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Abstract

This paper givesan overviev of somerecentmethods
usefulfor local andglobalshapeanalysisandfor thedesign
of solids. Thesemethodsinclude as new tools for global
and local shapeanalysisthe Specta of the Laplaceand
the Laplace-Beltami Operator and the Conceptof stable
Umbilical Pointsi.e. stable singularitiesof the principal
curvatureline wireframemodelofthesolid'sboundarysur
face Mostmaterialin this paperdealswith theMedial Axis
Transformasatool for shapeinterrogation,reconstruction,
modi cation anddesign.\e showthatit appeasto bepos-
sible to constructan intuitive userinterfacethat allows to
mouldshapeemployingheMedial AxisTransform.\e also
explain that the Medial Axis and Voronoi Diagramscan be
de nedandcomputedaswell onfreeformsurfacesn a set-
ting where thegeodesidlistancebetweeriwo points ~ on
asurface isde nedbytheshortessurfacepathon join-
ing thetwo points . Thisleadsto the natural and com-
putablegenerlized conceptsof geodesicMedial Axis and
geodesicvoronoi Diagramon freeform surfaces Bothcan
be computedwith a reasonablespeedand with a high ac-
curacy (of about12 digitswhendouble oating pointarith-
meticis usedfor the computations).

1 Intr oduction

As the informationageis rapidly changingour modern
world, the relative contributions of different components
de ning our economiesare changingrapidly aswell. A
major part of economicvalue creationin our modernso-

1This was paperwritten while F.-E. Wolter wasa visiting professorat
MIT duringhis researcltsabbaticain thewinterterm1999/2000.

ciety is not given ary more by fabricatingsingle physical
objectsbut is createdwithin the context of informationex-
change An essentialnitial partof theeffort neededo fab-
ricate physicalobjectsis in the designprocessreatingthe
3D digital modeldescriptionof the object.

In the pastthese3D solid modeldescriptionsverepre-
sentedwith afairly restrictve shapevariety, by 2D - draw-
ings (blueprints). Today these3D solid objectsare typi-
cally describedwith CAD systemsausing digital datasets.
Heretherichestshapevariety canbereachedy solidswith
free form boundarysurfacesthat are typically de ned by
Non-UniformRationalB-Spline(NURBS)surfacepatches.
Consequentijthe most important and most fundamental
partof the value creationprocesgor 3D objectconsistsn
creatingthe digital 3D solid modelboundedby free form
surfaces.

2 Two Fundamental Problemsin Solid
Modeling

2.1 Approximate Shapeldentity

Thereexist severalbasicproblemsin the context we ad-
dresshere. The rst problemis to answerthe question:
Are two solid objectsthat are presentedo a computerized
systemn (perhapgompletely)ifferentrepresentationsp-
proximatelydescribinga solid objectwith the sameshape?
Hereoneof the objectsmight be describedwith patchesf
splinesor asasolidwith afacettecboundarysurfaceor even
by usingimplicit functionsfor partsof its boundarysurface!
One of the two solids might have beenscaled. In the end
we want to decideif the solids agreeapproximatelyafter
appropriatelyscalingor moving oneof themin space.This
checkfor approximateshapadentity is thenof coursealso



closelyrelatedto the problemto facilitateappropriatelythe
DataExchangebeweendifferentsystemsalescribingsolids
in differentwaysasindicatedabose employing e.g.implicit
functions, NURBS or facettecboundarysurfaces.
Thereforeit may be necessaryto nd an appropriate
practicalstandardasto exchangehe datadescribinga solid
beweendifferentCAD systemghatmayusecompletelydif-
ferentde nition standardssto describethe shapecf. the
optionsalreadyindicatedabove. For this we would have
to createapproximaterepresentationallowing corvenient
corversionmethods!This questionof approximatecornver-
sionis thenimmidiately relatedto the problemto nd ap-
proximationsusing a small numberof dataand satisfying
still certainaccuray requirementsThe latter problemcan
beviewedto belongto theareaof datacompression!

2.2 Intuiti ve User Interface to Mould a Rich
ShapeVariety of Solids

The other fundamentalproblemrelatedto the solid in
spaceis the developmentof appropriatemethodsto de-
sign shapein a way that can be perceved as humanuser
friendly allowing considerableshapevarieties and offer-
ing alsothe possibility to appealto humanintuition when
mouldingshape Hencethe systemshouldhave a niceintu-
itive userinterfacethatrelatesto the humanhapticinterac-
tion with shapewhenmouldingandperceving shape.The
latter featureis desirablebecausee.g. shapedesignerdor
the carindustrystill refuseto usecurrentCAD toolsto de-
sign shapeasthe CAD systemgat leastaccordingto the
requirement®f the designersylo not properlyallow a nat-
ural hapticperceptiorof the designedshape Hencedesign
practionergbeingusuallysensitve artists)until todaypre-
fer clay mouldingto designshapebecauséhe latter offers
anintuitive and naturalhapticfeedbackand control of the
designprocess.We as humanbeeingshaveto acceptthat
our haptic (tactile) analog interaction with the world is in
somesenseperhapsour mostdirect and fundamentain-
teraction with the world. Thehumanskinis a huge sense
organ perceivingtempeature, pressue, vibrations,rough-
nessrecanizingpalpablesymmetries;eca@nizing2D and
3D - (sculptued) shapestructues and mostimportantly
perceiving(andgiving) via humantouchingin themostfun-
damentalwaysaffection,love and consolation.It is gener
ally acceptedhatwithout perceving andgiving the latters
our humanexistencewould be miserableandempty

3 History of this Paper's Material

This paperwill discussandwill give anoverview (gen-
erally without proofs) of conceptsandresultsthataddress
bothfundamentatjuestiongpresentedborein 2.1and2.2.
However the main emphasiswill be on the secondsubject

discussingbackgroundand suggestingpossibilitiesof de-
signingshapeandsuggestingninterfaceoffering intuitive
designpossibilitiesresemblingshapemoulding Thetheo-
reticalconsideration®ehindthis paperre ect someimpor-
tantdirectionsof theleadauthors own researchduringthe
pasttwentyyears.As farasthe Medial Axis is involvedthis
papelis essentialljbasedn F.-E. Wolter'stheoreticabrad-
uateresearcloriginatingin histhesiswork onthecutlocus,
see[6] or evenearliersee[9]. In somemetasensehis by
now fairly old thesis[6] covers(thedif cult partsof) most
materialpresentedn [2], thelatterpaperis perhapsnainly
restatingthe specialEuclideanCasesof more generalre-
sultscontainedin [6]. Nonethelesslespitests theoretical
relevancefor this eld without the developmentof appro-
priateprogramsandvisualizationsystemsall thesetheoret-
ical considerations [6], [2] would have remainedmaybe
interesting,beautiful) but only theoreticalfantasies.How-
ever this changedvith the leadauthors arrival at the Uni-
versity of Hannover whenhe startedteachinggraphicsand
geometricnodelingcoursesn summerl995. Sincethena
considerablenumberof bright anddedicatedstudentshave
beenworking with him and helpedto put someof his old
(theoretical)visionsinto concreteprototypeprogramming
systemsproving that the theoreticalconsiderationsvould
indeed nally yield reasonabl@erhapsvenef cient algo-
rithms. Thereforethe materialsketchily coveredin this pa-
per re ects alsothe efforts of mary of F.-E. Wolter's stu-
dentsduring the pastfour years. Thosestudentshelpedto
develop the researchmostly throughcontrikutionsin their
mastetheseandsometimesn their seniorthesesThestu-
dentswho did work in the context of this paperwere O.
Sniehottawith hisseniorthesisandR. Kunze M. Baerwith
their mastethesesvork that nally leadto thecomputation
of geodesianedialcurves,geodesid/oronoiDiagramsand
the geodesidMedial Axis on borderedsurfaces.The latter
problemsposedcomputationadif culties thathadbeenre-
sistantagainstomputationaéfforts for quiteawhile. Most
intenselyinvolvedin particularin the efforts relatedto the
geodesidMedial Axis wasthe lead authors former Ph.D.
studentT. Rauschwhosethesiswork (amongother sub-
jects)wasdealingheavily with the analytical,geometrical
and numericalaspectf preciseand reasonablyfast dif-
ferentialequationmethodsusefulto computethe geodesic
Medial Axis (see[3] and[4]). In the Medial Axis research
in theEuclideanCasetherewereinvolvedO. Etzmusgwith
his seniorthesisfor the 2D-Curved-Boundarcase) P. von
Grumblow for 2D- and 3D solids with piecewise linear
boundaryandA. Howind whoin hismastethesisdiscussed
the subjectof modifying (anddesigning)a solid's shapeby
modifying the associatednaximaldisc radiusfunction de-
ned on the original Medial Axis. This researctideahad
rst beensubmittedby the leadauthorwithin afairly large
groupproposalto the GermanDFG in October1996. Un-



fortunatelythis proposaldid not getfunded. Consequently
someof the plannedresearchwasthendonenot as spon-
soredresearctbut within somemasterthesesrojects. As
aresultof thisP. v. Grumblow's andA. Howind's master
theseshaw thatconsiderabl@artsof theproposedesearch
ideaswould indeedwork out andthis paperherenow uses
mary of A. Howind's gures to illustratethis. Furthermore
relatedto the Medial Axis is alsothe masterthesisof the
lead author’s former studentA. Kaiserdiscussingcompu-
tationsof orthogonalprojectioncurves. A. Kaiserstudied
delicatesituationsthat arisewhencomputingon a surface

asurfacepoint nearesto agivenspacepoint when is
approaching curvaturecenterof thesurface .

Theprecedinglysketchedmaterialwasmainly relatedto
theMedial Axis in the Euclideanandin the GeodesicCase.
It will turn out laterthatthis Medial Axis materialwill al-
readycover all of the items mentionedin the title of this
paper However we shallalsobrie y sketchtwo additional
methodghatare“Local andGlobalGeometridMlethodsfor
Analysis, Interrogationof Shape”asit wasannouncedn
this paperditle. Thesetwo methodscanthenbeviewedas
methodssupportingthe treatmenbf thefundamentaprob-
lem 2.1describedabove).

Figure 1. Geodesics on awave like parametric
surface de ned by trigonometric functions

The rst of thoseadditionalmethodss relatedto more
recentongoingresearchusingalsowork containedin two
mastethesesnvestigatindhow the Spectrunof theLaplace
Operatoror how the Spectrunof the Laplace-BeltramOp-
eratorcould well be usedto analyseshapesimilarities. It
is theoreticallyknown that those Spectra(being Isometry
invariantsof the domainsor surfaces)mustagreefor two
surfacesif the two surfacesare congruentor even only
isometric,cf. [8]. Hencethis givesus herea necessary
criterium that must be ful lled if two surfacesare tested
for globalisometry For this researchsubject(as prelimi-
naryinvestigationsjwo mastertheseof F.-E. Wolter's stu-
dentsT. Howind and T. Altschafel arenow nished. T.

Howind treatsin his masterthesisplanardomains,while
T. Altschafel hasbeeninvestigatingthe spectrumof the
Laplace-BeltramOperatorfor someclasseof surfacesin
3D.

Figure 2. Geodesics emanating from a com-
mon point on an implicitl y de ned cubic sur-
face

The secondof theseadditional methodstesting shape
similarity hasbeendescribedanddiscussedvith mary de-
tails in a paperthat the rst authorwrote with his for-
mer (andcurrent)MIT colleaguesl. Maekava andN. Pa-
trikalakis, cf. [5]. Thatpaperconsidersstableumbilics as
afairly robustsurfaceshapefeaturecharacterizingstable)
singularitiesin a netof principalcurvaturelinesonthesur
face.If asurfacepatchis only mildly deformedthenthese
stableumbilicsoccuragainonthedeformedsurface.Hence
thosestableumbilics provide local or semilocal shapefea-
turesusefulto detect(or alsoto disprove) local similarity
betweensurfaceregions on differentsurfaces. One could
disprove local shapesimilarity of surface patchesf their
umbilical point structureglisagree!

The precedingretrospectie outline describingthe gen-
esisof this papers materialwithin the lead authors aca-
demicbiographyis not quite complete.During theleadau-
thor's tenureat PurdueUniversity 1987-1989 he pursued
as sole principal investigatora researchproject supported
by the Army ResearclOf ce (GrantDAAL-03-88-K0186).
Outof thatprojectcalled“Pr oject Riemann” camean (au-
tonomous)programmingsystemwith the following capa-
bilities: A usercouldinputinto the systemexpressiongle-

ned by elementaryunctionsdescribingsurfaceseitherim-

plicitely or parametrically Thenthe systermwould perform
rst symbolicand nally numericalcalculationghatwould

computesurface geodesicqstartingfrom a given surface
point), cf. gures 1-3. The systemcould also compute
curvatureline wire frame modelsof surfaceparts(seethe
darkgrey linesin gure 3). The systemwould alsovisual-
ize thecomputedyeodesicandcurvaturelines. In summer
1988underthe lead authors guidanceand supervisiorthe
programmingof the projectRiemannsystemwas doneby



a group of enthusiasti@ndtalentedmostly undegraduate
(sophmore)studentsat PurdueUniversity Thatgroupin-
cludedB. JohnsonJ. Lambers,S. Cutchin, S. Goehring,
and T. Hausmanrthe latter as a masterstudent.Figure 1
shaws a result computedby the ProjectRiemannsystem
displayinggeodesicemanatingpn awavelik e surfacefrom
acenterpoint. It appeasthatin 1988-(in thosenowsome-
what early daysof computationalsurfacegeometry)-the
Project RiemannSystenwasthe r st program systenpro-
vidingall theaforementionedapabilities.Figuresl-3have
beenpreparedy the rst authors studentA. Kaiseratthe
WelfenLaboratoryusingthe “ProjectRiemann”code.

Figure 3. Hyperboloid

After thisretrospectietheleadauthorwantsto saythank
youto all the student$heworkedtogethemith onresearch
projectsduringhisacademicareer Thenamedistedabove
presenbnly a partof thosestudentsit hereonly acknawl-
edgeghe studentsasfar asthey wereinvolvedin work re-
lated to the generalsubjectof the currentpaper It may
be noticedasinterestingthat the vastmajority of students
involvedin therelatedresearctprojectswereeitherunder
graduateor masterstudents. Hencethis researchresulted
from actuvities that could be understoodas part(s) of ad-
vancedundegraduatesducation Thisis no coincidencée-
causeit re ectsthe lead author's beliefthat ultimatelythe
best,mostintenseandreally lasting learningis donewhile
doingreseach i.e. while inventing seeing undestanding
discorering somethingoriginal. Thereasonfor this may
be the universal very humandesite to be and to do some-
thing uniqueand lasting and gain (unique)identity with a
lastingimpactbeyondour physicalexistencefromthis. At
leastin somewayseverybodyappeasto havesomeartistic
desiesand someexploring mind. Thereforeaccordingto
the leadauthors experiencewhenever studentsensedhat
they were exploring completelynew roadsand ideasand
solving new challengingtasksthat hadresistedagainstre-

searchefforts thenthe studentscould develop tremendous

enegy, curiosity, enthusiasnand patiencethat they could
notdevelopeasilywhenworking onroutineproblems.

4 Two Methods for Shapelnterr ogation and
Classi cation

We startwith a shortdescriptionof a global methodto
testsimilarity of surfaceshapesemploying Eigervaluesof
the LaplaceOperatorand the Laplace-BeltramiOperator
Hencethiswill suggesainapproacho treatthefundamental
problem2.1.

4.1 The Laplace-Beltrami Operator for Surfaces

In orderto avoid morelengthydescriptionsve usesim-
pli cations thatarenot alwayscompletelyprecisein order
to explain therelevantconcepts.Let  be a surfacepatch
presentedy a twice continuouslydifferentiableparamet-
ric map de ned on a simply connectecplanardo-
main  with smoothboundarycurve . More generalwe
mayrequirethat full lls theconditionthatevery pointin

hasan openneighborhood in  suchthat canbe
mappedwith anin nitely oftencontinuoushdifferentiable
diffeomorphisnmontoa corvex setin the plane;(ann-times
continuouslydifferentiablediffeomorphismmust have an
inversemappingbeingn - timescontinuoushyifferentiable
aswell).

In orderto de ne theLaplace-BeltramDperatomwe need
to introducesomenotationsfrom differentialgeometry We
needthe rst fundamentatensormatrix whoseelements

are de ned by the inner productsof the partial
derivativesof thesurfaceparametrization . Introduc-
ing now the subsequenmotationswill be cornvenient. For
this we alsoassuméelow that

is an in nitely often continuouslydifferentiablefunc-
tion.

Furthermorehe coefcient functions

arecalledChristofel Symbolsthey canbe expressedn
termsof the element®f the rst fundamentatensormatrix
andits derivativesonly, see[7].

Now we cande ne the Laplace-BeltramiOperatorasa
differentialoperatorassigningo afunction



thesubsequentlge ned function:

By this we obtaina linear Operatorde ned sayon the
vector spaceof in nitely often differentiablereal valued
functionsthatarede nedto be zeroon theboundaryof the
domain It is well known that the Eigervaluesof the
Laplace-BeltramiOperatorare all not negative and yield
the samevaluesfor two surfaces that are isometric.
Isometricmeansthereis a diffeomorphismfrom  to
thatmapsevery smoothcurve onsurface ontoanequally
long curve on . This “Laplace-BeltramiOperator(spec-
trum) conceptworksfor closedsurfacesaswell! Clearlyif
two solidsarecongruenthentheir boundarysurfacesmust
beisometricandhencetheir Spectra(collectionsof Eigen-
values)of theirrespectie Laplace-BeltramDperatorsnust
agree.For planarsurfacepatchegbeingisometricto planar
domains)the generalLaplace-BeltramiOperatorbecomes
the classicalLaplace Operator Investigatingclosedsur
facesit would be desirableto computethe Spectrunof the
3-dimensionalLaplace Operatorwith respectto the solid
bodyin the 3-dimensionaEuclidearspace.

Looking at a variety of samplesurfacesour preliminary
investigationscontainedn the masterthesisof A. Howind
and T. Altschafel (dealing especiallywith the Laplace-
Beltrami Operator),indicate that those spectraappearto
shav promiseto beusefulfor theconstructiorof new shape
invariantshelpful to analyseshapesimilarities. For doing
the actualcomputationof the Eigernvaluesonewould usu-
ally work with a variationalform of the given Eigervalue
problemstatedabovein its partial differentialequatiorver-
sion. Hencewe have treatedthe given Eigervalueproblem
in its equivalentvariationalform (evaluatingintegrals)em-
ploying Finite Elementmethods.

4.2 Umbilical Points and Curvature Line Wire
Frame

We considersolidswith a regular curvaturecontinuous
boundarysurfacei.e. the boundarysurfacecanbe locally
representetby surfacepatcheshaving (at least)twice con-
tinuously differentiableparametrizationsvhose Jacobians
always have ranktwo. Any boundarysurfaceof the solid
canberepresentetly a wire framemodelbuilt by (orthog-
onal)familiesof principalcurvaturelines,shovnin gure 4
(seealsothegrey linesin gure 3). This wire framemodel
is intrinsic to the surface(point set). This meanst is inde-
pendenbf thechosen(local) parametrizatiorf thesurface
thatmightbeusedio computethecunvatureline wire frame.

Figure 4. Curvature lines and two umbillics
indicated by dots on an ellipsoid

Genericallythis curvatureline wire framesurfacemodel
is built by rectangulameshes However theredo typically
exist alsosomeexceptionalpointson the surfacewherethe
otherwiserectangulamwire frame structureis violatedi.e.
herethe wire frame hassingularites(see gure 4, the two
strongdots). Thesespecialsingularpointsare umbilics of
thegivensurfacei.e. atanumbilical point all normalcur-
vaturesagreefor all tangentdirectionsat the surfacepoint

. (If aclosedsurface is homeomorphid¢o a spherethen
it follows from a topologicalargumentthat must have
at leastone umbilic.) One could also say that the mini-
mal andmaximalprincipal curvatureat anumbilic agreeor
equivalentlyevery tangentdirectionat anumbilic is a prin-
cipal curvaturedirection. A principal curvaturedirectionat
apoint canbede ned asatangent(angular)direction
(atthe givenpoint ) wherethe normalcurvatureassumes
a local extremumwhen comparedwith normal curvatures
at p that correspondo angulardirectionscloseto . The
cunatureline patternnearan umbilic hasbeenclassi ed
into differenttypes. Thereonly exist threedifferentstable
typesof umbilics wherethe curvatureline patternwill re-
mainstable(unchangedvith respecto smalldeformations
of thesurface!

Thosethree stableumbilics are star, monstar, lemon,
seeeg. Maekawa, Wolter, Patrikalakis1996in [5]. The
threecharacteristicurvatureline patternin aneighborhood
of the respectie stableumbilic are describedn the three
subsequengures, adaptedrom [5]:

Figure5: Left imagea star, right amonstarumbilic, both
have threecurvaturelines passinghroughtheumbilic. The
threetangentdor the threecurvaturelines passinghrough
the umbilic in the monstarcasearecontainedn aright an-
gle. They arenot containedn aright anglein the starcase.

Figure 6 shovs anumbilic of lemontype. Thereis only



Figure 5. Star and Monstar Umbilic

onecunvatureline passinghroughthis umbilic.

We now obsene the following characteristiproperties:
Threelinesof curvaturearepassinghroughumbilicsof star
and monstartype, cf. gure 5, while only one curvature
line is passinghroughanumbilic of lemontype,cf. gure
6. The criterion distinguishingthe starandmonstaris that
for themonstarcasethethreetangentinesof the curvature
lines passingthroughthe umbilic are containedin a right
anglewhile in the starcasethey arenot, cf. gure 5.

Figure 6. Lemon Umbilic

If two curvaturecontinuouslyclosedsurfaces and
areobtainedfrom eachotherby deformationgbeingsuf-
ciently small)thenthe stableumbilics on both surfacescan
be matchedn oneto onecorrespondencefFurthermoren
the genericcasei. e. if thereareonly stableumbilics on
bothsurfaces and thenit is possibleto nd appropriate
curvatureline wire frame modelsfor both surfaces and

that canbe alignedand matchedquite well. Hencewe
herehave conceptandmethodgshatarequiteappropriatdo
support‘testsfor local andglobalapproximateshapeden-
tity of solid objects” contributing to treatthe fundamental
problem2.1.

4.3 Medial Axis Transform asBasisfor Shapeln-
terr ogation and Intuiti ve Design

In this paperwe suggestonceptdor an interfacewith
anintuitive designcontrolresemblingshapemouldingem-
ploying the Medial Axis Transform. Thereforewe have to
explaintheMedial Axis Transformrst andwe alsowantto
discussandshawv thatthe Medial Axis Transformis a nat-
ural tool to characterizeshapefeaturesof a solid body in
space.The importanceof the Medial Axis may have been
conjecturedrst by the late H. Blum whosepaper[1] tries
to explain in heuristicalwaysthatthe Medial Axis should
be of interestin the context of biologicalshape.

De nition (Medial Axisand Medial Axis Transform):
The Medial Axis of a solid in the n-dimensionalEu-
clideanspaceis a subsetf  containingall pointsbeing
centerof a disc of maximalsizethat ts in the solid D. We
associatevith the Medial Axisof a domain themaximal
disc radius function, assigningto a Medial Axis point
theradiusof the maximaldiscwith center . WWe assumen
theMedial Axiscasethat is closedandthattheboundary

of isatopolagical (notnecessarilconnectedhyper
surfaceof the EuclideanSpace The Medial Axis together
with theassociatednaximaldiscradiusfunctionconstitute
theMedial Axis Transform of a solid

An exampleof the Medial Axis of adomain is shovn
in gure 7 from theseniorthesisof the rst authorsformer
studentO. Etzmuss.

To simplify the matterswe shall generallyassumegun-
lesswe sayotherwisethatthe boundaryof thesolid is cur
vaturecontinuous.e. thatit canbe parametrizedocally by
a regulartwice continuouslydifferentiablefunction whose
rst derivative hasmaximalrank. (Thereare mary possi-
bilities of relaxingthesecurvaturecontinuoussmoothness
assumptiongor the boundary see[2].) We considerhere
in particulartwo classe®f solidsi.e. thosewherethe solid
is 2- or 3-dimensionalhencethe solid's boundarymay be
built by arcsor surfacepatches.

Figure 7. Medial Axis



Figure 7 shows for a 2D-solid the Medial Axis whose
boundarypoints are the four startverticesof medial arcs.
TheMedial Axis in this gure is built by ve medialarcsof
which four have boundaryertices.

Figure 8. Medial Modeler

Figures8, 9 and 11 are adaptedirom the rst authors
studentA. Howind's mastetthesis.Figure8 shavsacollec-
tion of maximalspheregontainedn thesolid. Figure9 and
later gure 11depicttheboundarycurve of theMedial Axis
of the 3D-solidwhoseboundarysurfaceis partly shavn in
gure 9andin gure 11by partsof sphericataps.TheMe-
dial Axis of thissolid hereonly containsonemedialsurface
patch. All the points of the medial surfaceare centersof
maximalsphereshatstill t into thesolid,cf. gure 8.

Figure 9. Medial Modeler

Assumingcurvature continuousboundaryof the solid,
the Medial Axis will not have points that accumulate
denselyin some open subsetof the ambient Euclidean
space,see[2]. Under practically reasonableassumptions

thatthe surfaceboundanyis sayde ned by splines(or more
generallyby piecavise polynomialor real analyticor even
piecewise analyticfunctions)it canbe shovn thatthe Me-

dial Axis is asemianalyticsetthatcanbede ned usingzero
setsandsubzercsetsof realanalyticfunctions. The Medial

Axis canherebe locally assembledy partscontainedin

nitely mary zerosetsof analyticfunctions. Thosefunc-

tions (often) arisefrom the conditionthat (generically)the
Medial Axis canbeassembletbcally by a nite numberof

medial setscontainingpoints beingequidistantial to two

appropriatelychosen(disjoint) boundary arcsor surface
patches containedin the solid's boundary This implies
roughlyspolenthatunderpracticalassumptionthe Medial

Axis is (generically)built by a nite unionof arcsor (usu-
ally bordered)medial surfacepiecesthat canbe computed
numericallyif they arenottoo mary.

In orderto statethe precedingand the subsequente-
markson the analyticalstructure(zero-sesstructure)of the
Medial Axis mathematicallypreciselyand completelyone
would have to presenta longerdiscussiorcontainingmore
formal elements. We have chosena simpli ed (not quite
completeand correct) descriptionassumingstill real ana-
lytic boundaryfor the solid.

Computation®f the Medial Axis arealsopossibleif the
boundaryis not curvaturecontinuousbut e.g. givenby pla-
narfacets FigurelOillustratesthis situation.

Figure 10. Medial Axis Structure indicated for
a three dimensional Torus

Figure 10 is adaptedrom the masterthesisof the lead
authorsstudent?. v. Grumblow. This thesisdealswith de-
velopinganalgorithmandaprogramthatcouldcomputethe
Medial Axis of asolid objectboundedy planarfacets Fig-
urelOillustratesheMedial Axis of a3D-torusbeingasolid
with a (topological)torus boundarysurface. This solid is
createcby removing anopenrectangulasolid from a solid
cube.TheMedial axisis generallyde ned asthesetof cen-



tersof maximaldiscsthat t in the solid. The Medial Axis
of 3D-Solidsis typically built by a union of smoothbor-
deredmedial surfacepieceswith smoothboundarycurves.
Figurel0depictstheboundaryedgesandboundaryertices
of somesmoothmedialsurfacepieces(the union of which
yieldsthe Medial Axis).

Now we returnto the casewherethe solid's boundaryis
cunaturecontinuous Herethe boundarypointsof the Me-
dial Axis i.e. pointsthatare containedn the boundaryof
only one medial surfacepiece(3D-solid case)or only one
medial arc (2D-solid case)are given by points being cur-
vaturecenterswith respecto appropriatdboundarypoints.
Herein the 2D-solid casearny Medial Axis boundarypoint
is a curvaturecenterof the solidsboundarycurve at a point
wherethe boundarycurvatureattainsa local maximum. In
the 3D-solid caseboundarypoints of the Medial Axis are
givenby curvaturecenterswith respecto theminimal prin-
cipalcurvatureradiusof theboundarysurface thelattercur
vatureradiusfunctionevaluatecattheappropriatdooundary
points.Letusassuméhatin the3D-solidcasesomebound-
ary pointson a medialsurfacepatcharegivenby a curve
(cf. gure 11). Thentypically the (minimal) curvaturera-
dius function hasa local minimum whenthis radiusfunc-
tion is restrictedo anysinglesurfacecurvethatcrosseghe
projectioncurve orthogonally, cf. gure 11; herethe
projectioncurve is obtainedasan orthogonalprojec-
tion of ontotheboundarysurfacei.e. every point of
is joined via the surfacenormalto its correspondingmin-
imal radiuscurvaturecenter)pointon . It is not dif cult
to prove, thatthe curve is @ minimum principal cur-
vatureline on the solid's boundarysurface. The aforemen-
tionedfamily of orthogonakurveshastangentiadirections
at pointson being maximumprincipal curvaturedi-
rectionsof thesolid's boundarysurface.

As alreadyindicated,the precedingstatementsan be
understoodmore easily by looking at the illustrating g-
ures7 and 11. All the boundaryverticesof the Medial
Axis in gure 7 correspondo local curvature maximaof
the boundarycurve. Figure 11 shovs somesphericalcaps
beeingpartsof the solid's boundarysurface. It alsoshowvs
theboundarycurvesof theMedial Axis of thesolid depicted
bytheclosedcurvein the gure. ProjectingheMedial Axis
boundaryedge onto the boundarysurfaceyieldsa maxi-
mum principal curvatureline

Thefollowing resultshovs why the Medial Axis is in a
topologicalsensdundamentafor the shapeof a solid asit
essentiallycontainghe Homotopy typeof asolid becausé
is adeformatiorretractof the solid. We have thefollowing
result,from [2]:

Topological ShapeTheorem of the Medial Axis:
TheMedial Axis containsgheessencefthetopolog-
ical typeof a solid

Figure 11. Medial Modeler

Let be - smooth(or let be 1-dimensonahnd

piecavise - smoothwith ) Thenthe Medial Axis

is a deformationretract of  thus hasHo-
motopytypeof

The proof of thistheoremshowsthatit is possibleto de-
ne aHomotopy asexplainedbelow thenext gure
describingacontinuousieformatiorproces®f thesolid
This deformationprocesds dependingon the time param-
eter . The deformationstartswith the solid beingin the
gure arectanglewith a circularhole. During thedeforma-
tion pointsaremovedalongtheshortessegmentsstartingat
thesolidsboundary  until the segmentsmeetthe dotted
Medial Axis. Theshortessegmentsareindicatedoy arrovs
in gure 12,

Figure 12. Deformation retract

Homotopy

suchthat

with

De nition of the Homotopy:



denoteghe function describingthe distancebe-

tweenvariablepoints describeghe gradi-
ent of the distancefunction is de ned as
point wherethe extensionof a minimal join from to

meets

5 Geodesic Medial Axis and Geodesic

Voronoi Diagrams

Figure 13. Shortest geodesic joining two sur-
face arcs

So far we have beendiscussinghe Medial Axis in the
EuclideanCase.In orderto de ne the Medial Axis we need
to beableto computea distancedisc with center
andradius . containsall points thathave a dis-
tance notlargerthan tothepoint . Duringthelast
yearswe could show thatit is possibleto alsocomputethe
Geodesidviedial Axis andGeodesid/oronoiDiagramsna
freeform surface , se€[3], [4]. They arede ned like their
Euclideancounterparts.However now the distance
betweentwo surfacepoints is givenby a shortestsur
facepathon joiningthepoints and . Thisshortespath
givesthe (minimal) geodesiqsurface)distancebetween
and . Thepathmay not be a EuclideanSegmentbecause
the latter may not be containedn the surface . Figurel3
is illustrating a relatedexample. This gure shawvs a sur
facecurve whoselengthyields the minimal geodesiddis-
tancebetweenary two points containedin the (different)
setsjoinedby thecune. It is adaptedrom thedoctoralthe-
sisof theleadauthors studenfl. RauschThis gure shavs
two curves(pointsets)onasurfacethatarejoinedby amin-
imal possiblesurfacepath. Thelengthof this pathgivesthe
shortestdistanceon the surfacebetweenary two pointsin
thetwo setsthatarejoinedin gure 13.

Figure 14 is adaptedfrom the lead authors studentT.
Rauschdoctoralthesis. It shavs a systemof closedcurves
beinggeodesicircles. Eachof thosegeodesicirclescon-
tainsonly pointsthathave thesamegeodesidistancdo the

Figure 14. System of Geodesic Circles

center

All the gures 1-3stemmingrom projectRiemanncode
shav systemsof geodesicon surfacesemanatingfrom a
commonpoint. Geodesicarede ned assolutionsto certain
secondlifferentialequatiorsystemsAll surfacecurvesbe-
ing shortesgoints of their endpointsaregeodesicsHence
computinggeodesicss importantin orderto computea
geodesiccircle with center and given radius . This
geodesicircle containsall theendpointsof all shortessur
facepathsfrom to ary surfacepointif the pathhaslength

, cf. gur 14andcf. also gures 1-3.

Geodesicsare locally shortestsurface curves. This
meansa sufciently smallsubaroof ageodesids ashortest
surfacepathjoining theendpointsof thesubarc A geodesic
(beingalocally shortessurfacepath)maynotbethe(glob-
ally) shortestconnectiorof its endpointsascanbe seenby
taking a geodesicircular arc on the unit spherethat starts
atthe southpoleandendsshortly after passinghroughthe
northpole. Any geodesiwill only betheshortesfoint of its
endpointsuntil it intersectswith anothergeodesigoining
the sameend points. This happendn gure 1 wheretwo
geodesicemanatingrom the sameinitial point intersect.
Both of thoseintersectinggeodesicsre not shortesjoints
betweertheir commonstartpointandary pointonthe path
thegeodesiwill meetafterpassingheintersectiorpoint.

5.1 GeodesidVliedial Curveson FreeForm
Surfaces

A basic element for the computation of Geodesic
Voronoi Diagramsas well as for the computationof the
GeodesidMedial Axis will be the computationof medial
curves. Thoseare curves containingonly points being
equidistantialto two given surfacecurves. Equidistantial
hereis understoodvith respecto the geodesidistanceon
the surface. The Figure 15 shows sucha medialcurve that
containsonly pointsbeinggeodesicallyequidistantialwith
respecto bothof thetwo neighboringcurve pointsets! The
methodsfor computingsuchcurvesare explainedwith de-
tailsin [3].



Figure 15. Geodesic Medial Curve

5.2 Geodesicvoronoi Diagrams

Figure 16. Geodesic Voronoi Diagram on a
wave like surface

Figures16, 17 and18 shav geodesid/oronoi Diagrams
on surfaces,cf. [4]. The GeodesicVoronoi Diagramare
de ned with respectio the nite pointset (givenby the
blackdots)onthesurface . Any of thosegeodesid/oronoi
Diagramsaregivenby theblackedges Eachof thoseedges
consistsof pointsthat are (geodesically)equidistantwith
respecto two (speci ¢) pointsof the discreteset . Here
the geodesiadistancebetweentwo given surfacepointsis
de ned by the minimal lengthof all surfacecurvesjoining
thetwo givenpoints.As in the Euclideancasethe geodesic
Voronoi Diagrampartitionsthe surfaceinto separatepen
domains.Eachof thoseopendomainscontainsexactly one
point of . Togethemwith , therespectie opendomain
containsall surfacepointswhosegeodesidistanceto is
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Figure 17. Geodesic Voronoi Diagram on a he-
licoid

smallerthanto ary otherpointin theset . The edgesof
the geodesicvVoronoi Diagramare built by medial curves
containingpointsthatareequidistantialvith respecto two
given points (or equivalentlyto two small geodesicircles
both of somesmallradius ). This explainswhy for this
computationve canusethe previousexperiencefrom com-
putingmedialcurves.

Figure 18. Geodesic Voronoi Diagram with a
proximity region bordered by only two edges

5.3 GeodesidViedial Axes

The picturesleft andright in gure 19 shov geodesic
medialaxes. They areadaptedrom the mastetthesisof the
rst authors studentM. Baer Those gures illustratethe
tree-like structureof the geodesiaMedial Axis on curved
(simply connectedyurfacepatchesseealso gures 20 and
21thatareadaptedrom M. Baer's mastetthesis.Theshape



Figure 19. Geodesic Medial Axis

of thesepatchesesemblghatof hilly landscapesThedark
curvesdepictboththe boundarieof thesesurfacepatches,
andthegeodesianedialaxesthatherearetopologicaltrees.
In analogyto the Euclideansituation every point of the
geodesidMedial Axis on a borderedsurface is the cen-
ter of ageodesidiscof maximalsizethatis still contained
in . Onary surface ageodesidisc with cen-
ter andradius containsall pointson whose(minimal)
geodesidistancdo is smalleror equalto . Theminimal
geodesidistancebetweentwo points and onasurface

is de ned by the minimal lengthof all curvesin  that
join and .

Figure 20. Geodesic Medial Axis of abordered
subsurface of a NURBS surface patch

5.4 Computational Concepts, Accuracy and

Speed

The essentialparts of Voronoi Diagramsand Medial
Axesarebuilt by curve arcsbeinggeodesianedialcurves.
Numericaltestsandcomputationaéxperimentsdonein the
context of [3] andfurtherstudiesdonelaterin O. Sniehottas
seniorthesisandvarioustestdonewithin the contet of R.
Kunzes masterthesisandlaterresearcldoneat ourlabin-
dicatethat with our methodsit appeardo be possibleto
computethe medial curve with a positionalaccurag of

when all the involved computationsare donewith
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Figure 21. Geodesic Medial Axis of abordered
NURBS surface patch

doubleprecision. Our fastesttomputingmachineusedfor

thesecomputationsvas an SGI Octaneequipedwith two

MIPS R10000processorg250 Mhz) - of 1998 meanwhile
being consideredas fairly slow - would computemedial
curves(dependingpn their length)within lessthan15 sec-
ondsandwould computea completeVoronoiDiagram(de-
pendingon the numberof points involved) within a few

minutes. Most computationsdone for the Voronoi Dia-

gramstook placein 1997 and were done on a machine
muchslower thanthe Octanepurchasedor our laboratory
in 1998.

The computationdor the GeodesidVedial Axescould
take several minuteson the Octanedependingon the num-
berof edgeghatthe Medial axistreewould have. It should
be saidthatthe usedalgorithmswere not completelyopti-
mizedneitherwastheirimplementationAll thealgorithms
appliedin this context useddifferential equationmethods
for computingmedialcurves.In thiscontext it wasalsonec-
essaryto employ differentialequationmethodsasto com-
putetangentvectorsof geodesioffsetcurves.

A geodesicoffset on a surface is de ned with re-
spectto somegiven parametrizegrogenitorcurve on
the surface . A geodesimffsetwith geodesiaistance
from the progenitorcurve is given by a curve
whereeachpoint is an endpoint of a geodesicon

that startsat point with aninitial directionorthogo-
nal to the progenitorcurvestangent . The orientation
of the aforementionedtarting directionsof the family of
geodesicsnustbe chosenconsistentlysuchthat the curve

(or moregenerathe function ) will be-



comea continuousfunction. To shov the latter continu-
ity propertywe alsousethe factthat the endpointsof the
geodesicareobtainedby solvinganinitial valueproblem.
Thisinitial valueproblemyieldsthe geodesicsssolutions
of the geodesidifferential equationsystemrequestingas
input the geodesicstartingpoint andstartingvector Both
initial dataare obviously continuouslydependenbn the
progenitorcurves parameter. Employing the latter con-
tinuity it is a standarcconsideratiorio prove thatthe offset
function will becontinuous.
Takingthebisectorof two tangentvectorsof two appro-
priately chosenintersectinggeodesicoffsetswill give the
medialcurve'stangentvectorbecause¢he medialcurve can
be viewed as curve (locus) where appropriatesystemsof
geodesioffsetcurvesintersect(see gure 22).

Figure 22. Two systems of offset curves inter -
secting on a medial curve

Thefactthatourimplementationsverenotyetoptimized
combinedwith the increasedspeedof modernprocessors
indicate that nowadaysas of June2000 the computation
timefor VoronoiDiagramsandMedial Axescanstill besig-
ni cantly reduced.This improvementmight easilymeana
factorof 10 whencomparedvith the computation®f 1996
or sowhen[3] cameout.

6 Practical Applications

6.1 ShapeReconstruction and Design using the
Medial Axis

Thefollowing considerationshav thatthe Medial Axis
Transformi. e. the information containedin the Medial
Axis andin the maximaldisc radius functioncanbe used
to reconstructhe shapeof the solid simply by building the
union of the maximaldiscsasto reconstructhe solid re-
constructiortheorencf. [2]. Thiswill alsogivethesolid's
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boundarysurfaceconstructedas an ernvelopesurfacewith
respecto the maximaldiscsasindicatedin the gures 23
and25 below. It is obviousthatkeepingthe Medial Axis of
asolid x edandmodifying the maximaldisc radiusfunc-
tion slightly will changehe solid's shape.

Reconstruction Theorem: Assume is asolidin
with a closedtopological -dim manifold. If for
theMedial Axis andthemaximalradius function

1)

aregiven,thenwe canreconstructhesolid namely

(2)

with
radius

beeinga closeddiscwith center and

T

Figure 23. Representing a solid by a union of
maximal discs

6.2 ShapeDesignby Modifying the Radius
Function r(x)

M

Figure 24. Design (modications) based on

the Medial Axis Transform

Obviously keepingthe Medial Axis x edandmodifying
themaximaldiscradiusfunctionr(x) will changehe Shape
of the solid asindicatedin gure 24. Clearlymild uniform
growing of theradiusfunctionwill resultin a globalfatten-
ing of the shapewhile decreasinghe radiusfunction will



give a global thinning of the shape.The boundarysurface
of thesolid (correspondingo thegivenMedial Axis andthe
givenmaximaldiscradiusfunction)arede ned by theernve-
lope curve (envelopesurfacerespectiely for 3D Solids)of
the family of maximalspheresThis hasbeenknown since
longtime, cf. [1] andseethe gure below adaptedrom the
rst authors studentA. Howinds masterthesisshaving a
family of circles. Theernvelopecurve of thosecirclesis the
boundaryof the 2D-solid in the plane. The centersof the
maximal circles (discs)are locatedon the Medial Axis of
the2D-solid.

Figure 25. Design (modications) based on

the Medial Axis Transform

Assumethat the Medial Axis curve (or surface)is pre-
sentedlocally by a parametrizingfunction having a
continuousderivative 1. Thenit is possibleto com-
pute very rapidly the contactpoints of the maximal disc
with the envelope surface (being the solid's boundary)if
at someMedial Axis point the derivative (informa-
tion) andthe value of the maximaldisc radiusfunc-
tion aswell asthe derivative areknown. This
allows to constructmodelingsystemshatrespondanddis-
play in realtime preciselythe completeresultsof modi ca-
tionsof themaximaldiscradiusfunction. In thiscontextit is
possiblethat a designerindicatesa location on the solid's
boundarysurfacewhele modi cation (slimmingor fatten-
ing) is desiable and the systenwill respondin real time
displayingthe new solid's boundarylocally and globally
with the requestednodi cation, cf. gures?24, 25 and 8.
Anintuitive userinterfaceimitating somefeatuesof shape
mouldingshouldprobably operate in an analag way sud
thatthecontol overthemaximaldiscradiusfunctionmight
be exercised by performing pressue i.e. squeezingsome

1TheMedial Axis couldbegivenalsoby animplicit functionthenmod-
i ed methodswvould work aswell.
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kind of mouseball. The subsequentgures adaptedrom
A. Howind's masterthesisindicatein a prelimarystudythe
resultsof modelingefforts basedon the conceptsoutlined
above. Certainlyit would be desirableto incorporatemary
more(mouldingrelated)featuresnto thesystemsuchasre-
moving of the solid's materialasto make the solid thinner
This canbe doneaswell employing the precedinglyout-
lined geometricconcepts.Someavhat moredif cult would
be to integratemore complex shapemodi cation features
into the systemsuch as changingthe shapeby attaching
new medialarcs(or surfacepieces)asnew branchego the
Medial Axis cf. 7. Doing this would be importantasto
allow major shapechangesrom the original solid within
the presentedjeometricconcept.Onewould have to make
arrangementthatthe systemautomaticallyblendstogether
nicely the old parts of the solid and Medial Axis (where
little hasbeenchanged)with the new drasticallymodi ed
partsof the solid andthe Medial Axis. Thelatter modi ca-
tion andblendingproblemswill becomesvenmorecompli-
catedwhenthe solid is supposedo changedrasticallythe
homotoyy typesaye.g.becaus®newantsto haveaholein
thesolidimplying a holein the Medial Axis becaus®f the
topologicalshapeheorem(seealso gure 12).

Thefollowing gure 26 from A. Howinds masterthesis
shav a simple prototypemodeleroffering shapemodeling
designfeaturesemploying alsoradiuscontrol of the max-
imal disc radiusfunction. The variouslittle circlesin the
gure indicatevaluesof the discradiusfunction.

Figure 26. Medial Modeler

Thenext gure 27 shawvs designpossibilitiesof the sys-
tem in detail modifying a solid initially chosento be at
by startingwith a Beziertype medialsurfaceof rectangular
shapeastheinitial Medial Axis controlpointsarechoserto
be (uniformly) distributedin aplane.Similiar to thepreced-
ing gure thelittle circlesin this gure indicatethe values
of thediscradiusfunction.



Figure 27. Medial Modeler

Finally thelast gure 28 shavs two solidswherethera-
dius functionshave beengrowing too much suchthat we
have sel ntersectionsf the solids. This mustbe excluded
by geometriccriteria providing critical boundsfor the ra-
diusfunction.

Figure 28. Selnter secting surfaces sup-
posed to create a solid' s boundar y

7 Conclusions

In this paperwe gave anoverview of resultstreatingtwo
fundamentaproblemsn SolidModeling. The rst problem
2.1 wascalling for methodsandcriteria checkingapproxi-
mateshapedentity of solids. For this purposewe sketched
two methodsA globalmethod4.linvestigatingshapesim-
ilarity by comparingspectraof the correspondind.aplace
Operatorghat appearto offer a systemof interestingnew
shapeinvariantsbasedon the fact that isometric surfaces
andsolids musthave the samespectra. The othermethod
4.2 employed the curvatureline wire frame surfacemodel
andits singularities(umbilics)to assesspproximateshape
identity for solids. If aclosedsurfacehasonly stableumbil-
icsthena sufciently smalldeformationof the surfacewill
give a surfacewith a curvatureline wire frameand stable
umbilicsthatcanbeapproximatelymatchedwith thecorre-
spondingcurvatureline wire framemodelandwith theum-
bilics of theold surface.If theumbilicsare nite andstable
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thentherewill bea oneto onecorrespondenceetweerthe
umbilicsonbothsurfaces.Thiscorrespondencowill alsore-
spectthe typesof the umbilics. Most materialin this paper
is relatedto the Medial Axis Transform.This materialcov-
ersthetopologicalshapeheoremfor solidsstatingthatthe
Medial Axis is a deformationretractof its referencesolid
if the solid's boundaryis curvaturecontinuous (This regu-
larity assumptiorfor the boundarycanbe relaxed further)
It is explainedthatthe conceptof Medial Axis andVoronoi
diagramscan be extendednaturally to free form surfaces
wheretheseobjectsMedial Axis andVoronoiDiagramsare
now de ned andcomputedusingthe geodesiaistanceon
thesurface.Thelatterde nesthedistancebetweertwo sur
facepointsby thelengthof theshortessurfacepathjoining
thesepoints. Finally this paperstatesa theoremsayingthat
(evenunderveryweakregularity assumptionfor thesolid's
boundary)t is alwayspossibleto reconstructhe solid from
a union of the maximal discs having their centerson the
Medial Axis. Henceknowing the Medial Axis andtheasso-
ciatedmaximaldiscradiusfunctionit is easyto reconstruct
the solid. It is explainedthatthis resultoffers alsoa new
concepto construct userinterfaceallowing to modify and
designa solid's shapeby changingits maximaldisc radius
function. The designmodi cation resultsin fatteningand
thinning of the shapein selectedegionsof the solids,if the
radiusfunctionis increasedr decreasedespectivelyn the
relatedregionsof the Medial Axis. Contmolling this shape
modi cation could probablybe donemostintuitively via a
haptic device allowing to shrink the maximaldisc radius
by squeezing.g. anelasticball mouseafter positioningthe
ball (semiautomatically)with its centerin an appropriately
chosen(in uence) area of the Medial Axis. This approach
offers new possibilitiesfor intuitive shapemouldingdevices
appealingto the humanhaptic interaction with the world
in waysthatappearto becloserto mouldingthancurrently
useddevices.
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