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Abstract

Thispaperproposesa novel methodfor global registration
basedon matching 3D medial structures of unorganized
pointcloudsor triangulatedmeshes.Mostpracticalknown
methodsare basedon the IterativeClosestPoint (ICP) al-
gorithm, which requires an initial alignmentcloseto the
globally optimal solutionto ensure convergenceto a valid
solution.Furthermore, it canalsofail whentherearepoints
in onedatasetwith no correspondingmatchesin theother
dataset.Theproposedmethodautomatically�nds an initial
alignmentcloseto the global optimal by usingthe medial
structureof thedatasets.For thispurpose, we�r st compute
the medialscaffold of a 3D dataset: a 3D graph madeof
specialshock curveslinking specialshock nodes.Thisme-
dial scaffold is thenregularizedexploiting theknowntran-
sitionsof the3D medialaxisunderdeformationor pertur-
bation of the input data. The resultingsimpli�ed medial
scaffoldsarethenregisteredusinga modi�edgraduatedas-
signmentgraphmatching algorithm. Theproposedmethod
showsrobustnessto noise, shapedeformations,andvarying
surfacesamplingdensities.

1. Intr oduction
Registrationplaysanimportantrole in 3D dataprocessing,
matching,andrecognition.Applicationsin worldmodeling,
manufacturing,objectrecognition,part inspection,reverse
engineering,archaeologicalreconstruction,andmedicalap-
plicationsall requireaccurateregistration.Registrationcan
beclassi�ed into two major types:global (crude) registra-
tion andlocal (�ne) registration[21]. Therearegoodmeth-
odsavailablefor local registrationwhich oftenrequirethat
theinitial poseis closeto theoptimalsolution.Ontheother
hand,global registrationis consideredto bemoredif�cult.
Although it canbe donemanually, this becomesa tedious
job whenthenumberof candidatesto bematchedis large,
or the featuresarenot perceptuallyobvious. In this paper,
weconsidertheglobalregistrationof surfacedatasetsrepre-
sentedby unorganizedpoint cloudswhereno a priori rela-
tionshipis known betweenthepoints.Suchpointsamplings

Figure1: Themedialscaffold matchingof two scansof David's
head[13] resultin a globalregistration.Matchingscaffold curves
areshown in identicalcolors;onedatasetis shown with reddots,
andtheotherwith bluedots.

arethemostcommonform of 3D input datafrom modern
scanningtechnologies,suchaslasersensingandComputer
Tomography(CT).

The local registrationproblemhasbeenconsideredex-
tensively in the past twenty-� ve years, and a good sur-
vey can be found in [5], while more recentwork can be
found, e.g., in the proceedingsof the 3D Digital Imaging
and Modeling Conferenceseries[12]. Most local regis-
tration techniquesarevariantsof the well-known Iterative
ClosestPoint (ICP) algorithm,originally proposedby Besl
andMcKay [2], known to sharemany problemscommonly
associatedwith local searchtechniques.First, it is sensitive
to localextrema,with immediateconsequencethatwhenthe
initial poseis relatively differentfrom theoptimumor when
multiple nearbylocal extremaexist, thealgorithmmaynot
convergeto the correctsolution. Second,it is sensitive to
noise and may converge slowly if the noise complicates
the landscapeof the energy pro�le. Third, it may be dif-
�cult to detectwhetherconvergenceis reachedor not,espe-
cially whentrying to registerpartiallyoverlappingdatasets.
Fourth,dueto the lack of a surfacerepresentation— since
only samplepointsareconsidered— errorsareexpectedin
the�nal solution.

Global registrationapproacheswhich rely onshapetyp-
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ically useeither
�����

surface-basedfeaturesor
�������

skeletal
graphs. Allen et al. [1] target the particular caseof ar-
chitecturaldatasetswhere,e.g., the straightlines of walls,
windows,doors,etc., canbeusedasrobustlarge-scalesur-
facefeaturesto �nd the global pose. Wyngaerdand van
Gool rely on surfacelandmarksin the form of bitangent
curve pairs[21]. A majordrawbackis thenthatCAD-like
objects,madeof �at or quadricpatches,cannotbe mod-
eledas they are seenas degenerateshapeswithout bitan-
gency. Thesetwo recentrepresentative of “surface-based
feature”methodsunderlinea lack of genericitypreventing
their applicationto free-formobjects.Brennecke andIsen-
berg usean internalskeletalgraph(or 3D curve skeleton)
for the object [4]. They requirea polygonalmeshwhich
is iteratively simpli�ed using the edge-collapsealgorithm
until only edgesnot attachedto any surfacepolygonsare
left. H. Sundaret al. alsouse3D skeletalgraphs[19], com-
putedby thinning a volumetricrepresentation(i.e., voxel-
based)via a distancetransform.A relatedsetof techniques
is basedon the constructionof a Reebgraph,a globally
oriented3D curve skeletondependenton the choiceof an
height function appliedto a volumetricobject representa-
tion [11]. In theserecenttechniquesthe resultingskeletal
graphsareoftenover-simpli�ed anddo not alwayscapture
essentialgeometricfeaturessuchassurfaceridges,which,
e.g., may lead to match a spherewith a cube or with a
bust [4]. They alsooftenrequirea well-segmented3D ob-
ject (with a closedsurfacemesh).Furthermore,their is no
clearunderstandingof how to dealwith skeletalgraphshav-
ing differentlocal topologiesyet representingperceptually
similar shapes.Evenwhenmatchingthesameshapeunder
differentacquisitionmodes,suchasobtainedfrom two dif-
ferentscansat differentresolution,suchtechniqueslack a
clearunderstandingof thedynamicsof their skeletalrepre-
sentations.Our approachdoesnot rely on a particularset
of surfacefeatures,it doesnot requireamesh,voxelization,
or an extrinsic referencedirection, and, furthermore,it is
basedon a comprehensive analysisof the dynamicsof the
local topologicalchangesundershapeperturbations.

Theprimarycontributionof ourwork is aimedat theau-
tomationof the global registration. We proposeto match
medialstructure— in theform of a 3D graphderivedfrom
Blum'sclassicalmedialaxis— usinggraphmatchingtech-
niquesasaremedyfor bothlocalandglobalregistrationfor
thefollowing reasons.First, a globalhierarchicalstructure
is built-in naturallywith themedialstructure.Scaleis eas-
ily represented,i.e., smallerfeaturescanbedistinguishfrom
largeronesandrankedaccordingly[3]. Second,themedial
representationis complete, i.e., reconstructionof thebound-
ary shapeis alwayspossible[8], throughthe dynamicsof
theformationof themedialstructures.Third, structuralin-
formationmadeavailablevia thenetwork of medialcurves
is moreaccurateandreliableto captureobjectfeaturesthan

unorganizedsurfacesamplepoints. Fourth, importantout-
line featuressuchascurvatureextremaandridges, aremade
explicit by the tips of medialbranches.Also, generalized
axesof elongatedobjectsareexplicitly representedby the
medialscaffold. Fifth, themedialstructureprovidesapow-
erful framework to modelshapedeformations.

Themedialscaffold ( ��� ) [15, 16, 14], is a hierarchical
andsummarizedorganizationof the3D medialaxis ( �
	 )
in theform of agraphrepresentation,whichpermitsaqual-
itative descriptionof a shape. The graphstructuremakes
the representationuseful for shapeanalysisand recogni-
tion, while at thesametimesimplifying thecomputationof
the �
	 , its datamanagement,andits visualization,since
only specialpoints,calledmedialnodes, needto beexplic-
itly detected.The ��	 aswell as the ��� requirea no-
tion of medialtransitionsto modelwell-known instabilities
of the �
	 representation:whentheshapeis slightly per-
turbed,the �
	 topologymay undergo large changes.A
formal understandingof 3D �
	 transitionswas recently
completed[7]. It is necessaryto model thesetransitions
in order to be able to matchthe ��� (or ��	 ) of similar
shapes,oneof which canbeunderstoodasa perturbedver-
sionof theother.

The matchingof two graph structuresis an NP-hard
computationalproblem[10], which haslead to the devel-
opmentof severalsub-optimalsolutions,includingsearch-
orientedmethods,nonlinearoptimizationmethods,eigen-
valuedecomposition,neuralnetworks,linearprogramming,
etc.In thispaperweapplytheGraduatedAssignmentgraph
matchingalgorithm,originally proposedby Gold andRan-
garajan[10]. Sharvit et al. [17] successfullyapplied it
to matching 2D medial graphsfor indexing a 25-shape
database,and demonstratedpromisingresults. Matching
the3D medialscaffolds,however, is morecomplicatedthan
the equivalent 2D task of matchingshockgraphs,essen-
tially dueto theadditionaldimension.First, for 2D closed
contours,the shockgraphof the object's interior (andas-
sociatedmedialaxis) is a planarrootedtree, i.e., with no
loops,while in 3D, evenfor a closedsurfaceboundary, the

��� for theobject's interior typically containsloopswhich
arethe boundariesof the corresponding��	 sheets.Fur-
thermore,it is often the casein 3D that no closedsurface
boundaryis available, or the task may be to register two
surfacepatches,hencewithout a notion of inside/outside,
Figure13.

2 The Medial Scaffold and its Transitions

We now review two conceptswhich are key to our ap-
proach,themedialscaffold ( ��� ) which identi�es a quali-
tative structureof themedialaxis( �
	 ), andthenotionof
transitions, the suddentopologicalchangesin the scaffold
underperturbations.

The �
	 is theclosureof theloci of centersof maximal
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Figure2: (a) Let
��� �

denotea circle in 2D or a spherein 3D os-
culatinga boundaryelementat � distinctpoints,eachwith ���	�

degreeof contact.(b) In 3D thereare5 possiblecontacttypesfor

��

points: (i)
��
 �

: a spherewith 2 ordinary
�

�

contactswhose
centeris part of a medial sheet. (ii)

���

: limiting caseof 2
�



�

pointscomingin unison;it correspondsin 3D to rib curvesasso-
ciatedto ridgeson theboundary. (iii)

�

�

�

: contactspherewith 3
ordinary

�

�

contactswhosecenteris partof acurvewhere3 sheets
cometogether. (iv)

�

�

���

: limiting caseof centersof sphereshav-
ing contactwith thesurfacein 2 places,onenearan

�

�

point and
oneneara

���

point; this is wherean
�

�

�

curve “terminates”to-
getherwith a

�
�

curve. (v)
��� �

: thecontactspherehas4 ordinary
contacts,andat its centerpasses4

�

�

�

curves.

ballstangentto theobjectsurfaceat two or morepoints.A
classi�cationof thelocal form of contactof theball of tan-
gency leadsto �v e principal typesof shockpoints[6]: ��� � ,

��� � , �

�

, ��� � and �

�

�

�

, Fig.2.Themedialscaffold ( ��� ) is
ahierarchicalstructurebasedon thisclassi�cation[15, 16]:
medialsheetsareviewedas“hangingoff” a scaffold made
from medialcurves( ���

� and �

�

) andmedialpoints( �

�

�

�

and �
�

� ). The ��� is representedasa graphwheretheme-
dial pointsarenodesandthemedialcurvesarelinks in the
structure;themedialsheetsarethenrepresentedby hyper-
links. In this paper, �

�

and ���
� curvesareshown in blue

andred,respectively,1 Figure3.
Thesecondnotionrequiredfor our proposedgraphrep-

resentationof 3D shapeis oneof medialtransitions,some
of which arewell-known in 2D astheclassicalinstabilities
of the �
	 : whenthe shapeis slightly perturbedthe �
	

topologycanexperiencelarge changes,i.e., the growth of
anaxis,Figure4.(a), or theswappingof �
	 branches,Fig-
ure4.(b). Their completesetcanbefoundin [9]. Figure5
illustrateshow thoselongbranchesof the ��	 whichcorre-
spondto a smallperturbationof theshapecanberemoved
(the �

�

�

�

transition,Figure4.(a)), thus reversingthe ef-
fect of thepresumedperturbation.This operationcanthen

1More details and examples are available from our website:
www.lems.brown.edu/vision/researchAreas/Shocks3D/

(a)

(b)

(c)

(d)
Figure3: (a) Two views of anobject(sheep)scannedas22,619
unorganizedpointsandreconstructedasa surfacemeshusingthe
methoddescribedin [15] by thefull medialscaffold (


��

) shown
in (b). Shocksheetsarecoloredby distanceof formation.(c) Two
views of the


��

of curvesandvertices.
�

�

�

axialsarein redand
���

ribsarein blue.(d) Two viewsof theregularizedandsmoothed
Scaffold.

�

�

�
�

verticesarein greenand
��� �

verticesarein pink.

beiterated,removing noisein theprocessbut retainingthe
“signi�cant corners”whichareseento havealargedistance
to thetransitionpoint [20].

A similar processin 3D requiresboth a formal under-
standingof the transitionsof the 3D ��	 which was re-
centlycompleted[7] andan iterative procedureto regular-
ize thescaffold [14]. Figure6 identi�es thecompletelist of
generictransitionsundera one-parameterfamily of defor-
mations. For example,the �

�

�

�

-I transitionindicatesthe
introductionof a loop consistingof two curves ���

� and �

�

meetingat a pair of �

�

�

�

arisingfrom a protrusionon the
surface.Clearly, thesamplingprocesscreatesperturbations
in the observed surfaceandsuchsuddenchangesmustbe
�ltered out to theextentpossibleprior to registration.The
approachin [14] identi�es suchloopsandremovesthemto
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(a)

(b)

Figure4: From[7, Fig.1].
�����

Thegrowth of anaxiswith small
perturbations(

�

�

���

) and
�����

theswappingof

 �

branches(
� � �

)
bothaffect the


 �

topologywith slight perturbations.

Figure5: From[20, Fig.1]; theoriginal squarewave is perturbed
at numerousplaces.Traditionalsmoothingmethodssmoothaway
both the noise and corners. Instead, the iterative removal of
branchesof the


 �

graphsmoothesthe shapewhile preserving
its corner(only a subsetof thediscretespaceis shown).

effect both surfacesmoothingand a regularizationof the
scaffold, Figure7. While the approachin [14] usedonly
threeof seventransitions,wearenow in apositionto utilize
all sevenandhave usedthemfor regularizationin this pa-
per. Figure3 illustratestheprocessof extractinga regular-
ized ��� . Theinput is assumedto bea setof unorganized
points.Theprocessof extractinga scaffold andsurfacere-
constructionaredonesimultaneouslyasdescribedin detail
in [15] andasshown in Figures3.(a)and3.(b). The ���

without thesheetsdescribesthequalitative structureof the
shapeasshown in Figure3.(c) but it alsocontainsdetails
pertainingto smallaswell aslargestructures.Theregular-
izationof thescaffold bringsout theessenceof theshapeas
shown in Figure3.(d).

Figure8 showsanotherexampleof aregularizedscaffold
on theright which featuresbothregularizedridgesandreg-
ularizedgeneralizedaxes. It is clearfrom thescaffold that
thesigni�cant featureslikethearmsandlegsareeffectively
presentedwhile smoothingthenoisystructures.

Oncea medial scaffold hasbeenregularized,and thus
greatly simpli�ed by removing the adverse effects of
smallerfeaturesandperturbations,we canuseit for regis-
trationbymatchingthescaffold structureasdescribednext.

3. Matching Medial Scaffolds by the
Graduated AssignmentAlgorithm

We extendthegraduatedassignment[10] algorithmwhich
wasusedwith successfor matching2D shockgraphs[17]
to matchingmedialscaffold graphs.Formally, considertwo
graphs� and � . Refer to nodesof � and � by �	� and

��


�

, respectively, and links of � and � by ����
 and ��


�







,

�

�

���

-I

��� �

�

�

�

�

�

�

�

�
�

-II

��
 � ���

-I

�


 �

�
�

-II

Figure6: Smallperturbationsin 3D shapecause7 typesof sud-
denchangesin the


 �

topology. The completesetof generic
transitionsin a one parameterfamily of deformationsis shown
in [7].
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(a) (b)

(c) (d)
Figure7: From[14, Fig.6]. (a) Pointsamplesfrom a rectangular
box, deformedby 5 protrusions(4 on top, 1 on a side). (b) The


 �

shows � ve transitionswhich whenremovedbothsmooththe
surface(c) aswell asregularizethescaffold (d).

(a) (b)
Figure8: Laserscanneddatasetof areal-lifehumanfemalebody,
providedby CyberwareInc., comprisedof 30,430points. (a) The
surfacemeshrecoveryfrom theassociated“samplingartifactscaf-
fold” [15]. (b) The


 �

structureof theinterior.

respectively, where
�

�

�����

�������	��
 , and �

�

�

�

�
���

��������� 
 .
Thematch matrix � associatesnodesin two graphs:

�

�




�

���

�

if thenode
���

� correspondsto node�

���

�

�

otherwise.
(1)

Missing and extra nodesare handledby addingslack
rows andcolumns.An objective energy function �

�

�

�

is
de�ned for eachpossible � . Gold and Rangarajan[10]
give a genericde�nition of �

�

�

�

for attributedrelational
graphs(ARGs)as
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where
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representstotal similarity betweenlinks � � 


and �
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, and
 �




�

representstotal similarity betweennodes
� � and � 


�

.
A signi�cant idea in [10] is to extend the discrete as-

signmentproblemto a continuousoneby embeddingit in
a largespace,wheregradientdescentcanbeperformedto
iteratively movefrom oneassignmentto another. A contin-
uousanalogyto the discreteassignmentmatrix (matching
matrix) � , is "� , thecontinuousassignmentmatrix, which
takes valuesbetween0 and 1 with the constraintthat "�

hasto bea doublystochasticmatrix, i.e., #

�

"�

�




�

���

and
#




�

"�

�




�

�
�

[18].
Gradientdescenton �

�

"
�

�

is usedto movefrom oneas-
signmentto anotherin a GraduatedNon-Convexity setting.
TheTaylor Expansionof theenergy function
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where
'

�

%*),+

).-

/

�

"�

$

�

, turnstheenergy minimizationinto

maximizing #

�

�0�

�

#

�
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�

'

�




�

�

�

"
�

�

�




�

, an assignmentprob-
lem [10]. This assignmentis solved by softassign[18],
wherean initial matrix is moved toward a solutionby in-
creasinga parameter1 which controlstheconvexity of the
energy landscape(to avoid poorlocalminima). In eachiter-
ationof graduatedassignment, thecontinuousmatchmatrix

"
� is bestestimatedandnormalizedsuchthat it gradually
movestowarda

�

�

�

�

�

discretization.
This approachwas successfullyusedin matching2D

shockgraphs[17]. Thenodeandlink attributeswerebased
onthetypesof shocksandtheirgeometricanddynamicfea-
tures. A key observation in matching3D shockgraphsis
thata quadraticenergy functionis not suf�ciently discrim-
inatory dueto the introductionof a third dimension.Thus
we employ a 24365 order energy term to matchthe ��� hy-
pergraph.
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(4)
wherethenode,link, andhyperlinkcostsarede�ned as
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(5)
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(7)

where 
 � is theradiusat node
�

, � is themaximumradius,
�

is the link length,
�

is themaximumlink length,
� �

���

is
the anglebetweenthe link �	� 
 and � 


7 . In Equation(4),
�

and 1 areweights;
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,
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, and 8
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7 all takevalues
between0 and1, where1 indicatesaperfectmatch.

Thelink andhyperlinkcostscaneasilybefurtherre�ned,
i.e., by addingradius,curvature,torsion,andothermeasure-
ments,so that it canalso perform local �ne registrations.
Notethat the introductionof the 2

365

orderenergy doesnot
affect thecomputationtime very much,dueto thesparsity
of the 2

3 5

orderconnectivity.
After matching,a Euclideantransformis performedto

align the two objectstogether. Thebestalignmentis com-
putedby SingularValueDecomposition(SVD). This com-
pletestheproposedglobalregistrationalgorithm.

4. Resultsand Applications
The goal of this work is to derive a global alignmentfor
registeringunorganizeddatasetsobtainedfrom thesameob-
jectat differenttimes,usingdifferentoperators,settings,or
equipments.Figure9 illustratesthat two laserrangescans
eachobtainedby a different operator, and eachcontain-
ing 20K points, are alignedwell by matchingtheir regu-
larizedmedialscaffolds. Figure10 shows thattwo scansat
ratherdifferentresolutions,roughly21K and6K points,are
alignedwell. We have alsoveri�ed theaccuracy of the re-
sultsby aligningtwo distinctrandomsubsamplesof a high
resolutionshapewhich is itself usedasgroundtruth, Fig-
ure11.

We also examinedthe robustnessof the global align-
mentwhenlargechunksof dataweremissing.Figure12a-d
shows two scanswherein thesecondscan,thebottompart
of the “sheep”wasnot scanned.Neverthelessthe medial
scaffold retainssuf�cient structureto matchthetwo shapes
andalign them.Similarly, Figure 12e-fshows thesuccess-
ful alignmentwith anotherscanwherethe rearsectionof
the“sheep”is cut off.

The global alignmentdoesnot requireclosedsurfaces.
Figure13 shows two scansof a pot's outersurfaceandthe
successfulalignmentof thetwo surfaces.

Since the method is basedon graduatedassignment
matchingof regularizedmedialscaffold, two typesof errors
canoccur. First, thematchitself canbeerroneousasshown
in Figure14,but givenasuf�cient numberof correctcorre-
spondences,theoverall registrationis not typically affected
much. Second,in the processof regularizingthescaffold,

(a) (c)

(b)

(d)

Figure9: Registeringtwo scansof an objectat the sameres-
olution (20K points),obtainedby two distinctoperators.(a) The
sheepobject from two scanswith differentviewpoints. (b) Two
views of the shockmatchingresult. (c) Zoom in to illustratethe
matchesand mismatches.Matchedverticesare connectedby a
thin line. Matchedlinks arecoloredin pair; unmatchedonesare
drawn in gray. Althoughtherearemismatches,globally theresult
is still closeto theoptimalsolution.(d) The�nal registrationresult
after20 iterationsof ICPwith (b) astheinitial pose.

differencescanstill remainfrom onescanto another. Again
if a suf�cient numberof correctcorrespondencesexist, the
overall registrationis notaffected,Figure15.

5. Conclusionsand Futur eWork
We have proposedanautomaticglobal registrationmethod
via matchingthemedialscaffold ( ��� ) usingthegraduated
assignmentalgorithm. The proposedmethodis robust to
handlemissing/extrasamplesonthedata.Resultsshow that
it is reliablefor practicalapplications.

Futurework will aim at re�ning themedialhypergraph
costfunctionandregularizingall shocktransitionsto enable
�ne registration. The proposedmethodalso hasa strong
potentialto handlenon-rigid registrations,dueto structural
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Figure10: Left: two scansof anobjectat differentresolutions,
top: 21,463points, bottom: 5,748points. Right: alignmentby
matchingregularizedmedialscaffolds.

(a) (b)
Figure 11: The groundtruth validation on a scanningof
Michelangelo's David head(42350points,from [13]). (a)
20K andrandompointsfrom thegroundtruth, referto Fig-
ure1 for theotherscanof 30K points.(b) Theresultof ���

matching.Thetwo point cloudsarealignedclosetogether.
Validationagainstthe groundtruth shows that the average
squaredistanceis 3.129372(wheretheobjectboundingbox
is

���������������

). Referto Figure1 for the�nal registration
resultafter20iterationsof ICP. The�nal alignmentmatches
thegroundtruth(�nal averagesquaredistanceis 0.000005).

andglobalrepresentationpropertiesof the ��� .
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