The ShockScafold for Representin@D Shape

FredericF. LeymarieandBenjaminB. Kimia

May 2001

Brown University, Division of EngineeringProvidenceRI, USA,
{leymarie,  kimia}@lems.brown.edu

Abstract

The usefulnesof the 3D Medial Axis (MA) is dependenbn both the avail-
ability of accurateandstablemethodsfor computingindividual MA pointsandon
schemedor deriving thelocal structureandconnectvity amongthesepoints. We
proposea framevork which achievesboth by combiningthe advantagef exact
bisectorcomputationsusedin computationaeometry on the onehand,andthe
local natureof propagation-basealgorithms,onthe other but withoutthecompu-
tationalcompleity, connectiity, addeddimensionalityandpostprocessingssues
commonlyfound in theseapproachesSpeci cally, the notion of ow of shodks
alongthe MA manifold is usedto identify ow alongspecialpoints and curves
which de ne ashodk scafold. This 1D scafold is of lower dimensionatomplec-
ity thanthetypical geometridocusof medialpointswhich arerepresenteds2D
sheets.The scafold not only organizesshapeinformationin a hierarchicalman-
ner, butis atool for theef cient recovery of thescafold itself andcanleadto exact
reconstructionWe presentxamplesof this approacHor syntheticdata,aswell as
for sherddatafrom the domainof digital archaeology
Keywords: 3D Medial Axis, 3D Skeletons 3D SymmetrySets shockhypegraph,
shaperepresentation.

1 Intr oduction

The Medial Axis (MA) or skeletonrepresentatiof3] hasshavn greatpotentialin ob-
jectrecognition,in solid modelingfor designingandmanipulatingshapesin organiz-
ing a cloud of pointsinto surfacesfor meshgenerationpathplanning,numericaltool
machining,animation,etc. However, for the MA to be usefulin theseapplicationsjt
mustoften rst beorganizedn agraphstructurewhichembedsotonly thequalitative
aspectof shapese.g., parts,in a hierarchyof scalesput alsothe moredetailedquan-
titative features.Traditionally, algorithmsfor 3D skeletoncomputatiorhave typically
focusedon deriving the geometricdlocusof skeletalsurfacesthusleaving unclearthe
local connectvity in theinterior of eachMA sheetaswell asin thejoints, wherethree
or moresheetxometogether Also, while the MA asa transformatiorfrom objectto
symmetrycoordinatess usefulin itself, it doesnotaddressheissueof datareduction,
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sinceit is nota priori clearhow to summarize¢he 2D MA sheetdnto a lower dimen-
sional structure. While the interestingnotion of curve skeletonshasbeenproposed
earlier[4, 29], thisis not for free form shapef arbitrarycomplexity. A key goal of

thispapelis to addresdothproblemsy proposinghenotionof ashod scafold, upon

which the remainingpartsof the MA canbe constructedn a robustmanneyand by

developinganef cient computationaschemdor obtainingthis scafold.

Techniqueglevelopedto extractMA symmetriesn 3D, canberoughly organized
into six main classes:(i) Thinning [18], (ii) Boundarymodeling[30], (iii) Voronoi
diagram[23, 2, 19, 1], (iv) DistanceTransform[9, 21, 31, 4, 5], (v) Surfaceevolu-
tion [22, 24, 1Q], (vi) Bisectorscomputationsandtrimming in ComputationalGeom-
etry [6, 20]. We cannotreview theseheredueto spacdimitations, but in somesense
theideal algorithmfor the recovery of the 3D MA shouldcombinethe advantageof
theseapproachesSpeci cally, we seeka methodwhich on the onehandfeatureshe
exactnes®f bisectorcomputationsind Voronoi diagrams but when strippedof their
tremendousomputationaburden,andontheotherhandfeatureghe o w-basechature
of Blum's grass re[3, 14], which underlythinning, distancetransformsandsurface
evolutions,but withouttheir connectvity, addeddimensiorandpost-processingsues.

A key insightwhichuni es theseapproache thiswork andtheearlier2D version
[28, 25, 27, 26] is thatthefull bisectomeednotbeconsideredf a o w-basedapproach
is adopted. Speci cally, if the initial sourcesof ow are completelyclassi ed, one
mayonly computebisectorswvhichinitiate from theseandignoreall otherscompletely
leadingto substantiabavings. This alsoimmediatelyleadsto a graphstructurewhich
capturedocal connectvity andexactresults.

A secondkey featurewhichis speci ¢ to 3D is theneedfor dimensiorreductionin
computing3D MA, whichis accomplishedy employing the notion of a shockscaf-
fold. The completeclassi cationof the 3D MA pointsandthe 3D shod points,i.e.,
MA pointsaugmentedvith a senseof o w, wasreportedin [8]. Speci cally, the MA
pointsareformally classi edinto vetypes:onetype correspondingo theinterior of
MA sheetstwo typesfor MA curves,attheboundaryof skeletalsheetsandtwo types
for MA nodesattheintersectiorof theseboundariesThis classi cation,togethemith
the notion of o w alongthe curves,is the basisof constructingthe shod scafold, a
reduced-dimensioaummaryof the MA. The proposedalgorithmidenti es points of
propagationfrom initial shodks souices propagateslong the shockscafold, com-
putesintersection@mongthejunctionsof this scafold structureuntil this propagation
computatiorterminatesat shod sinks

Theresultingshockscafold is agraphstructureconsistingof nodegisolatedpoints)
andlinks (curve sggments).Togethemwith hyperlinks(surfacepatches)theshockscaf-
fold givesrise to the shok hypegraph which is a completerepresentatiof shape.
The scafold essentiallyallows us to ignore or approximatethe medial surfacepatch
geometryor eventhe medialcurve geometrywhile retainingthe connectvity among
nodesandlinks which proportionallycontainthe mostsigni cant aspectof the MA.
The algorithmis genericfor ary initial shapegeometrywhetherdescribedy a cloud
of pointsasdescribedn this paper or asa collection of surfacepatchesaswill be
describedn future work. The adwvantagef this framework are the reduceddimen-
sionality, the exactnesf the results,the ef ciency of the algorithm, its applicability
to unsgmentedandunomanizeddata,andthe immediateavailability of agraphstruc-
turewhich canbe usedin recognitionandotherapplications.We illustratetheresults
for asetof syntheticexamplesaswell asfor sherdgo beusedfor groupingfragments
into reconstructegots and other complex shapedound, in particular for a project
involving thearchaeologicasite of Petra, Jordan13].
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Figurel: lllustrationof thenotation  basedn contactof a curvewith acircle (from
[8]). countsorderor degreeof contact:  isregulartangentontact, isregular
“curvature”contact, is acurvaturemaximumcontact.The superscript countsthe
numberof contactpoints,sothat meangwo  contactsA similarde nition holds
for thecontactof surfaceswith spheres.

2 The ShockScaffold

The classi cation of shockpointsdescribedn [8] is basedon the notion of contact

with spheresi.e., theloci of spherewsculatingsourcesLet  denoteacircle (in 2D)

or aspherg(in 3D) osculatingaboundaryelementat  distinctpoints,eachwith

degreeof contact,Figurel: denotegegulartangeng; denotesa sphere

of curvaturefor a surfacepatch; denotesa sphereof curvatureat a ridge point;
denotesa sphereof curvatureataturningpointof aridge,etc.[11].

Only odd ordersof contact(i.e., ) cancontributeto a MA type of shock,
thatis, asbeingthecenterof amaximalsphere, . A classi cationbasednthenumber
andorderof contact[8] leadsto v e principaltypesof shockpoints: , ,
and 2 () contact a spherewith ordinary  contactat two sourcepoints
generates shocksheetpoint. The centersof suchspheresweepout a pieceof the
SymmetrySet(SS)which is locally smooth. (ii) contact thisis thelimiting case
oftwo  points,which correspond$n 2D to curvatureextremaandin 3D to ridges
on the boundary (iii) contact thesphere, , hastriple tangeng on the bounding
surfaceelements, . Chooseary 2 of these3 tangenyg pointsand move the sphere
sothatit remainsbitangento  atpointscloseto thesetwo. Thisresultsin asmooth
sheetof the SSor MA for eachpair, leadingto a total of threesuchsmoothsheets
passinghroughthe centerof . (iv) contact it containsthe centersof spheres
which have contactwith the surfacein two placesponeneartheoriginal  point(i.e.,
ordinary tangenyg) and one nearthe ridge point . (v) contact the sphereis
tangento 4 sourcepoints- thisis generic.At the centerof thesphergpasse$ smooth
sheetof the SS(i.e., 6 pairsfrom 4 sourcepoints),two of which arenot manifestedn
theMA, leadingto four intersectiorof MA sheetsAn alternatve view of thisevent,is
asthecombination/intersectioaf four axial ~ curves.

Two obsenationsare signi cant here. First, the topology of eachof thesetypes
is asfollows: pointsare interior pointsof a medial surface;  pointsorganize
into curvesrepresentingidgeson surfacesandarethe “exterior” boundaryof medial
surfacesheets; pointsorganizeinto curveswhich arethe intersectionof three
medialsurfacessheetsthesecurvesoften correspondo “generalizedaxis” aswell as
to “interior” boundaryof MA sheets; and areisolatedpointswherefour
orapairof and curvesintersectrespectiely.

Secondpnecanconstrucianotionof o w for eachMA pointin thedirectionof in-
creasingadius,which leadsto a furthersubclassi catiorof pointsaswasdonein [12]
in 2D. Shocks,i.e.,, MA pointsendaved with a senseof ow, can o w alongsheets
( )orcurves( and )invariousways:they can o w monotonically(1storder),
canactasa sourceandinitiate ow (2nd order),or canactasa sink and terminate
o w (4th order),Figure2a. Third-ordershocksrepresenin nitely “fast” o ws, which
arenot generic,but mustbe consideredespeciallyfor man-madenbjects. For nodes
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Figure3: The shockscafold is illustratedfor a few simpleshapes.The dark broken

lines aresurfaceridges( ), the smallerdotsaresurfacevertices( ), the larger

nodesare  shockstheinteriorlinks have arrovsto indicate ow (all  'shere),the

hashedsheetsarehyperlinks( ; notall shavn). The shockscafold of atetrahedron
consistsof 5 nodes,10 links and 6 hyperlinks; for a truncatedtetrahedrorwe have

8 nodes,7 links and 9 hyperlinks. (c) Sketch of the shockscafold for a branching
structurewhich atthetopis a cylinder whosebasegrows from atriangleto anellipse,

andwhich splitsinto two cylindrical structureswith elliptic bases.

( and ), theclassi cationis basedon the numberof incomingbranchesFig-
ure 2b. Table 1 summarizeghe notation. This classi cation of the medial axis and
shockpointsleadsto anintriguing datastructurefor representinghem.

Letthe and pointsof a3D MA denotenodes andthe and  curves
which connectthesenodesdenotelinks, which togetherwith the radiusfunction at-
tribute form the shodk scafold graph. In addition,letthe  surfacepatcheswhose
boundanyis describedy anorderedclosedsequencef nodesandlinks, actashyper-
links onthe graphto form the shod hypergraph

We illustratethe scafold conceptin Figure3. Clearly, the scafold representation
arisesfrom arecognitionof specialtypesof points,i.e., anunderstandingf the local
topology of eachtype of pointsasisolatedpoint, curve, or sheet,andthe connectv-
ity amongthe ve types. Whenthis graphstructureis ignored,a traceof MA points
remainswhich is the classicalview of the MA foundin the literature. The advantage
of the graphstructureis thatit organizeshe MA informationinto groupsand speci-
es their connectvity. It is preciselythe connectvity amonggroupswhich contains
the qualitatve information,while theremaininginformationallows for anexactrecon-
structionor approximatiorof theshapdrom theshockhypeigraph[7]. Fromtheshock
scafold alone we arestill ableto getafairly goodideaof theshapeof theobjectdueto
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Figure4: In computationabeometry pairs of sourcesrepresente@sdark segments
in (a), areusedto computethe setof bisectorsshavn in (a) asthe remainingcurves.
(b) Thesebisectorsarethen“trimmed” to obtainthe MA [27]. In ourapproachye use
anotionof propagatioralongbisectorsvhich areinitiatedfrom valid sourcegdouble
arrons), thusavoiding the needto considerthe numerousrrelevantbisectors.(c) The
situationis similar in 3D: threepoint sources and  give riseto 3 bisector
sheetsand 1 trisectorcurve. The computationof only valid sourcesand o ws along
curvesleadsto tremendousmprovementsn ef ciency.

the remainingconnectvity, in the sameway thata generalizedxis (curve) represents
acylinderwell. TheMA canbeapproximatedby interpolatingthe missingMA sheets,
stretchingsmoothelasticsurfacesover the boundingcurves,muchasis donewhena
“tent” is constructedSimilar argumentshold for the geometryof the curvessuchthat
atthevery coarsestevel only nodesneedberetained

3 3D MA recovery by o w along scaffold curves

A key ideaof this paperis thatthe shockscafold is not merelya post-processintpol
for organizingtracedMA geometry Rather it is anessentiaklementin the recovery
processtself. The agumentis basedon substantialsavings in 2D if a o w-based
recovery of 2D shocksfrom boundarysourcesis adopted[25, 27], wherethe ow
permitsthe consideratiorof only therelevantbisectors.

Considetthe problemof derivingthe MA of  surfacepatches .
In computationaeometrythe pairwisebisector , i.e., the equidistansurfacebe-
tweena pair of models and , is computedfor all such pairs and the results
“trimmed” by removing thoseportionsof which arecloserto a third source
Figureda. Thisresultsin theexactMA, but is computationallyprohibitive. However,
notethatshockscanbe consideredas o wing alongbisectors.The shock o w begins
at certaininitial sourcesandterminatesat sinks. If the initial sourcesareidenti ed
andtraced,only the viable bisectorsare consideredthustremendouslyeducingthe
computationakffort, Figure4b. While in 2D the o w alongshocksis a 1D process,
in 3D, shocks o w alonga vector eld onasheet. A key insight, which reduceshe
underlyingdimensionof the computationakffort is that o w alongshockcurves(
and ) is sufcient to recover the MA exactly. Thisis becausell MA sheetsare
boundedby curves,andit is clearfrom eachcurve which two sourceggenerateesach
sheetbisector thusleadingto an exactidenti cation of sheetsFigure4c, if the shock
curvesareavailable.

Initial shocksourcedor curvesareidenti ed asfollows. Along and  curves,

and are the only initial sourcesrespectrely. Thus,it is sufcient to



identify and MA points and propagatealong and  curvesfrom
thesepoints until the curvescometo an end, which canonly happenat and
pointsfor  curves,andateither , or pointsfor  curves.The
recipefor continuingthe propagatioratjunctionsis alsostraightforvard: Shockcurves
enteringan  caneitherterminate( ), leavein asingle( ) or two ( )
outcomingbranchessimilarly, shockscanbe (with o wingin and
0 wing out), ,or . Thegeneralalgorithmfor ~ sourcesds thus
describedatanabstractevel assummarizedelow.

1. Identify all MA initial shocksources.

2. ldentify the next junctionby consideringntersection®f the and  curves
with neighboringshockwaves,andpropagatéhesefor eachsource.

3. If anoutcomingshockis available,usethejunctionasa sourceandgoto step2
(iteration).
4. Outputtheshockscafold graph.

Thedetailsof thisalgorithmfor extractingthe shockscafold of unorganizedcloudsof
pointscanbefoundin [15].

4 Unorganizedcloudsof points

In this paperwe only considershapesspeci ed by a collection of unomanizedpoint
sourcese.g., asthey arisefrom alaserscannerThebisectorfor a pairof pointsources,

and is aplanarsheetrthogonato theline joining
the sourcesand passinghroughtheir midpoint, - .
The point is the initial shocksource onthesheet , Figure4c,whichis

describedy theimplicit polynomial:

Similarly, for threepoint sources, and ,the  shockcurveis computed
astheintersectionof two shocksheets.Theinitial point of o w alongthis curve, the

point,isthecircumcenter , of thetriangle de ned by thethreesourceswhich
canbeef ciently androbustly computedn termsof theedgelengthsof thetriangleas,

where , , , and denoteghe areaof the

triangle.Next, for four pointsources, , , and ,the nodeiscomputedas
thecircumcenter , of thetetrahedonde ned by thefour sourcess,

where , , denoteghevolumeof thetetrahedronand , ,
and arede ned asfor thetrianglecase.
Finally, no  curvesor pointsarepossiblefor pointsourcesDetailedcom-

putationanalysis,including numericalcompleity and pseudocoddistings are pro-
videdin [15]. We notethatthe computationdor unomganizedpolygonalpatchesare
muchmoreintricatebut neverthelesgully computablg16].
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Figure5: The shockscafold is depictedfor collectionsof (white) dot samplings.(a)
Regular and (b) irregular samplingsof a sphericalcap. (c) Regular samplingon a
cylindrical sggment.

@ (b)

Figure6: (a) Inputsamplesandomlydistributedalonghalf-cylindrical sectiongshown
aswhite spheres) Darker spheresndicate and points. (b) Pruning:cutting
away initial curve shocksources and associatedranchedeadsto the central
axis.

5 Resultsand Discussion

We now presenexamplesfor dot samplef geometricallysimpleshapesi.e., spher
ical caps,cylindersand a parallelepipedaswell asfor dotssamplingof the surface
of an aortasection,a pot sherdanda full pot. An intrinsic challengein presenting
3D MA resultsis the visualizationof the results,which can be best seeninterac-
tively in 3D, andwe invite the readerto visit www.lems.brown.edu/vision/
researchAreas/Shocks3D/ , but which must be corveyed with 2D snapshots
here.

The rst setof examplesllustratestheeffect of grid samplingalongsphericakaps
andcylindrical sgments Figure5. Notethe correctplacementf points(grey)
which identify initial shockcurve sources.We only keepand shav thosecurve sey-
mentswhich areconnectedo valid  nodes.Thesecurvesalsopropagatdo in nity
(not shawn), but this is easily and explicitly detectedvia the circumcenterof asso-
ciatedshocknodes. In Figure 5athe regular samplingof a sphericalcapresultsin a
single atthespherecenterasexpected.n Figure5bperturbationglongthetangent



Figure7: Left to right: Initial samplepointson the surfaceof a parallelepipedfull
scafold; scafold with initial shockcurvesprunedaway.

Figure8: Left: bottompartof anaortascan(datafrom [29]). Middle: scafold without
theinitial curve shocksRight: simpli ed scafold afterusingthecombinedstructural-
salieng pruning.

spacekeepthis geometryintact. The shockscafold for a cylindrical segmentis shavn
in Figure5c, wherewe notethatthe “generalizedaxis” is readily visible. In Figure®,
randomlydistributed points (white spheresplongsectionsof a half-cylinder areused
asinput. Applicationof astructuralpruningstrateyy [26, 17] leadusto directlyretrieve
themainaxis of the original cylinder. Notethata signi cant goalin objectrepresenta-
tion is theapproximatiorof databy generalizeaylinder descriptionsvhich arehighly
symmetric.

While the rst setof examplessxamineghecorrectnessf thealgorithmfor simple
situationsthe next exampleexamineshe morecomplex geometryof a parallelepiped,
Figure7. Obsenethat pointsareplacedasexpected.Thisparallelepipedhasalarge
numberof degeneracies,e., overlapsof and  shockpoints.A largeportionof
thescafold is duetoinitial shockcurves(Figure7, middle). Remaing theinitial curve
shocksandtheir associatetinks revealstheinternalstructureof thescafold (Figure7,
right). Shocklinks with in nite o w velocity are alsoidenti ed. Furthermorethe
directionof o w of regularlinks is alsoavailableexplicitly (notillustratedhere).

In Figure8 we shav theresultof applyingthecombinedstructural-saliengpruning
[17] onthebottombranchingpartof the aortadata.Note thathere,we did not display
themedialstructuren betweerthetwo “legs”, by usingamaximumdistancecriterion,
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Figure9: Sectionthroughthe scafold of theaorta:(a) beforepruning;(b) after

Figure10: Left: original pot sherd,5000samplespbtainedirom alaserscannerThe
frontal (middle)andside(right) views of the shockscafold nodes.

thereforedisplayingthe scafold structureonly in thevicinity of theinputdata.

In Figure9, we show the effect of this pruningon a close-upof thetop-sectiorfor
the aortadataof Figure 8 (trans\ersalsectionwith respecto the aortas mainvertical
orientation seerfrom theside).Notethateachloop (in Figures8 and9) in thescafold
correspond$o ashocksheethyperlink).

Our last examplesare showvn for samplegaken from pottery excavatedat the ar-
chaeologicakite of Petra,Jordan. The samplesare obtainedvia laserscanning.The
prunedshockscafold (nodesonly) is depictedn frontal (b) andside(c) views. Results
for afull potis illustratedin Figure 11 wherewe overlapinput samplesandscafold
nodesthis pot hasa complex symmetrystructuredueto aneck,two handlesaholeat
the bottomandinput sampleon partof the internalsurfaces.Our useof skeletonsin
this projectaimsto singleoutthecurvesalongtheshockscafold asarepresentationf
the potsherd.Thelattercanthenbe matchedo othersherdsj.e., usedin the stitching
of sherdgo ultimatelyachieve automatiaeconstructiorof thefull pot[13].

In conclusionwe have presente@napproactio therecoseryandrepresentatioof
the 3D Medial Axis basedon the notion of a hierarchicallyorganizedshockscafold
andpresented speci c methodfor extractingthe shockscafold of a cloud of points.
The approachcombinescomputationalyjeometryand propagation-basechethods,is
exact, ef cient, applicableto unomganizedpoints[15] and surfacepatcheq16], and
resultsin agraphstructurewhich canbeusedin recognitionandmatchingapplications

[17].
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Figurell: Pointsampleg51 000)of afull pot(a)giveriseto theshockscafold nodes
in (b). Sourcesamplesarealsoshavn.
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