. From these seeds,
the nearest neighbor search iteratively moves to neighbor-
ing elements in a best-first fashion, as long as Heuristic 1
holds. To that end, the front (the element that has the small-
est distance to the query) is represented as a priority queue
sorted by distance to the query. At each step, we pick the
element at the front of the priority queue and attempt to
move towards its neighbors that are 7 -closer with respect
to the query. The search stops when the element at the front
of the priority queue is not 7-closer to the current near-
est neighbor with respect to the query. Recall that in Eu-
clidean spaces, when the Delaunay graph search stops, all
the neighbors of the nearest neighbor to the query have been
examined. The analogous region in the NN graph for the
best-first search is the extended neighborhood of the nearest
neighbor. This implies that if Heuristic 1 is satisfied for the
nearest neighbor, we will find the current nearest neighbor.

4 Results

In this section, we present the results of applying our
algorithm to two databases, one is a synthetically gener-
ated database of points from a high-dimensional Euclidean
space, and the other is a realistic database of shapes used
for evaluating distance-based indexing techniques in Sec-
tion 2. The first database is created by randomly sampling
20, 000 points from a 50-dimensional Euclidean space. An-
other 200 points were used as queries. Since our approach
is dependent on the choice of the 7, k£ and the number of
start points used, we examine the sensitivity of our approach
to these parameters. The results, as summarized in Fig-
ure 5, indicate that our approach is relatively insensitive to
the number of seed points and number of neighbors. Also,
the indexing efficiency is good. The nearest neighbors for
all queries are correctly found, while computing distances
to about 30% of the elements in the database.

We now examine the performance of our approach for in-
dexing into the database of shapes used in Section 2. Recall

Start Distance computations avoided
Nodes | T Average Max Min | Errors
9 1.40 | 172 (72%) | 223 43 0
9 1.35| 181 (75%) | 223 61
9 1.30 | 187 (78%) | 223 107
9 1.25| 194 (81%) | 223 114
12 | 1.40| 175(73%) | 224 43
12 | 1.35| 184 (77%) | 224 61
12 | 1.30| 191 (80%) | 224 98
12 | 1.25|198(83%) | 224 114

= OO OOl o|o

Table 2. This table reports the indexing efficiency of the
proposed for indexing into a shape database. The results are
averaged over 144 queries. In all cases, k = 15. Observe
that indexing efficiency is good, and the nearest neighbors
for all queries are correctly identified by computing dis-
tances to less than 25% of the shapes in the database.

GH-Tree | GNAT | VP-Tree | AESA | kNN graph
5% 20% 23% 39% 78%

Table 3. This table compares the indexing efficiency of
the different methods for the shape database.

that our shape database consists of 384 shapes of which 240
form the core database and 144 are used as queries. Table 2
summarizes the performance of our approach for finding the
nearest neighbor in the shape database for different values
of threshold, and number of start-nodes. Observe that we
are able to find the nearest neighbor correctly for all queries
while avoiding 78% of distance computations which is a
significant improvement over the best exact distance-based
indexing method, namely AESA with 39%, Table 3.

5 Conclusion

In this paper, we have evaluated several distance-based
indexing methods for shape retrieval. The need for im-
provements in indexing efficiency motivated the develop-
ment of an approach based on a local approximation of the
topology of the metric space, which led to a kNN graph.
This graph is searched using a best-first strategy, starting
from a few well-separated seeds. With this method, we ob-
tained good indexing efficiency for a synthetic Euclidean
database and a shape database. While this method repre-
sents a significant improvement over other distance-based
indexing techniques for shape retrieval, it is not sufficient
to make shape-based indexing practical. In the future, we
plan to integrate the notion of categorization and prototypes,
and coarse-to-fine scale matching with this proposed near-
est neighbor search technique to develop a practical shape
retrieval framework.



o N
S 3 o
I
\

\\Y
\

\
\
\

% Nodes Visited
w 5 o
5
T
\\

W\

R\

S

T
A
\\\

N @
3 S &
[ —

w » g o
S oS
T

% Nodes Visited
]
T

N
S
T

10(

— 50

20

L
13 1.35
Threshold

12 125 13 1.35
Threshold

Figure 5. This figure examines the sensitivity of our approach to the number of seed points used in a range of 50 to 600 for k& = 20
(left) and the number of neighbors used ranging from 20 to 50 for 100 seed points (right). The percentage of distance computations
required and the percentage of errors in finding the nearest neighbor in each case are plotted versus threshold 7. Observe that the
indexing efficiency is good. Specifically, when using a threshold of 1.25, nearest neighbors are correctly found for all the queries
while computing distances to about 30% of the elements in the database.
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