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Abstract

A heretofore unsohed problem of great archaeological
importanceis the automaticassemblyof pots made on a
wheel from the hundreds(or thousands)pf sherdsfound at
anexcavationsite. An approachs presentedo the automatic
estimation of mathematicalmodels of such pots from 3D
measurementsf sherds.The overall approachis formulated
and describedand somedetail is provided on the elements
of the procedure. The endresultis a representatiosuitable
for comparisonsgeometricfeature extraction, visualization
and digital archving. Matching of fragmentsand aligning
them geometrically is based on matching break-cures
(curves on a pot surface separatingfragments), estimated
axesandpro le curvesfor individual fragmentsand groups
of matchedfragments,and a numberof featuresof groups
of break-cures. Pot assemblyis a bottom-up maximum
likelihoodperformance-baseskarch.In our case associated
with subassembliesf fragmentss aloglikelihoodwhichis a
sumof enegy functions. Experimentsareillustratedon pots
which were broken for the purpose,and on sherdsfrom an
archaeologicatlig locatedin Petra Jordan.

Keywords: Object modeling and restoration. Laser scan
dataanalysis.Virtual potsfrom sherdsDigital Archiving.

1 Intr oduction

Many archaeologica¢xcavationsitesarerich in fragmentsof
pots,calledshedshereafterwhich areeitheraxially symmet-
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ric,! or look asthoughthey might have suchrotationalstruc-
turebut reallydonot,e.g., thehandlesof ajaror at sectionf
thesurfaceof aplate. Thereis greatscienti ¢ andculturalin-
terestin thearchaeologicatommunityin reconstructinghese
axially symmetricpotsfrom the sherdsound. At presentfew
pots are reconstructedsince the assemblyis done manually
andis time consumingoften taking a few daysfor one pot.
Instead,most pottery is approximatelyclassi ed using two-
dimensionadrawving andmeasuremertechniqueg6, 5, 12].
This paperpresentsan approachto the largely automatices-
timation of mathematicaimodelsof axially symmetricpots
from 3D laserscannediataof the sherds.This datais a dense
setof 3D pointsover the outersurfaceandperhapsothersur
facesaswell of eachsherd suchasalongbreaksandtheinside
of the pottery

1.1 ProblemFormulation

Thevirtual-potassemblyconsistf threeparts: (i) a descrip-
tion of our modelfor sherdgeneratiorandsherd-datayener
ation? (i) a probability measue for a hypothesizedrrange-
mentof sherddatato represent pot (i.e., how well doesan
alignmentbf sherdsurfacedataandbreak-curedatarepresent
anadmissibleaxially symmetrigpot shape)(iii) approadcesto
aligning the sherddatasuchthat the probability of this align-
mentor of this alignmentandprior pot shapenformationis a
maximum,i.e., a Bayesian-basedpproacho assembling3D
sherddatato producea mathematicakstimateof a complete
pot.

The following is our probabilisticmodel for how the data
is generated.Thereare  axially symmetricpotsand ar
tifactswhich are not suchpotsbut look asthoughthey could
be sherdsof suchpots. and areeithera priori unknavn

1].e., theintersectiorof the pot outersurfacewith a planeperpendiculato
thepotaxisis acircle or nearlyso.

2By sherdgenerationwe meanthe pieceof broken pot. By sherd-data
generationyve meanthe erosionandlasermeasurementsf the erodedpiece.



Figurel: Examplesf potterypro les.

numbersconstrainedo somerangesor areindependentan-
domvariables A potis in somestandargosition. It canhave
arangeof shapeandsizes.Its shapes completelyspeci ed
by anaxisandan associategbro le curve(i.e., the silhouette
from the side). The pro le curve canbe a priori unknawn,
or can be a stochasticcurve. The pot also hasa thickness-
curve which is the thicknessof the pot wall asa function of
heightalongthe pot axis. Again, thicknessnaybeana priori
unknown function or may be stochastic. Note that, pots are
usuallythickerin vicinity of thelip andthewall nearthebase
(Figurel). In generalthicknessat a certainheightof the pot
is notexactly constanaroundthesurface;therearesmallvari-
ationswhichareanuisancevhenonetriesto estimatehe axis
andpro le curvefor asinglesherd.Hence,we canintroduce
athickneserturbationfunctionwhich is a deterministicor a
slowly-varyingstochastidunction.

The pot is further partitionedinto sherdsby a setof inter-
sectingbreak-curve®n the surface(Figures2 and3). Break-
cunvescanbe a priori unknown but satisfyingconstraintspr
canbe stochastic. In this paper we usethe former. A con-
straint that we imposeis that break curves intersectlargely
in verticesof three breakcurves. Theseintersectionsare T
junctionsor Y junctions. Occasionally four or more break
curveswill intersect,but that is rare. Somesherdsin a pot
canbe missing. For the th pot, thisnumber canbea pri-
ori unknowvn or canbe a randomvariable. Next, the geome-
try of eachsherdmay or may not be deformed. In the latter
case,the deformationis dueto erosion. This usually takes
the form of a smoothingand perhapsa signi cant amountof
materialremoval from the breaksurfaceandperhapgrom the
outer/innersurface. This erosioncan be treatedas a priori
unknown or asstochastic.At presentwe usethe former as-
sumption.Finally, eachsherdundegoesa Euclideantransfor

Figure2: Sherdswhich have beenlaserscannedndfor which
we extractedbreak-cune measuremerdatausinga dynamic
programmingapproach(see[9]).

mationwhich putsit in its found position. Again, this trans-
formationcanbe unknown or stochastic.We usethe former.

With all of theseparameterswhetherthe parametersare as-
sumedto be a priori unknown or stochastiavith known dis-

tributions determinesvhetherthe pot assemblyestimationis

a MaximumLikelihood Estimation(MLE), or a MaximumA

posteriori Probability estimation(MAP), or a combinationof

the two. The measuremendatais a densecollection of 3D

pointsof theinner, outer andbreaksurfacesof thesherdsWe

assumeéhesemeasurementsontainerrorswhich areindepen-
dentidentically distributedrandomvariableswhich areeither
3D aroundeachpointto be sensedor are1D in the direction
perpendiculato the sherdsurface. In theory this shouldbe
the completemeasurement-erranodel. In practice,we have

foundit to be usefulto assumendependenbreak-cure and
surfacemeasurement-noises.

Note that other featurescan be usefulin helpingreducing
the searchspacewhen attemptingmatchingsherds. For ex-
ample, paintingsand texture patternson the outerand inner
surface,color variations,3D carvingon the surfaces horizon-
tal circleson the inner/outersurfaceaboutthe pot axis dueto

nger smoothingwhile the pot is spinningon the wheel, etc.
We will not considerthis additionalinformationin this paper
but we notethatour probabilisticframenork canaccommodate
suchdata. Furthermorehigherlevel semantiadescription as
foundin thedescriptve approachesf traditionalarchaeology
shallbeincludedin our systemat alaterdevelopingphase.

1.2 RecentAttempts at Solving the Sherd As-
semblyProblem

Classi cation basedon qualitative (e.g., global shape)and
guantitatve (e.g., color)featuref pro les with human-drven
pre-processings beingdevelopedat the TechnicalUniversity
of Vienna[8, 18]. Theproblemof matching3D curves- taken



to bebreak-curesof sherds hasbeenaddressedy the Mid-
dle EastTechnicalUniversity of Ankara. A simplematching
techniquerelying on anaccurate but potentiallynon-rotust-
extractionof thetraceof acurveandthecomputatiorof curva-
ture andtorsionis describedput only testedon arti cial data
[19]. Within the Digital Michelangeloproject,a teamis tack-
ling the problemof assemblinga Romanmarble map from
more than a thousandsherds. This jigsav puzzleis mostly
a 2D problem,basedon matchingbreakcurvesand possibly
texture patterng[10]. At the University of Athens,a system
calledthe Virtual Archaeologisthasbeendevelopedto match
3D sherdsnodeledvia surfacepatcheg13]. A regiongrowing
methodstartingfrom a polygonalmeshof the scannediatais
combinedwith a surfacetexture measureo locatebreaksur
faces.SimulatedAnnealingis usedto computepairwisesur
facematchingmeasuresndreducethe errorin matchingdue
to varyingposes Somelimiting assumptionaremade.In par
ticular, two sherdsmay only shareoneface(surface). While
their approachfocuseson surfaces(segmentatiorand match-
ing), we turn our attentionto otherglobalshapeeaturessuch
asthe mainaxis of rotationalsymmetry pro le andthickness
curves,breakcurves,andothergeometrideaturessuchasme-
dial axissymmetriesandridgesandvalleys of theinner/outer
surfaces[11]. Recentlywe have achieved high accuray ex-
tractionandmatchingof 2D and3D breakcurvesby combin-
ing a coarse-scaleepresentationf curves,re ned iteratively
via a ne-scale elasticmatching[9]. Anotherrelevant prob-
lem sharingmary similarities with the sherdassemblychal-
lenge,is to assembl8D surfacefragmentsobtainedby mul-
tiple scanningmeasurementm orderto retrieve a complete
surfacedescriptionof an object. Each3D fragmentneedsto
be optimally matchedand blendedwith others; this involve
not only aligning the fragmentsbut possiblydeformingthese
to allow overlappingsub-rgionsto tightly blendtogether An
interestingrecentprojectalongtheselinesis the Pieta Project
atIBM [2].

2 New Methods for Describing Sherds
and their Re-Assembly

In this section we presentthe geometric parametersthat
uniquely and completelyspecify the geometryof a sherdor
pot,indicatetheirrolein computingheprobabilityof themea-
surementlataof a groupof sherdsalignedasa hypothesized
portion of a possiblepot, and commenton the searchalgo-
rithm for doing MLE or MAP estimationof a completepot.
All of theseare major new contributionsto a conceptof vir-
tual pot estimationand speci ¢ algorithmsfor implementing
the various piecesof the approach. For the purposeof this

Figure3: Geometryusedin representing fragmented/essel.

paperwe have focusedon a subsebf the geometridnforma-
tion thatcanbe used. This subseis sufcient for a prototype
system. It consistsof the outersurfacebreak-cure common
to the pairs of touchingsherddata-setsn an alignedgroup,
break-cureverticesaxis/pro le curvefor eachalignedgroup,
and Euclideantransformationghat take eachsherdfrom its

data-measuremepbsitionto its positionin analignedgroup.
We have ignoredsherd-thicknesgeometry paintedor base-
relief patternson the sherdouter surface,circular rings made
by potters ngers or aninstrumenton the inside-surlceof a

sherd symmetrysetrepresentationfd 1], etc.

2.1 Parameters to Describe Sherd Geometry
and MeasurementData

2.1.1 The Setof Geometric Parameters

Assumethe potis in standardoosition, i.e,, its axisis the -
axisandit sitsonthe -coordinateplane. Thenthe pot and
its fragmentsare speci ed by vectorsof parameterdisted in
Table 1. Thesedeterminethe parameter®f the geometryof
the fragmentsin their original positions. We assumehat the
fragmentof a vesselin standardoositionundegoesa Eu-
clideantransformatiorto move it to a measuremerposition,
whichsimply consistof arotationandtranslation We call the
transformedragmenta“sherd.” Thisis ana priori arbitrary
transformationThe speci ¢ modelsaredescribedaterin 3.

The geometricparameter$or transformedragmentsj.e., for
sherdsarelistedin Tables2 and3. The basictransformation
equationsarethen:



| symbol | signi cation |
-axis (axis of vesseln standarcosition)
Radiuscurvefor entirevessel
(i.e., pro le-curve, , Viz. -axis)
Portionof radiuscurve for fragment
Portionfor theunionof fragments and
Break-cunesfor entirevessel
Portionof break-curesfor fragment

Portionsharedoy fragments and

Table 1. BasicgeometricparametersNotethat, 'sand 's
areall vectos of modelparameters.

| symbol | signi cation |
Euclideantransformatiorof ~ sherd
rotationmatrix - 3 parameters
translationvector- 3 parameterg
-axistransformedvia and )
Unit directionvectorof
(2 parameters)
Line locationfor
(e.g., intersectiorwith  -plane)
Pro le curvefor  sherd
Transformedreak-cure
Transformatiorto align thedatasets
of sherd with thoseof sherd
Axis for thealigneddatasets and

Table 2: Geometricparametewectorsfor sherdsunderEu-
clideantransformationsBoldfaceindicatesavectoror matrix.

The MeasuementData parameterarelistedin Table3.
Sherd measurement-dates provided by a Shapgrabber
laser/cameracannef1]. It producesl5,0003D points/sec.
at a resolutionand accurag of the orderof 0.25mm. All of
thesepointsare surfacemeasurements.e., measurementsf
outer, inner, and breaksurfacesincluding the 3D ridgesthat
separatehesesurfaces.For the algorithmsusedin this paper
it hasbeencornvenientto extract and usetwo subsetof the
measuremendata,i.e., thosepointswhich aremeasurements
of asherdoutersurfaceandthosewhich aremeasurementsf
asherdoutersurfacebreak-cure. Our approactto doingthis

| symbol | signi cation |
Outersurfacedatafor sherd

Break-cune datafor sherd

Break-cunedatafor  sherd
over sherdbreak

Vectorcomposeaf all the

Vectorcomposeaf all the

Table3: Parametewectorsfor measuremerdata.

for the datasetsusedin this paperis fast, basedon cluster
ing, andis describedn [21]. An alternatve approachs to use
somesortof modelto estimatebreak-curesasridges[9], see
Figure 2, andthen extract thosedatapointsthat are closeto
theseestimatedidges.

2.1.2 Assumptions

A. 1 (Surfacemeasurementpoints areiid ) These
are independentjdentically distributed, Gaussianperturba-
tions perpendicularto the surfaceand havingmean and
variance

See[4] for ajusti cation of thismodel.

A. 2 (Break-curve measurementpoints areiid )
Independentjdentically distributed, Gaussianperturbations
in 3-spaceabout each point on the true break-curve with
mean andvariance

Note that, better but more complicatedmodelscanbe used,
suchas:

1. Noisedependenbn the anglebetweertheincidentlaser
measuremenmy andthe surfacenormal.

2. Incorporatinga sherdbreak-cure erosionmodel.

2.1.3 Example of one of theseprobability densities

Assumea planespeci edby point  andunit vector , then
the probabilitydensityfor the surlacemeasuremengoint is
givenas:

1)



2.2 TheProbability of All the DatagivenAll the
Global Geometry Parameters

Thejoint probability of all surfaceandbreak-cure datagiven
a prole curve, a break-cure, and all transformationsto
sherdscanbewritten as:

(2)

MLE isthevectorof valuesfor thatmaximizey2).
A combinedMAP andMLE is thevectorof valuesthatmax-
imizes , Where is the a priori
probability distribution for the vesselpro le curve. Notethat,
egn.(2)illustratestherole of | i.e., it translates, and
tothe  sherdposition. Also notethat where

2.3 Combining Sherd Data using MLE

The following is our approachto sherdassembly The fun-
damentalfeaturesto be usedfor eachsherdare outer sur
facebreak-cure,axis/pro le curve,andverticesof the break-
curve. For axis/pro le curve, it is not just the shapeof the
pro le curvethatis important,but alsoits orientationanddis-
tancefrom the axis. Distancefrom the axis at eachpoint
alongthe pro le curve is the radiusof the pot at that height
alongthe axis. The loglikelihoodof a group of two or more
sherds’ henceforthcalleda con guration , is the negative of
the sumof (i) the loglikelihoodsof the break-cure data t
to the estimatedreak-cure betweernpairsof adjacensherds
and (ii) the loglikelihood of the surface-datat to the esti-
matedaxis/pro le curve for thecon guration(i.e., theassem-
bled groupof sherds).In 3.4 we shawv thatthis is the sum
of anumberof enegy functions,which resultin a cost(error)
function for the assemblyrepresentingvhat shouldbe mini-
mized. The parametergo be estimatedfor this purposeare
the Euclideantransformatiorfor eachsherd,andtheresulting
outersurfacebreak-cure andaxis/pro le curve.

The data-seto think aboutin the following is a setof 100
to 200 sherdswhich, asindicatedin 1.1, could comefrom
a numberof potsaswell asfrom otherobjects. The search
aimsat groupingand aligning sherdsalong contoursof con-
stantcost.Hence we proceedasfollows:

3].e,, thelog of the probability of the measuremendatagiventhe geomet-
ric arrangementf thesherds.

1. Estimatethe axis/pro le-curve for eachsherd: associate

theresultingerror measurei.e., the sumof squaredis-
tancesfrom the surfacedatameasurementt the MLE
for thesherd3D surface;see 3.2thru3.3. Thisis com-
putationallycostly.

. For eachpair of sherds,estimateall reasonablealign-

ments.This is computationallyfast;see 3.1thru3.1.2.
Eachalignedpair formsa con guration. Then,a consis-
teng/ checkis run. Thisis to seewhetherthetwo sherds
overlapsigni cantly. If they do,thatsherd-paialignment
is notconsideredurther.

. For each con guration from step 2, improve the

alignment and estimatethe axis/pro le-curve for the
improved-alignedpair. The improved alignmentis ob-

tained by minimizing the sum of the break-cure data-
alignmenterrors and the surface-datamodel- t errors.
Sincethis canstartfrom the resultsof stepsl and2, the
computationcostis signi cant but not aslarge asthatin

stepl. The resultinggroup of con gurations,together
with thecost(i.e., errormeasureassociatedavith the pair)

for eachcon guration, is storedin a tablein orderof in-

creasingcost. Also includedin this tablearethe 1-sherd
con gurationsfrom stepl. The associatedostfor each
1-sherdcon guration is basedonly on the outersurface
measuremerdata;see 3.4.

. Explore meming pairs of con gurations, where each

meigeis of two 2-sherdcon gurationsor of one2-sherd
con guration with one 1-sherdcon guration. Con gu-

rationsto be alignedarethosewhich resultin new con-
gurations having minimal associatedosts. In general,
only asmallfractionof all possiblealignmentseedto be
consideredor two reasons:

(a) Thosealignmentsnvolving pairsof con gurations
whereeachcon gurationin thepairhasahighcost,
will not resultin a new con guration having small
costand, thus, only con gurationsnearthe top of
thetableneedto be considered.

(b) Sincean alignmentof two con gurationsinvolves
aligning one or more pairs of sherds,eachsherd
in sucha pair belongingto a different con gura-
tion, a rst roughalignmentof the two con gura-
tions canbe obtainedfrom tablelookup,andalign-
mentgeometrieshatresultin signi cant con gura-
tion overlapsarequickly detectecanddiscarded.

5. Lastly, improve all remainingminimal-costalignments

throughre-estimatiorof break-curesandpro le-curves.



The resulting con gurations along with their costsare
addedto the table,andthe alignmentof pairsof con g-
urationsin the updatedtable continues. This alignment
proceedslongcontoursof constantost.

Note that, sherdscontaining portions of both pot tops and
potwalls, andsherdscontainingportionsof both pot bottoms
andpot walls are especiallyuseful. Sincethey containhigh-

cunvatureridge structure they provide moreaccuratepot-axis
estimateghando low-curvaturesherdscontainingportionsof

pot walls only. Also, thesesherdsare pot-geometrydelim-

iters: this informationcanbe usedeffectively in determining
which con gurationsto align next andthusreducecomputa-
tional costin the sherdassemblyprocess

Variousotherissueshave beenglossedover in this discus-
sion. For example the coststhatmeasurénow well the break-
curve data ts the estimatedbreak-cure and how well the
surface-datats the 3D surfacemodeldeterminedy the esti-
matedaxis/pro le-curveinvolve numbersof datapointswhich
differ by two or threeordersof magnitude.Hence,somenor-
malizationmustbe introducedin orderthat onecostdoesnot
completelyoverwhelmthe contribution of the other Other
normalizationanay be necessaraswell becausehe simple

probabilisticdistributionswe areusingmaynot berepresenta-

tive enoughfor thefull rangeof geometricdeformationgo be
encounteredA secondbsenationis thateventhoughonly a
few of themary sherdsassociateavith a potmaybepresentn
thedata-sebeingprocesse@ndevenif noneor only a few of
themsharea commonbreak-cure, it may still be possibleto
estimatethe virtual pot basedon the setof axis/pro le-curve
estimatedor thesesherds. In theory this canbe doneif the
verticalextentsof the sherdgpresentoversthevertical extent
of the entire pot. A third commentis thatin the preceding

3 Sherd-DataAlignments and Pot Geo-
metry Estimation

3.1 Modeling and Alignment of Break-Curve
Data for Pairs and Triples of Sherds

In this sectionwe rst describeour approacho aligningapair
of sherdshasedon their break-cure data,andthenshow that
this approachis the MLE of the portion of the break-cure
commonto the pair of fragments. The representatiorused
for the portion of break-curne commonto a pair of fragments
is a nite sequenceof points on this break-cure segment.
Hence,the alignmentof the two sherdsinvolves (i) keeping
the measurement-dafar onesherd x ed,and, (i) determin-
ing the Euclideantransformatiorof the measurement-datar
theothersherd.Thisis performedsuchthat(i) thebreak-cure
datamatchesvell ata nite humberof points,and,(ii) thetan-
gentsfor the outersurfacedataof the two sherdsat a pair of
matchingbreak-cure pointsare roughly the same. This en-
suresthat the two break-cure data-setgnatchwell andthat
the estimatedbutersurfacest togethersmoothlywith conti-
nuity of thenormalsto the surfaces.

We begin by matchingthe break-cure measurementfor
eachsherdstartingwhereit hasvertices.Theseverticesoccur
wherethree,andin somecasesfour or more, sherdvertices
meet,asaresultof the breakingof the potatthatpoint. In the
prevalentcaseof a threevertex points, the verticescan meet
in Y-junctionsor T-junctions. For T-junctionstherearereally
only 2 verticesto consider* while for Y-junctions,thereare
threevertices(Figure3).

There are typically four to six suchverticesfor a break-
curve of asherd.Hence thereareroughly 65 suchverticesfor
the 13 sherdgesultingfrom oneof the potswe have scanned.

We try to matcha pair of sherdsstartingatthevertices.To-
ward this end, we put down a nite numberof pointsalong
the measuredreak-cure for eachsherdstartingat a vertex.
Successie pointsare a Euclideandistance* ” from onean-
other For eachpair of sherdsand eachpair of vertices,one
from eachsherd,we try to matchthe correspondingpairs of
datapoints,onepointfrom eachsherd.Theerrorcriterionis a
sumof squarecerrors,andtheerrorfunctionalsocontainsthe
sumof squaredlifferencesn themeasuredinit normalsto the

discussionall thesherdsurfaceandbreak-cure measurement surfacesatthedatapointsusedin thematchesLet usconsider

datagetsprocessedachtime a sherdis involvedin a con-
guration appearingn a pair of con gurationsthatarebeing
aligned.As mentionedn 3.4, the possibility exists of using
the estimatedgeometricparameterandtheir covariancema-
tricesto do thealignmentratherthanusingtheraw data. This
would speedup therequiredcomputatiorby oneto two orders
of magnitude See[4] for basicideas.

the break-cure datapoint , from sherd , anddenote
and asthe estimatedrotation matrix andtranslationvector
comingassolutionto equation(3) below, where is achosen
positive constant, s theunit normalto the surfacedataof

40Onevertex remains‘hidden” onthe“top” of theT.
SExperimentsvererun on a pot broken for the purposein orderto have
groundtruth.



sherd atthebreak-curedata-point and isthenumber
of datapointsused,which is 5 at present. Thenwe have the
optimizationprogram:

3

Theresultingalignmentsarevery goodin practice.In gen-
eral,the datapointsoccugy only asmallportionof thebreak-
curve sggmentcommonto the pair of sherds. In somein-
stancesit may beusefulto try a few startinglocationsfor the
rst pointatavertex. Notethat,in our experimentghusfar, a
humanlocateghebreak-curevertices.We do have automatic
vertex-detectiorrunning,but have notyettestedt extensiely.
Also, from a practicalpoint of view, 3D scanningof sherds
takesa certainamountof time, andfor a humanto mark the
locationsof ambiguousverticestakes comparatiely negligi-
bletime.

Equation(3) hasan explicit solution. Thisis a linear least-
squareproblem,andthe solutionis computedat little cost®
How muchcomputationthen,is involvedin examiningdata
for all pairsof sherdsn aarchaeologyitelocationin orderto
checkfor acceptablenatchesandalignments?.et usassume
thatasherdbreak-curehas verticesonaverageandthat200
sherdsmustbe consideredat a loci. Then,thereareroughly

break-cure sgmentsthatmustbe compared

for possiblematches.Hence,thereareroughly

pairsthatmustbechecledfor matcheslf eachmatch
computatiortakesaboutonemillisecond thetotal of all match
checksandalignmentgakesabouté minutesoncethe sherds
have beenscanneandtheir 3D break-cure andoutersurface
dataareavailable. Storedwith eachmatchedpairis the sumof
squarecerrorsbetweernthe ve pairsof correspondingpoints
usedin thealignmentcomputationWe denotethis error

(4)

where
ment.

is the transformationthat producedthe bestalign-

3.1.1 Break-Curve and Surface-Tangent Alignment Ex-
periments

Experimentsvererun on a pot thatwe broke in orderto have
sherdsthat we knew could be matchedandin orderto have
groundtruth. The potwasbrokenin away to producesherds

8|t takeslessthana millisecondof CPUtime on our PCandUNIX work-
stations.

Figure5: Break-cunetriplet matches.

consistentvith thosefoundat archaeologsites. Thereare13

sherdsn thepotusedn thisexample.Figure4 shovsmatched
andalignedbreak-cure datafor 8 pairsof sherds.The piece
of break-cure usedfor eachmatchingis indicatedby a pair

of numberspneon eachsideof the commonbreak-cure and
locatedat the verticesused.A “ " anda“ " arethe pairsof

numbers.The four examplesin the rst row , (a)-(d), repre-
sentcorrectmatcheswith resultingalignments.The four ex-

amplesin the secondrow, (e)-(h), areincorrectmatchesand
alignments.For thefour incorrectmatcheshown, the match-
ing error is small, i.e., the ve pairs of points matchwell.

It doesoccurin practicethat an incorrectmatchmay have a
smallermatch-errorthanwill a correctmatch. Note how in

Figure4.(g) the break-cure datafor thetwo sherdsesultin a
verygood t, eventhoughthematchis incorrect.Thereareat
leasttwo waysto detectmatcheghatshouldberecaynizedas
incorrect First, portionsof the sherdsurfaceregionsbounded
by the break-cure dataoverlap, asillustratedin casege) and
(f), andthis canbe detectedautomaticallyand quickly. Sec-
ond, the pro le curvefor the surfacedatafor eachmatched
pair of sherdswill notbeaccurate, i.e., therewill beasizable
tting error for the estimateof the pro le curve for the data
for the pair of sherdswhich is alsoeasily detected. This is

illustratedby casegg) and(h).



(@) (b)
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Figure4: Break-cune pair matches.

Aligning Triplets of Sherds. Two examplesof correctly-
matchedtriplets are shavn in Figure5. With eachthereare
two views of theassembledherdsn orderthatonebeableto
visualizethe quality of the sherdassemblyIn thesecaseone
sherdis held x ed andeachof the othertwo is transformed,
which meansthat two transformationsmust be estimatedor

on . Hencefor thiscurve-representation, isthecolumn
vector whichhas  components.

The datageneratiorprobabilitymodelwe useis the follow-
ing. Denoteby apointonthetruebreak-cure sgment
Denoteby a measurementf this point, andby it's co-
variancematrix. Thenwe assume hasthe pdf (probability

12 parametersTheseparameterareestimatedimultaneously densityfunction):

usingall the matchingdatain a single costfunction. Hence,
theestimateof a pair of transformationss basednthematch-
ing of 15 pairsof pointsandassociategbairsof normals.Un-
fortunately in this casethe estimationis nonlinear. Note that
thematchings not perfect,especiallyfor thebottomof the pot
in the secondriplet. The matchingcanbe improvedby using
dataat the other verticesaswell, by automaticallyadjusting
thelocationsof the rst pointsattheverticesbetter and,more
generally by usingpointsalongtheentirecommonportionsof
the break-curesandusingdensersetsof pointsanddynamic
local curve-scalingduring the point matching. The approach
extendsimmediatelyto four or moregroupsof sherdswhere

transformationsnust be estimatedsimultaneouslyfor
optimally matching sherds.

3.1.2 Joint Estimation of  and T for MLE Aligning

We shaw that the solution of equation(3) is the MLE for
and . Where is the transformatiorthat aligns sherd2
break-cure datawith thatof sherdLl.

For theapproachin  3.1,we have representetireak-cure
sgment by asequencef  points

For 3.1,wetook where isthe

Then,

identity matrix.

Now, x sherdl. It hasbreak-cure measuremenpoints
(see 3.1). Sherd2 hasbreak-cure

measuremenpoints Theseget transformedby Eu-

clideantransformation to producepoints

, which are to align with the We assume

, are statisticallyindepen-
dentmeasurementgndthat and aremeasurements

of point  whichis onthetruebreak-cure . Denoteby

theset . Then,



(5)

The MLE of and , arethe valuesfor
which (5) is maximum. Thesecanbefoundby xing  and
solvingfor theoptimum , andthensolvingfor theoptimum

The valuesfor , for which (5) is
maximumare , andthen(5) becomes:

— (6)
Finally, (6) mustbe maximizedwith respectto , equia-
lently, minimize  with respecto to obtain . TheMLEs

and
andalignmentin  3.1.

areexactly thoseusedin matching

3.2 Sherd Surface Characterization

Whereaffective algorithmshave beendevelopedor estimat-
ing theaxisandassociategro le curve for a sherdthatcom-
prisesa large portion of the surfaceof an axially symmetric
pot, theredo not appeato be effective algorithmsfor estimat-
ing a pot axis whenthe sherdis a very small portion of the
pot or whenthepro le curveis complicated But thesecases
areimportantin practiceandchallengingin concept.In [21],
we introducethreenew approache$o estimatingaxis/pro le-
curves,quantitatively evaluatetheir performancesanddiscuss
their relative strengths.They all aremoreaccurataghanalgo-
rithms presentlyin the publishedliterature. We presenttwo
of themin 3.2.2and 3.3, respectiely. Oneestimateghe
axis andpro le-curve pair jointly throughmaximizationof a
performanceunction which is closeto MLE. The other es-
timatesthe axis basedon local datacurvature-estimatesand
thenobtainsa pro le curve basedon the estimatechxis. Both
aretestedon a representatie spectrumof challengingouter
surface measurementlata of sherdsfrom Petra,Jordan([7].
The algorithmsof 3.2.2and 3.3 arethe mostaccurate.The
third algorithmpresentedn [21] is lessaccurateput is com-
putationallyalmosttwo ordersof magnitudefaster

3.2.1 Surfacesof Revolution

Surfacesof revolution are commonlyencounteredh the eld
of elementarydifferentialgeometry{15]. A surfaceof revolu-
tion is obtainedby revolving a planarcurve  aboutaline

correspondso the previous notion of pro le curve,

(a)p642 (b) p654 (c) p997

(d)p1135 (e)p1313

(f) po67

Figure 6: A spectrumof archaeologicalsherdsfrom the
GreatTemplesite of Petra,Jordan[7], usedto illustrate our
axis/pro le-curve estimation.

and istheaxisof . Whenthe -axisis takenastheaxis of
revolution for the pro le cunvethe surface maybe de ned
parametricallysimply as:

()

arepar-
aremeridiansof

With this parameterizatiorthe curves
allelsof andthecurves

3.2.2 Mathematical Models

We have parameterizetheaxisof symmetry , usingthestan-
dardparametricequationof a 3D line:

(8)

Theseequationscontainfour unknovn parameters.Two of

these, and ,describeheslopeofthelinewhenit is pro-
jectedontothe -planeandthe -plane,respectiely. The
remainingtwo parameters, and , specifywheretheline
interceptghe -planeat

The pro le curve modelfor the pot surface mustbe gen-
eral enoughto representa wide variety of possibleshapes.



Figuresl1 andé6 illustrate the rangeof geometriccomplexity
which potterysherddrom only a singlesite may exhibit. It is
importantto notethatsomeof the pot sherdsshovn cannotbe
representedby explicit functionswith respecto the axis. For
example, is multivaluedfor valuesof nearthe top of
the sherdin Fig. 6.(d). Consequentlywe proposeto useim-
plicit polynomialmodels ratherthanexplicit pro le models,
to representhepro le curvein theapproactdescribedn this
section. The approachin 3.3 canalso handlethesemulti-
valuedradiussituationsbecausé doesnotuseapro le-curve
modelin the axisestimation.

Implicit polynomialsurfacesand curvesarevery powerful
shapemodelswhich are capableof representindhe wide va-
riety of geometriesnvolvedin this problem[17, 16, 3]. The
generaform of animplicit curve of degree has

unknown coefcients andtakesthefollowing form:

(9)

Here, is aparametewhichis relatedto the geometriccom-
plexity of the potterysherdto be estimated.Typically oneas-
signsavalueto whichis largeenougtto represenall objects
of interest.In this way, objectswhich mayhave little geomet-
ric compleity aredescribedasdegeneratecasef the more
complex model. For theartifactsin this paperall experiments
areperformedwith

To estimatethe polynomialmodel,the componenbf
the spatialdataandthe normaldataare computed.Note that
this can also be viewed as an orthogonalprojection of the
datafrom to This projectioninto  -space
preseresthe distancerelationshipbetweerthe axisandeach
point in -spaceput discardghe componenbf the sur
facenormalin the direction. Hence for ary 3D normal, ,
the correspondingorojectednormal, , may not be of unit
length,i.e., . Theseparametersle ne the objective
function(10) below, whichis amodi ed versionof theenegy
functionin [16], for estimatingthepro le curve coefcients:

(10)
where — —  denotesthe gradient.
Note that, is the data tting errorin (10). There-

mainingportionof thesummatioris relatively smallandis for
the purposeof regularizationin the minimization.

Model Estimation Algorithm  This methodutilizes a two-
stepiterative algorithmto estimate¢heaxisandassociategro-

le curvewhichbestdescribesheobsened3D data.Thenon-
lineariterative minimizationis:

1. Basedonthevalueof theobjectivefunctionafterthepre-
cedingiteration, choosea new value for the parameter
vector specifyingthe pot axis.

2. Minimize in egn.(10) by solving for the optimum
pro le-curve polynomial coefcients (seeeqn.(9)).
Thisis alinearleast-squareproblemandthereis a fast-
to-computexplicit solution.

3. Returnto 1 or stop.

Sincethe surfacemodeldepend®n the axis, the resultingob-
jective function is highly non-linear Consequentlycorver-
genceto alocal minimummayoccurif minimizationis started
far from the true parametewalue. The estimationalgorithm
needsonly a hypothesizedxisof symmetryin orderto begin.
In practice,we begin with the axis estimateprovided by an
improved version[21] of the Pliicker coordinateamethodas
describedn [14, 20] (someadditionalinformationis givenin

3.3). This initial estimates very fast— probablylessthan
amillisecond.Thetotal computatiortime’ is of theorderof 1
to 3 minutesfor roughly 3,000datapoints.

3.2.3 Resultson Ar chaeologicalData

Figure6 shows a setof six sherdsrom the Brown University
archaeologicatig at Petra,Jordan[7], which were usedto
evaluatethealgorithmabove. For eachof thedata-setshe pa-
rametersi.e., axisandpro le curvecoefcients, of thesurface
of revolution were estimated. Theseparametewalueswere
thenusedto generatéheportionof axially-symmetrigoot sur
faceoverthe extentof the sherd-axicoveredby thedata,and
the sherdsurface-datas overlaid in white on this slabof es-
timatedpot-surfice. Also, uponrotatingthe estimatedsherd
data-axigo coincidewith the -axis,the distanceof each3D
surfacedata-pointis plottedasa functionof . Thesepoints
would lie exactly on the sherdpro le-curve if the sherd-axis
wereestimatedvithout errorandif thedata-pointsverenoise-
less. However, sincethe data-pointsarenot noiselesandthe
true axis estimateis not without error, the plotted points lie
in a swath aboutthe true pro le curne. In general,increas-
ing errorin estimatedaxis positionresultsin increasingdata-
swath spreadaboutthetrue pro le curve. The narrovnessof
the swathesof datain Figure7 areindicative of the accuray
of our estimategor axesfor thesedif cult examples.Covari-
ancedor the axis parametersppeaiin [21]. Notethat,some
of the sherdsshavn arevery small,e.g., Figures6.(b),(f),and

“Implementedisingthe C programminganguage.
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(a) p642

(b) p654

(c) p997

(d)p1135

(e)p1313

(f) p967

Figure 7: Axis/pro le-curve estimatedor the sherdsof Fig-
ure6, andvisualizationof theseestimatedD pot modelsover
theassociated-axisintervals.

it is agreeablysurprisingthat useful axis/pro le-curve pairs
can be found for these. Sherd6.(b) appeargo be from the
samepot asis 6.(a),andthoughthetwo sherdsdo not sharea

commonbreak-curesegment,6.(b) appearso coverthesame
axisheight-rangesdoestheportionof 6.(a)from thesurface-
ridgedown. Also, 6.(d) is anexampleof a smallsherdhaving

asomavhatcomplicatedmulti-valuedradiusfunction

3.3 Extracting the Axis of Revolution and Pro-
le Curvevia Spheresof Curvature

This sectiondescribesan approachto estimatingthe pot axis
directly. Givena perfectsurfaceof revolution, oneof the two
familiesof lines of curvatureare circlesof revolution (paral-
lels of the surface)with centerson the axis andthe otherare
thegeneratocurves(meridiansof thesurface) lying in planes
containingtheaxis. But, unfortunatelypot sherdsarefarfrom
perfect,e.g., dueto imperfectiondn themodelingprocessand
subsequergrosion.They arenoisy surfacesof revolution.

We de ne spheesof curvatuie to be the spheresentered
at oneof the principal centersof curvatureandhaving radius
equalto the correspondingadiusof curvature.Thesespheres
aretangento thesurface.lt is easyto shav thatfor eachpoint
on the surface,the centerof the sphereof principal curvature
correspondingp the parallelcirclesis onthemainaxis(or rev-
olution). By nding theline whichminimizestheleastsquares
distancdrom the estimatedcenterdo it, we can nd themain
axisandits pro le curve.

Oneusefulfeatureof asurfaceof revolutionis thatthe prin-
cipal cunvaturecorrespondingdo the parallel circles doesnot
dependon secondlerivatives;we denotethis principal curva-
ture . Givenasetof 3D data-pointsfrom a surfaceof
revolution,let and bethe 3D datapointsand their
correspondingnormals. Supposéhe axis of revolution is the
line . Thisaxiscanbespeci edby apoint on andaunit
vector correspondingo the directionof . We make the
point  uniqueby requiring . Forary point on
the surface,supposethe normalat that pointis . It canbe
shavn that

All the centersof the sphereof curvaturecorrespondingo
shouldbe on the axis of revolution, hencewe can minimize
following function:

11



Therearesix parameterin thefunction , whicharenotinde-
pendentThey satisfythefollowing constraints:

and

We wantto reducethe six dependenparameters$o four inde-
pendenparametersDe ne thematrix asfollowing:

thenthevector canberepresenteds:

De ne . Thenthefunction canbe
representedsafunctionof four parameters, :

Potmannet al. [14] proposeda direct solutionto recon-
structhelical surfacesor surfacesof revolution usingline ge-
ometric concepts. Their algorithmis basedon the fact that
the normalsof thesesurfaceslie in linear complices. Using
normalizedPlicker coordinatesthe leastsquareslistancebe-
tweena line andthe setof normalscanbe representedby a
positive semide nite quadraticform. Minimizing thatform is
thenreducedo ageneralizegigervalueproblem.We usethis
solutionasour initial startingpoint. After we getthe axis of
revolution, we cancalculatethe distancefrom eachdatapoint
to theaxis,anddo a cubicspline t to getthepro le curve.

Experimentswvererun on the datasetusedin  3.2.3. The
datafor eachsherdis a densesetof unorganized3D points
andtheir estimatechormals.Figure8 is anexampleof exper
imentalresults.The statisticsshavn andothersweregathered
for thesherdsn 3.2.3.Theaccurayg (covariancematrix) of
this axisestimatoris very good— comparabldo thatin  3.2.2
— betterin somecasesandnot asgoodin others.Seeg[21] for
a quantitatve comparisorof theseandanotheralgorithm.

We usethe globalfeaturesof the surfaceof revolution, and
avoid computinghigh orderderivatives, hencethis methodis
robustto noisydata.Dueto its leastsquaresature it maybe
sensitve to outliersin the currentformat. This canbe over
comedby weightedleastsquaresThe goalfunctionis easyto
calculate andthe minimizationcanbe carriedout by general
iterative methods.In its presentmplementationthe compu-
tation time is a few minutesfor a datasetf a few thousand
points®

8|mplementedn the MATLAB R softwareervironment.

Figure8: On theleft is the pro le curve for sherd642 (see
Figure6.(a)); on theright is the standarddeviation of the es-
timatedpro le curve asa function of heightalongthe sherd
axis,basedon axis estimatesising500independenbootstrap
samples.

3.4 Aligning Sherd-Data for Pairs by MLE of
Break-Curvesand Axis/Pro le-Cur ves

Our approachto estimatingthe optimumjoint geometryof a
pair of sherdsbasedon their break-cure and surface data-
setsjointly is describedn this section.In 3.1 we described
sherd-pairalignmentbasedon break-cure data alone. In

3.2 and 3.3 we describedsherd-surdice model estimation,
i.e., axis/pro le-curve estimationbasedon surfacedataonly.
Hence theapproachn this sectionis to minimizea costfunc-
tion which is the sumof the costsfunctionsdiscussedn the
aforementionedections.

Denote(all) theavailablegeometricdataby , thebreak-
curve databy andthe surfacedataby , thisfor sherds
and . Thenalignmentand pot model estimationfor sherd
and datasetsjointly, is doneby the minimizationover all
geometriqparameters,e.:

constant

wherethetwo enegies, and
(4) and(10), respectiely.

The implementedalgorithmusesapproximationgor doing
the minimization, is computationallyfast, andis reasonably
accuratedfor the few examplestried. Figures9 and10 arere-
sultsfor onesuchexperiment.This algorithmis presentlyun-

demgoingre nement.

, arede nedin equations
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(a)p11 (b) p12

Figure9: Two of the 13 sherdscomprisinga brokenpot. Some
of thesesherdsalsoappeaiin Figure7. Breakinga pot pro-
vided sherdsthat sharedcommonboundaries.The 1 and 1'
denotebreak-curesthatarecommonto the pair of sherds.

(@) (b)

Figure 10: Estimatedoint geometry The sherddata ts to-
getherwell, (a), the projected-datacatteraboutthe estimated
pro le curveis small,(b).

4 Conclusion

A Bayesiamnapproachhasbeenoutlinedfor the estimationof
mathematicatepresentationfor potsbasedon sherdsfound
atarchaeologwites.Thekey algorithmsfor implementinghe
approachave beendeveloped,andexperimentakesultsfrom
applyingthesealgorithmsto realsherd3D datahave beenpre-
sentecanddiscussedAt thistime, experimentshave beenrun
onautomatianatchingandaligningpairsandtriplesof sherds.

Work remainingin thisprojectis basicallyto speed-ugome
of the algorithmsby carryingalongand using extractedgeo-
metric shapeinformationandits covariancesratherthanus-
ing the sherdraw measurement-datachtime two groupsof
sherdsarealignedto form apossibldargergroupof assembled
sherdgoward constructinga virtual pot. The virtual-pot esti-
mationis realizedasa bottom-upmerging of sherdsthrough
minimizationof a costfunction for alignedgroupsof sherds.
This searchalgorithmis alsoin a stateof re nement. If the
pot hasa spoutand/orhandlesthe associate@dherdsmustbe
includedin theassembly

Theframework discusseéh this papeiis for estimatingarbi-
trary a priori unknavn axially-symmetricpot models.Hence,
it is unsupervisegot geometry-learningrom sherddata. If
insteadwe know a priori that the pot sherdspresentare not
arbitrary but ratherthat eachbelongsto one of a group of
10 known pot shapesthe problemis computationallymuch
easiebecausehe sherdalignmentproblemis thenmoreof a
pot shape-recognitioproblemandlessof a shape-estimation
problem.

The framavork presentedtanaccommodatadditionalge-
ometricand patterninformationwhich shouldresultin doing
the pot estimationfaster or with fewer sherds,or estimating
modelsfor morecomplex ceramicobjects.
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