
TowardsSurfaceRegularizationvia Medial Axis Transitions

FredericF. Leymarie(1), BenjaminB. Kimia (1) andPeterJ.Giblin (2)

(1) Brown University, Engineering,USA, and(2) LiverpoolUniversity, Mathematics,UK.
�

leymarie,kimia� @lems.brown.edu, pjgiblin@liverpool.ac.uk

Abstract
The reconstructionof objectsfrom data in practical ap-
plicationsoftenleadsto surfaceswith smallperturbations
andotherartifactswhich makethedetectionof their ridges
andgeneralizedaxesdif�cult. We proposeanapproach to
smoothingsmallstructureswhile preservingridgeswhich
is basedon the medialaxis structure of the surface. The
medialaxis of the surfaceis organizedas a graph struc-
tureandtheclosenessof themedialaxisgraphto pointsof
instability (transitions)is usedto identify thosestructures
which are mostlikely dueto perturbations.Theremoval
of thesestructuresis our approach to regularizingboththe
medialaxisandthesurface. Thispaperfocuseson a sub-
setof medialtransitionsarising from protrusionsand the
methodis illustratedfor a few syntheticandreal images.

1 Intr oduction
The needfor smoothingsurfacesarisesin numerousar-
eas.Thereconstructionof objectsfrom laserrangescanner
data,computerizedtomographydatasets,videoor multiple
views,amongothers,oftenleadsto surfaceswith relatively
small variationsfrom the ideal surfaces.Theseperturba-
tions interferewith the extractionof abstract-level struc-
ture which is neededfor further analysis. First, the col-
lection of ridgeson an object is a very useful feature-set
usedin numerousapplications. However, the extraction
of salientridgesis overwhelmedby thepresenceof those
pertainingto noiseor small deformations,e.g., Fig.1.(a).
Traditionalsmoothingmethodssuchaslinear�ltering [9],
mathematicalmorphology�lters [12], or curvature-driven
�o ws [2] smoothsmall featuresaway but also roundoff
cornersand ridges. Anisotropic methods[11, 6] were
developedto turn smoothingoff or reducethe effect of
smoothingnear discontinuities. However, coarse-scale
ridgesmay not locally be even presentat the �ne scale,
so their detectionwithout smoothingis not possible,a
“chickenandegg problem.” In addition,even if they are
presentat �ne scales,their strengthmay not exceedthe
thresholdusedin thesemethods.Theroundingof coarse-
scalediscontinuitiesin smoothingshapeshasbeenrecog-

(a) (b)

Figure1: Examplesof ourautomaticsurfacerecovery basedon
themedialaxis [7]: (a) potterysherd(39,736point generators);
(b) humanaorta(7,691pointgenerators;from [16]).

nizedby Pauwelset al. asa signi�cant problemin theuse
of currentsmoothingtechniques[10]. A secondabstract
descriptorof surfaceswhosecomputationis affectedby
noiseandsmalldeformationsis ageneralizedcylinderaxis
usefulin numerousapplications[16], e.g., Fig.1.(b), where
smoothingcannotrevealthesenseof smallaxes“hanging
off” largeroneswithout usinganexplicit model.

As an alternative to boundarysmoothingmethods,we
considerregularizingthemedialaxis( ��� ) [1, 15]. While
this is generallynot usedto smooththesurface,the regu-
larizationof the ��� canimplicitly induceasurfaceregu-
larizationmethod.Themajority of the ��� regularization
methodsassigna measureof salienceto a medial point
andprunethepoint whenits saliencefallsbelow a thresh-
old, either in the detectionof the ��� [14], or asa post-
processingstep[13, 5]. This paperproposesa structural
smoothingof the 3D ��� which prunesentirestructures
basedon a notionof transition.In theprocessit inducesa
surfaceregularizationmethodcapableof both preserving
coarse-scaleridgesandhighlighting the generalizedaxes
of complex surfaces.

2 ShockScaffold and Transitions
We now review two conceptswhich are key to our ap-
proach,the shock scaffold which identi�es a qualitative
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Figure2: Let
��� �

denote(a) a circle in 2D or (b) a spherein
3D osculatinga boundaryelementat � distinctpoints,eachwith

���	�

degreeof contact.In 3D thereare5 possiblecontacttypes
for 
�� points: (i)

��
 �

: a spherewith 2 ordinary
�

�

contacts
whosecenteris partof a medialsheet. (ii)

���

: limiting caseof
2
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pointscomingin unison;it correspondsin 3D to rib curves
associatedto ridges on the boundary. (iii)

�

�

�

: contactsphere
with 3 ordinary

�

�

contactswhosecenteris partof acurvewhere
3 sheetscometogether. (iv)

�

�

�
�

: limiting caseof centersof
sphereshaving contactwith thesurfacein 2 places,onenearan

�

�

point and one neara
�

�

point; this is wherean
�

�

�

curve
“terminates”togetherwith a

���

curve. (v)
��� �

: thecontactsphere
has4 ordinarycontacts,andat its centerpasses4

�

�

�

curves.

structureof the ��� , andthe notion of transitionswhich
allows for a sequenceof discretetransformationsof this
structure.

The ��� is the closureof the loci of centersof max-
imal balls tangentto the object surface in two or more
points.We havepreviouslyproposeda graphstructurefor
the ��� basedonaclassi�cationof thelocal form of con-
tactof theball of tangency leadingto �v e principal types
of shockpoints [3]: ��� � , ��� � , �

�

, ��� � and �

�

�

�

, Fig.2.
Theshock scaffold is ahierarchicalstructurebasedon this
classi�cation [7, 8]: medialsheetsareviewed as “hang-
ing off” a scaffold madefrom medialcurves( ��� � and �

�

)
andmedialpoints( �

�

�

�

and �
� � ). Theshockscaffold is

representedas a directedgraphwherethe medial points
arenodesandthemedialcurvesarelinks in thestructure;
the medialsheetsare thenrepresentedby hyperlinks. In
this paper, �

�

and ��� � curvesareshown in blue andred,
respectively.1

Thesecondnotionrequiredfor our proposedapproach
is oneof medialtransitions,someof whicharewell-known
in 2D asthe classicalinstabilitiesof the ��� : when the
shapeis slightly perturbedthe ��� topologycanexperi-

1For color �gures, referto theCD romfor theseproceedingsor to our
website:www.lems.brown.edu/vision/researchAreas/Shocks3D/
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Figure3: From[4, Fig.1]; ���! Thegrowth of anaxiswith small
perturbations(

�

�

���

) and ��"# the swapping of 
�� branches
(

��� �

) bothaffect the 
$� topologywith slight perturbations.

Figure4: From[15, Fig.1]; theoriginalsquarewaveisperturbed
at numerousplaces. Traditional smoothingmethodssmooth
away both the noiseandcorners. Instead,the iterative removal
of branchesof the 
�� graphsmoothestheshapewhile preserv-
ing its corner(only asubsetof thediscretespaceis shown).

encelargechanges,i.e., thegrowth of anaxis,Fig.3.(a), or
theswappingof

���
branches,Fig.3.(b). Their complete

setcanbe found in [15]. Fig.4 illustrateshow thoselong
branchesof the

���
which correspondto a small pertur-

bationof theshapecanberemoved(the
�

�

�

�

transition,
Fig.3.(a)), thus reversingthe effect of the presumedper-
turbation. This operationcanthenbe iterated,removing
noisein theprocessbut retainingthe“signi�cant corners”
which are seento have a large distanceto the transition
point [15].

3 Regularizing surfacesvia Transitions

A similar processin 3D requiresa formal understanding
of thetransitionsof the3D ��� which wasrecentlycom-

(a)

(b)

(c)

Figure5: Illustration of 3D transitions[4] due to protrusions,
wherethe shapein eachrow deformsfrom left to right passing
throughatransitionin themiddle.Thetransitionsare:(a) %�&'%�( -
I, (b) %�)

&

%
( -I, and(c) %�)

&

%
( -II.

2



pleted[4]. In this paperwe only considerthosethreetran-
sitionswhich arisefrom surfaceprotrusions,namely, the

�

�

�

�

-I, ��� � �

�

-I and ��� � �

�

-II, Fig.5. Our initial datasets
areunorganizedpoint generatorssamplingthesurfacesof
objects. We now describethe stepsrequiredto identify
transitionsin theshockscaffold graphstructure,andper-
form combinedscaffold andsurfaceregularization.

First, we computethe shockscaffold from point gen-
eratorssamplingthe surfaceof an object [7, 8]. Second,
symmetriespertainingto theinteractionof nearbysampled
pointsareusedto constructa surfacemeshapproximating
theoriginalobject'ssurface,andthecorrespondingshocks
areremoved from the scaffold [7] (Fig.1). Third, in this
reducedgraphwe thenidentify loop structuresde�ned by
an �

�

rib attachedto oneor more � � � curvesboundinga
single ��� � medialsheet.Fourth,for agivenextractedloop,
“walking” alongthe � � � curves,weidentifypairsof contact
pointson thesurfacewhichdelimit aprotrusion,Fig.6.(c),
andpermit to build a smoothpatchto cut-off the protru-
sion andclose-upthe remainingsurfaceFig.6.(d). Fifth,
the collectionof extractedloop structuresareorderedby
theirscale, afunctionof theprotrusion'svolumeasde�ned
by thecut-off patch.This permitsa scale-spaceapproach
to surface(and scaffold) regularizationstartingfrom the
smallerprotrusionsidenti�ed by eitherof theabove three
transitions. Fig.6.(f-i) show a deformedbox where the
threetransitionsarise,aredetectedandremoved.

Fig.7 shows a realistic datasetof the sherdshown in
Fig.1.(a). Observe that all threetypesof transitionarise
and their removal reveal the salientstructures: long �

�

ribsand ���
� axial curves(Fig.7.(b)). Thereconstructionin

Fig.7.(c) is hardto appreciatein 2D presentationsandre-
quires3D visualization.Fig.8shows theregularizedscaf-
fold ontherightwhichfeaturesbothregularizedridgesand
regularizedgeneralizedaxes, while the regularizationof
the reconstructionis not possiblein a 2D presentation,it
is clearfrom thescaffold that thesigni�cant featureslike
thearmsandlegsareeffectively presentedwhile smooth-
ing thenoisystructures.Finally, Fig.9showsaratherchal-
lengingexampleof atube-likestructurearrangedin aknot.
Theiterativeapplicationof transitionsrevealsthegeneral-
izedaxisasshown in thezoomedboxon theright.
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Figure7: Potsherdof Fig.1.(a) andits scaffold before(a) and
after(b) transitionremoval; (c) associated“cut off” patches.

Figure8: Femalebodydatafrom CyberwareInc. (30,432point
generators)andits regularizedshockscaffold.
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Figure9: Knot data: 10,000point generatorsrandomlysam-
pled. (a) and(b) Shockscaffolds beforeandafter transitionre-
moval. (c) and(d): zoomon thescaffolds in (a) and(b).
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