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Abstract

The usefulnessof the 3D Medial Axis (MA) is dependenton both the avail-
ability of accurateandstablemethodsfor computingindividualMA pointsandon
schemesfor deriving thelocal structureandconnectivity amongthesepoints.We
proposea framework which achievesbothby combiningtheadvantagesof exact
bisectorcomputationsusedin computationalgeometry, on theonehand,andthe
localnatureof propagation-basedalgorithms,ontheother, but without thecompu-
tationalcomplexity, connectivity, addeddimensionality, andpostprocessingissues
commonlyfound in theseapproaches.Speci�cally, the notion of �ow of shocks
along the MA manifold is usedto identify �o w alongspecialpointsandcurves
which de�ne a shock scaffold. This 1D scaffold is of lower dimensionalcomplex-
ity thanthetypical geometriclocusof medialpointswhich arerepresentedas2D
sheets.Thescaffold not only organizesshapeinformationin a hierarchicalman-
ner, but is atool for theef�cient recoveryof thescaffold itself andcanleadto exact
reconstruction.Wepresentexamplesof thisapproachfor syntheticdata,aswell as
for sherddatafrom thedomainof digital archaeology.
Keywords: 3D MedialAxis, 3D Skeletons,3D SymmetrySets,shockhypergraph,
shaperepresentation.

1 Intr oduction

TheMedial Axis (MA) or skeletonrepresentation[3] hasshown greatpotentialin ob-
ject recognition,in solid modelingfor designingandmanipulatingshapes,in organiz-
ing a cloudof pointsinto surfaces,for meshgeneration,pathplanning,numericaltool
machining,animation,etc. However, for theMA to beusefulin theseapplications,it
mustoften�rst beorganizedin agraphstructurewhichembedsnotonly thequalitative
aspectsof shapes, e.g., parts,in a hierarchyof scales,but alsothemoredetailedquan-
titative features.Traditionally, algorithmsfor 3D skeletoncomputationhave typically
focusedon deriving thegeometriclocusof skeletalsurfaces,thusleaving unclearthe
local connectivity in theinteriorof eachMA sheetaswell asin thejoints,wherethree
or moresheetscometogether. Also, while theMA asa transformationfrom objectto
symmetrycoordinatesis usefulin itself, it doesnotaddresstheissueof datareduction,
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sinceit is not a priori clearhow to summarizethe2D MA sheetsinto a lower dimen-
sionalstructure. While the interestingnotion of curve skeletonshasbeenproposed
earlier[4, 29], this is not for free form shapesof arbitrarycomplexity. A key goalof
thispaperis to addressbothproblemsby proposingthenotionof ashock scaffold, upon
which the remainingpartsof the MA canbe constructedin a robust manner, andby
developinganef�cient computationalschemefor obtainingthisscaffold.

Techniquesdevelopedto extractMA symmetriesin 3D, canberoughlyorganized
into six main classes:(i) Thinning [18], (ii) Boundarymodeling[30], (iii) Voronoi
diagram[23, 2, 19, 1], (iv) DistanceTransform[9, 21, 31, 4, 5], (v) Surfaceevolu-
tion [22, 24, 10], (vi) Bisectorscomputationsandtrimming in ComputationalGeom-
etry [6, 20]. We cannotreview theseheredueto spacelimitations,but in somesense
the idealalgorithmfor the recovery of the3D MA shouldcombinetheadvantagesof
theseapproaches.Speci�cally, we seeka methodwhich on theonehandfeaturesthe
exactnessof bisectorcomputationsandVoronoidiagrams,but whenstrippedof their
tremendouscomputationalburden,andontheotherhandfeaturesthe�o w-basednature
of Blum's grass�re [3, 14], which underlythinning,distancetransforms,andsurface
evolutions,but withouttheirconnectivity, addeddimensionandpost-processingissues.

A key insightwhichuni�es theseapproachesin thiswork andtheearlier2D version
[28, 25, 27, 26] is thatthefull bisectorneednotbeconsideredif a �o w-basedapproach
is adopted. Speci�cally, if the initial sourcesof �o w arecompletelyclassi�ed, one
mayonly computebisectorswhich initiatefrom theseandignoreall otherscompletely,
leadingto substantialsavings. This alsoimmediatelyleadsto a graphstructurewhich
captureslocal connectivity andexactresults.

A secondkey featurewhich is speci�c to 3D is theneedfor dimensionreductionin
computing3D MA, which is accomplishedby employing thenotionof a shockscaf-
fold. The completeclassi�cationof the3D MA pointsandthe3D shock points,i.e.,
MA pointsaugmentedwith a senseof �o w, wasreportedin [8]. Speci�cally, theMA
pointsareformally classi�ed into � ve types:onetypecorrespondingto theinterior of
MA sheets,two typesfor MA curves,at theboundaryof skeletalsheets,andtwo types
for MA nodes,at theintersectionof theseboundaries.Thisclassi�cation,togetherwith
the notion of �o w alongthe curves,is the basisof constructingthe shock scaffold, a
reduced-dimensionsummaryof the MA. The proposedalgorithmidenti�es pointsof
propagationfrom initial shocks sources, propagatesalong the shockscaffold, com-
putesintersectionsamongthejunctionsof thisscaffold structure,until thispropagation
computationterminatesat shock sinks.

Theresultingshockscaffold isagraphstructureconsistingof nodes(isolatedpoints)
andlinks (curvesegments).Togetherwith hyperlinks(surfacepatches),theshockscaf-
fold givesrise to the shock hypergraphwhich is a completerepresentationof shape.
The scaffold essentiallyallows us to ignoreor approximatethe medialsurfacepatch
geometry, or eventhemedialcurve geometry, while retainingtheconnectivity among
nodesandlinks which proportionallycontainthemostsigni�cant aspectsof theMA.
Thealgorithmis genericfor any initial shapegeometry, whetherdescribedby a cloud
of pointsasdescribedin this paper, or asa collectionof surfacepatchesas will be
describedin future work. The advantagesof this framework arethe reduceddimen-
sionality, theexactnessof the results,theef�ciency of thealgorithm,its applicability
to unsegmentedandunorganizeddata,andtheimmediateavailability of agraphstruc-
turewhich canbeusedin recognitionandotherapplications.We illustratetheresults
for a setof syntheticexamplesaswell asfor sherdsto beusedfor groupingfragments
into reconstructedpots and other complex shapesfound, in particular, for a project
involving thearchaeologicalsiteof Petra,Jordan[13].



Figure1: Illustrationof thenotation
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basedoncontactof acurvewith acircle (from
[8]). ����� countsorderor degreeof contact:
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is regulartangentcontact,
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is regular
“curvature”contact,
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is a curvaturemaximumcontact.Thesuperscript� countsthe
numberof contactpoints,sothat

�
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meanstwo
��	

contacts.A similarde�nition holds
for thecontactof surfaceswith spheres.

2 The ShockScaffold
The classi�cation of shockpointsdescribedin [8] is basedon the notion of contact
with spheres,i.e., theloci of spheresosculatingsources.Let

��� �

denoteacircle (in 2D)
or asphere(in 3D) osculatingaboundaryelementat � distinctpoints,eachwith �����

degreeof contact,Figure1: ����� denotesregular tangency; ����� denotesa sphere
of curvaturefor a surfacepatch; ����� denotesa sphereof curvatureat a ridge point;

����� denotesasphereof curvatureata turningpointof a ridge,etc. [11].
Only oddordersof contact(i.e., ����� �!� ) cancontribute to a MA typeof shock,

thatis,asbeingthecenterof amaximalsphere," . A classi�cationbasedonthenumber
andorderof contact[8] leadsto �v e principal typesof shockpoints:
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: (i)
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contact: a spherewith ordinary
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contactat two sourcepoints
generatesa shocksheetpoint. The centersof suchspheressweepout a pieceof the
SymmetrySet(SS)which is locally smooth.(ii)
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contact: this is the limiting case
of two

�
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points,which correspondsin 2D to curvatureextremaandin 3D to ridges
on theboundary. (iii)
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contact: thesphere," , hastriple tangency on thebounding
surfaceelements,% . Chooseany 2 of these3 tangency pointsandmove the sphere
sothatit remainsbitangentto % at pointscloseto thesetwo. This resultsin a smooth
sheetof the SSor MA for eachpair, leadingto a total of threesuchsmoothsheets
passingthroughthecenterof " . (iv)

��	&�$


contact: it containsthecentersof spheres
which havecontactwith thesurfacein two places,oneneartheoriginal
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point (i.e.,
ordinary tangency) and one nearthe ridge point
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. (v)
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contact: the sphereis
tangentto 4 sourcepoints- this is generic.At thecenterof thespherepasses6 smooth
sheetsof theSS(i.e., 6 pairsfrom 4 sourcepoints),two of whicharenotmanifestedin
theMA, leadingto four intersectionof MA sheets.An alternativeview of thisevent,is
asthecombination/intersectionof four axial
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curves.
Two observationsaresigni�cant here. First, the topologyof eachof thesetypes

is as follows:
�
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pointsare interior pointsof a medial surface;
��


pointsorganize
into curvesrepresentingridgeson surfacesandarethe“exterior” boundaryof medial
surfacesheets;
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pointsorganizeinto curveswhich arethe intersectionof three
�
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medialsurfacessheets;thesecurvesoftencorrespondto “generalizedaxis” aswell as
to “interior” boundaryof MA sheets;
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and
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areisolatedpointswherefour
�




	

or a pair of
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and
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curvesintersect,respectively.
Second,onecanconstructanotionof �o w for eachMA point in thedirectionof in-

creasingradius,which leadsto a furthersubclassi�cationof pointsaswasdonein [12]
in 2D. Shocks,i.e., MA pointsendowed with a senseof �o w, can�o w alongsheets
(
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) or curves(
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and
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) in variousways: they can�o w monotonically(1storder),
canact asa sourceand initiate �o w (2nd order),or canact asa sink and terminate
�o w (4thorder),Figure2a.Third-ordershocksrepresentin�nitely “f ast” �o ws,which
arenot generic,but mustbe considered,especiallyfor man-madeobjects.For nodes
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Figure 2: Flows at
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and
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shockcurves(a) andat
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shock
points(b).
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Table 1: Final classi�cation of 18 possible
shockpointsbasedoncontactwith spheres,

��� �

,
and�o w type(seetext).

Figure3: The shockscaffold is illustratedfor a few simpleshapes.Thedarkbroken
lines aresurfaceridges( ��� ), thesmallerdotsaresurfacevertices( ������� ), the larger
nodesare ���

�

shocks,theinterior links havearrowsto indicate�o w (all �

�

�

's here),the
hashedsheetsarehyperlinks( ���

�

; not all shown). Theshockscaffold of a tetrahedron
consistsof 5 nodes,10 links and6 hyperlinks; for a truncatedtetrahedronwe have
8 nodes,7 links and9 hyperlinks. (c) Sketchof the shockscaffold for a branching
structurewhich at thetop is a cylinder whosebasegrows from a triangleto anellipse,
andwhichsplitsinto two cylindrical structureswith elliptic bases.

( �
�

�
� and ���

�

), theclassi�cationis basedon thenumberof incomingbranches,Fig-
ure 2b. Table1 summarizesthe notation. This classi�cation of the medialaxis and
shockpointsleadsto anintriguingdatastructurefor representingthem.

Let the ���

�

and �
�

�
� pointsof a 3D MA denotenodes, andthe �

�

�

and �
� curves

which connectthesenodesdenotelinks, which togetherwith the radiusfunction at-
tribute form theshock scaffold graph. In addition,let the � �

�

surfacepatches,whose
boundaryis describedby anordered,closedsequenceof nodesandlinks, actashyper-
links on thegraphto form theshock hypergraph.

We illustratethescaffold conceptin Figure3. Clearly, thescaffold representation
arisesfrom a recognitionof specialtypesof points,i.e., anunderstandingof the local
topologyof eachtype of pointsasisolatedpoint, curve, or sheet,andthe connectiv-
ity amongthe � ve types. Whenthis graphstructureis ignored,a traceof MA points
remainswhich is theclassicalview of theMA found in the literature.Theadvantage
of the graphstructureis that it organizesthe MA informationinto groupsandspeci-
�es their connectivity. It is preciselythe connectivity amonggroupswhich contains
thequalitativeinformation,while theremaininginformationallowsfor anexactrecon-
structionor approximationof theshapefrom theshockhypergraph[7]. Fromtheshock
scaffold alone,wearestill ableto getafairly goodideaof theshapeof theobjectdueto



(a) (b) (c)

Figure4: In computationalgeometry, pairsof sources,representedasdark segments
in (a), areusedto computethesetof bisectors,shown in (a) astheremainingcurves.
(b) Thesebisectorsarethen“trimmed” to obtaintheMA [27]. In ourapproach,weuse
a notionof propagationalongbisectorswhich areinitiatedfrom valid sources(double
arrows), thusavoiding theneedto considerthenumerousirrelevantbisectors.(c) The
situationis similar in 3D: threepoint sources

�

� ,
�

�

and
�

� give rise to 3 bisector
sheetsand1 trisectorcurve. The computationof only valid sourcesand�o ws along
curvesleadsto tremendousimprovementsin ef�ciency.

theremainingconnectivity, in thesameway thata generalizedaxis(curve) represents
acylinderwell. TheMA canbeapproximatedby interpolatingthemissingMA sheets,
stretchingsmoothelasticsurfacesover theboundingcurves,muchasis donewhena
“tent” is constructed.Similar argumentshold for thegeometryof thecurvessuchthat
at theverycoarsestlevel only nodesneedberetained.

3 3D MA recovery by �o w alongscaffold curves
A key ideaof this paperis thattheshockscaffold is not merelya post-processingtool
for organizingtracedMA geometry. Rather, it is anessentialelementin the recovery
processitself. The argumentis basedon substantialsavings in 2D if a �o w-based
recovery of 2D shocksfrom boundarysourcesis adopted[25, 27], wherethe �o w
permitstheconsiderationof only therelevantbisectors.

Considertheproblemof deriving theMA of � surfacepatches
���

, �����
	�	�	�	�
�� .
In computationalgeometry, thepairwisebisector�

���

, i.e., theequidistantsurfacebe-
tweena pair of models

���

and
���

, is computedfor all suchpairs and the results
“trimmed” by removing thoseportionsof �

���

which arecloserto a third source
���

,
Figure4a. This resultsin theexactMA, but is computationallyprohibitive. However,
notethatshockscanbeconsideredas�o wing alongbisectors.Theshock�o w begins
at certaininitial sourcesand terminatesat sinks. If the initial sourcesare identi�ed
andtraced,only the viable bisectorsareconsidered,thustremendouslyreducingthe
computationaleffort, Figure4b. While in 2D the �o w alongshocksis a 1D process,
in 3D, shocks�o w alonga vector�eld on a sheet.A key insight,which reducesthe
underlyingdimensionof thecomputationaleffort is that �o w alongshockcurves( �

�

�

and �
� ) is suf�cient to recover the MA exactly. This is becauseall MA sheetsare

boundedby curves,andit is clearfrom eachcurve which two sourcesgenerateeach
sheetbisector, thusleadingto anexactidenti�cation of sheets,Figure4c, if theshock
curvesareavailable.

Initial shocksourcesfor curvesareidenti�ed asfollows. Along �
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and �
� curves,
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are the only initial sources,respectively. Thus, it is suf�cient to
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curves from
thesepoints until the curvescometo an end, which can only happenat
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�




	

curves.The
recipefor continuingthepropagationatjunctionsis alsostraightforward:Shockcurves
enteringan
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caneitherterminate(
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outcomingbranches;similarly,
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� . Thegeneralalgorithmfor % sourcesis thus
describedatanabstractlevel assummarizedbelow.

1. Identify all MA initial shocksources.

2. Identify thenext junctionby consideringintersectionsof the
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and
�




	

curves
with neighboringshockwaves,andpropagatethesefor eachsource.

3. If anoutcomingshockis available,usethejunctionasa sourceandgo to step2
(iteration).

4. Outputtheshockscaffold graph.

Thedetailsof thisalgorithmfor extractingtheshockscaffold of unorganizedcloudsof
pointscanbefoundin [15].

4 Unorganizedcloudsof points
In this paperwe only considershapesspeci�ed by a collectionof unorganizedpoint
sources,e.g., asthey arisefrom alaserscanner. Thebisectorfor apairof pointsources,
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, Figure4c, which is
describedby theimplicit polynomial:
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Similarly, for threepoint sources,
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shockcurve is computed
asthe intersectionof two shocksheets.The initial point of �o w alongthis curve, the
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, of thetrianglede�nedby thethreesources,which
canbeef�ciently androbustlycomputedin termsof theedgelengthsof thetriangleas,
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triangle.Next, for four point sources,
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Finally, no

��


curvesor
��	&�$


pointsarepossiblefor pointsources.Detailedcom-
putationanalysis,including numericalcomplexity and pseudocodelistings are pro-
vided in [15]. We notethat the computationsfor unorganizedpolygonalpatchesare
muchmoreintricatebut neverthelessfully computable[16].



(a) (b) (c)

Figure5: Theshockscaffold is depictedfor collectionsof (white) dot samplings.(a)
Regular and (b) irregular samplingsof a sphericalcap. (c) Regular samplingon a
cylindrical segment.

(a) (b)

Figure6: (a)Inputsamplesrandomlydistributedalonghalf-cylindricalsections(shown
aswhite spheres).Darker spheresindicate

��� �����

and
��� �

points. (b) Pruning:cutting
away initial curve shocksources

�	�
�

���

andassociatedbranchesleadsto the central
axis.

5 Resultsand Discussion

We now presentexamplesfor dot samplesof geometricallysimpleshapes,i.e., spher-
ical caps,cylindersanda parallelepiped,aswell asfor dotssamplingof the surface
of an aortasection,a pot sherdanda full pot. An intrinsic challengein presenting
3D MA resultsis the visualizationof the results,which can be best seeninterac-
tively in 3D, andwe invite the readerto visit www.lems.brown.edu/vision/
researchAreas/Shocks3D/ , but which must be conveyed with 2D snapshots
here.

The�rst setof examplesillustratestheeffectof grid samplingalongsphericalcaps
andcylindrical segments,Figure5. Notethecorrectplacementof

�
�
�

���

points(grey)
which identify initial shockcurve sources.We only keepandshow thosecurve seg-
mentswhich areconnectedto valid

�	�
�

nodes.Thesecurvesalsopropagateto in�nity
(not shown), but this is easilyandexplicitly detectedvia the circumcentersof asso-
ciatedshocknodes.In Figure5a the regularsamplingof a sphericalcapresultsin a
single

���
�

atthespherecenter, asexpected.In Figure5bperturbationsalongthetangent



Figure7: Left to right: Initial samplepointson the surfaceof a parallelepiped;full
scaffold; scaffold with initial shockcurvesprunedaway.

Figure8: Left: bottompartof anaortascan(datafrom [29]). Middle: scaffold without
theinitial curveshocks.Right: simpli�ed scaffold afterusingthecombinedstructural-
saliency pruning.

spacekeepthisgeometryintact.Theshockscaffold for acylindrical segmentis shown
in Figure5c,wherewe notethatthe“generalizedaxis” is readilyvisible. In Figure6,
randomlydistributedpoints(white spheres)alongsectionsof a half-cylinder areused
asinput. Applicationof astructuralpruningstrategy [26, 17] leadusto directlyretrieve
themainaxisof theoriginal cylinder. Notethata signi�cant goalin objectrepresenta-
tion is theapproximationof databy generalizedcylinderdescriptionswhicharehighly
symmetric.

While the�rst setof examplesexaminesthecorrectnessof thealgorithmfor simple
situations,thenext exampleexaminesthemorecomplex geometryof aparallelepiped,
Figure7. Observethat

��� �

pointsareplacedasexpected.Thisparallelepipedhasalarge
numberof degeneracies,i.e., overlapsof

���

�����

and
�	�

�

shockpoints.A largeportionof
thescaffold is dueto initial shockcurves(Figure7,middle).Removing theinitial curve
shocksandtheirassociatedlinks revealstheinternalstructureof thescaffold (Figure7,
right). Shocklinks with in�nite �o w velocity are also identi�ed. Furthermore,the
directionof �o w of regularlinks is alsoavailableexplicitly (not illustratedhere).

In Figure8 weshow theresultof applyingthecombinedstructural-saliency pruning
[17] on thebottombranchingpartof theaortadata.Notethathere,we did notdisplay
themedialstructurein betweenthetwo “legs”, by usingamaximumdistancecriterion,



(a) (b)

Figure9: Sectionthroughthescaffold of theaorta:(a)beforepruning;(b) after.

Figure10: Left: original pot sherd,5000samples,obtainedfrom a laserscanner. The
frontal (middle)andside(right) viewsof theshockscaffold nodes.

thereforedisplayingthescaffold structureonly in thevicinity of theinputdata.
In Figure9, we show theeffect of this pruningona close-upof thetop-sectionfor

theaortadataof Figure8 (transversalsectionwith respectto theaorta's mainvertical
orientation,seenfrom theside).Notethateachloop(in Figures8 and9) in thescaffold
correspondsto ashocksheet(hyperlink).

Our last examplesareshown for samplestaken from potteryexcavatedat the ar-
chaeologicalsite of Petra,Jordan.The samplesareobtainedvia laserscanning.The
prunedshockscaffold (nodesonly) is depictedin frontal(b) andside(c) views. Results
for a full pot is illustratedin Figure11 wherewe overlapinput samplesandscaffold
nodes;thispothasa complex symmetrystructuredueto aneck,two handles,aholeat
thebottomandinput sampleson partof the internalsurfaces.Our useof skeletonsin
thisprojectaimsto singleout thecurvesalongtheshockscaffold asarepresentationof
thepot sherd.Thelattercanthenbematchedto othersherds,i.e., usedin thestitching
of sherdsto ultimatelyachieveautomaticreconstructionof thefull pot [13].

In conclusion,wehavepresentedanapproachto therecoveryandrepresentationof
the 3D Medial Axis basedon thenotion of a hierarchicallyorganizedshockscaffold
andpresenteda speci�c methodfor extractingtheshockscaffold of a cloudof points.
The approachcombinescomputationalgeometryandpropagation-basedmethods,is
exact, ef�cient, applicableto unorganizedpoints [15] andsurfacepatches[16], and
resultsin agraphstructurewhichcanbeusedin recognitionandmatchingapplications
[17].



(a) (b)

Figure11: Pointsamples(51000)of a full pot (a)giveriseto theshockscaffold nodes
in (b). Sourcesamplesarealsoshown.
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