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Abstract

This paper givesan overview of somerecentmethods
usefulfor localandglobalshapeanalysisandfor thedesign
of solids. Thesemethodsinclude as new tools for global
and local shapeanalysisthe Spectra of the Laplaceand
the Laplace-Beltrami Operator and the Conceptof stable
Umbilical Points i.e. stablesingularitiesof the principal
curvatureline wireframemodelof thesolid'sboundarysur-
face. Mostmaterialin thispaperdealswith theMedialAxis
Transformasa tool for shapeinterrogation,reconstruction,
modi�cationanddesign.Weshowthat it appearsto bepos-
sible to constructan intuitive userinterfacethat allows to
mouldshapeemployingtheMedialAxisTransform.Wealso
explain that theMedial AxisandVoronoi Diagramscanbe
de�nedandcomputedaswell onfreeformsurfacesin a set-
ting where thegeodesicdistancebetweentwopoints����� on
a surface� is de�nedbytheshortestsurfacepathon � join-
ing the two points ����� . This leadsto thenatural andcom-
putablegeneralizedconceptsof geodesicMedial Axis and
geodesicVoronoi Diagramon freeform surfaces.Bothcan
be computedwith a reasonablespeedand with a high ac-
curacy(of about12digitswhendouble�oating pointarith-
meticis usedfor thecomputations).

1 Intr oduction

As the informationageis rapidly changingour modern
world, the relative contributions of different components
de�ning our economiesare changingrapidly as well. A
major part of economicvalue creationin our modernso-

1This waspaperwritten while F.-E. Wolter wasa visiting professorat
MIT duringhis researchsabbaticalin thewinter term1999/2000.

ciety is not given any moreby fabricatingsinglephysical
objects,but is createdwithin thecontext of informationex-
change.An essentialinitial partof theeffort neededto fab-
ricatephysicalobjectsis in thedesignprocesscreatingthe
3D digital modeldescriptionof theobject.

In thepastthese3D solid modeldescriptionswerepre-
sentedwith a fairly restrictive shapevariety, by 2D - draw-
ings (blueprints). Today these3D solid objectsare typi-
cally describedwith CAD systemsusingdigital datasets.
Heretherichestshapevarietycanbereachedby solidswith
free form boundarysurfacesthat are typically de�ned by
Non-UniformRationalB-Spline(NURBS)surfacepatches.
Consequentlythe most important and most fundamental
partof thevaluecreationprocessfor 3D objectconsistsin
creatingthe digital 3D solid modelboundedby free form
surfaces.

2 Two FundamentalProblemsin Solid
Modeling

2.1 ApproximateShapeIdentity

Thereexist severalbasicproblemsin thecontext we ad-
dresshere. The �rst problemis to answerthe question:
Are two solid objectsthatarepresentedto a computerized
systemin (perhapscompletely)differentrepresentationsap-
proximatelydescribinga solid objectwith thesameshape?
Hereoneof theobjectsmight bedescribedwith patchesof
splinesorasasolidwith afacettedboundarysurfaceoreven
by usingimplicit functionsfor partsof its boundarysurface!
Oneof the two solidsmight have beenscaled. In the end
we want to decideif the solids agreeapproximatelyafter
appropriatelyscalingor moving oneof themin space.This
checkfor approximateshapeidentity is thenof coursealso
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closelyrelatedto theproblemto facilitateappropriatelythe
DataExchangebeweendifferentsystemsdescribingsolids
in differentwaysasindicatedaboveemployinge.g.implicit
functions,NURBSor facettedboundarysurfaces.

Thereforeit may be necessaryto �nd an appropriate
practicalstandardasto exchangethedatadescribingasolid
beweendifferentCAD systemsthatmayusecompletelydif-
ferentde�nition standardsasto describetheshape,cf. the
optionsalreadyindicatedabove. For this we would have
to createapproximaterepresentationsallowing convenient
conversionmethods!This questionof approximateconver-
sion is thenimmidiately relatedto the problemto �nd ap-
proximationsusinga small numberof dataandsatisfying
still certainaccuracy requirements.The latterproblemcan
beviewedto belongto theareaof datacompression!

2.2 Intuiti ve User Interface to Mould a Rich
ShapeVariety of Solids

The other fundamentalproblemrelatedto the solid in
spaceis the developmentof appropriatemethodsto de-
sign shapein a way that can be perceived ashumanuser
friendly allowing considerableshapevarietiesand offer-
ing alsothe possibility to appealto humanintuition when
mouldingshape.Hencethesystemshouldhavea niceintu-
itive userinterfacethatrelatesto thehumanhapticinterac-
tion with shapewhenmouldingandperceiving shape.The
latter featureis desirablebecausee.g. shapedesignersfor
thecar industrystill refuseto usecurrentCAD toolsto de-
sign shapeas the CAD systems(at leastaccordingto the
requirementsof thedesigners)do not properlyallow a nat-
ural hapticperceptionof thedesignedshape.Hencedesign
practioners(beingusuallysensitive artists)until todaypre-
fer clay mouldingto designshapebecausethe latteroffers
an intuitive andnaturalhapticfeedbackandcontrol of the
designprocess.We as humanbeeingshaveto acceptthat
our haptic (tactile) analog interactionwith theworld is in
somesenseperhapsour mostdirect and fundamentalin-
teraction with the world. Thehumanskin is a huge sense
organperceivingtemperature, pressure, vibrations,rough-
ness,recognizingpalpablesymmetries,recognizing2D and
3D - (sculptured) shapestructures and most importantly
perceiving(andgiving)via humantouchingin themostfun-
damentalwaysaffection,loveandconsolation.It is gener-
ally acceptedthatwithout perceiving andgiving the latters
ourhumanexistencewould bemiserableandempty.

3 History of this Paper's Material

This paperwill discussandwill give anoverview (gen-
erally without proofs)of conceptsandresultsthat address
bothfundamentalquestionspresentedabovein 2.1and2.2.
However themain emphasiswill be on thesecondsubject

discussingbackgroundand suggestingpossibilitiesof de-
signingshapeandsuggestinganinterfaceoffering intuitive
designpossibilitiesresemblingshapemoulding. The theo-
reticalconsiderationsbehindthispaperre�ect someimpor-
tantdirectionsof theleadauthor's own researchduringthe
pasttwentyyears.As farastheMedialAxis is involvedthis
paperis essentiallybasedonF.-E.Wolter's theoreticalgrad-
uateresearchoriginatingin histhesiswork onthecut locus,
see[6] or even earliersee[9]. In somemetasensehis by
now fairly old thesis[6] covers(thedif�cult partsof) most
materialpresentedin [2], thelatterpaperis perhapsmainly
restatingthe specialEuclideanCasesof more generalre-
sultscontainedin [6]. Nonethelessdespitesits theoretical
relevancefor this �eld without the developmentof appro-
priateprogramsandvisualizationsystemsall thesetheoret-
ical considerationsin [6], [2] wouldhaveremained(maybe
interesting,beautiful)but only theoreticalfantasies.How-
ever this changedwith the leadauthor's arrival at theUni-
versityof Hannoverwhenhestartedteachinggraphicsand
geometricmodelingcoursesin summer1995.Sincethena
considerablenumberof bright anddedicatedstudentshave
beenworking with him andhelpedto put someof his old
(theoretical)visions into concreteprototypeprogramming
systemsproving that the theoreticalconsiderationswould
indeed�nally yield reasonableperhapsevenef�cient algo-
rithms. Thereforethematerialsketchily coveredin this pa-
per re�ects also the efforts of many of F.-E. Wolter's stu-
dentsduring thepastfour years.Thosestudentshelpedto
develop the researchmostly throughcontributionsin their
masterthesesandsometimesin theirseniortheses.Thestu-
dentswho did work in the context of this paperwere O.
Sniehottawith hisseniorthesisandR. Kunze,M. Baerwith
theirmastertheseswork that�nally leadto thecomputation
of geodesicmedialcurves,geodesicVoronoiDiagramsand
thegeodesicMedial Axis on borderedsurfaces.The latter
problemsposedcomputationaldif�culties thathadbeenre-
sistantagainstcomputationalefforts for quiteawhile. Most
intenselyinvolved in particularin theefforts relatedto the
geodesicMedial Axis was the leadauthor's former Ph.D.
studentT. Rauschwhosethesiswork (amongother sub-
jects)wasdealingheavily with the analytical,geometrical
and numericalaspectsof preciseand reasonablyfast dif-
ferentialequationmethodsusefulto computethegeodesic
Medial Axis (see[3] and[4]). In theMedial Axis research
in theEuclideanCasetherewereinvolvedO.Etzmuss(with
his seniorthesisfor the2D-Curved-Boundarycase),P. von
Grumbkow for 2D- and 3D solids with piecewise linear
boundaryandA. Howind whoin hismasterthesisdiscussed
thesubjectof modifying (anddesigning)a solid's shapeby
modifying theassociatedmaximaldisc radiusfunctionde-
�ned on the original Medial Axis. This researchideahad
�rst beensubmittedby the leadauthorwithin a fairly large
groupproposalto theGermanDFG in October1996. Un-
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fortunatelythis proposaldid not get funded.Consequently
someof the plannedresearchwas thendonenot asspon-
soredresearchbut within somemasterthesesprojects.As
a resultof this P. v. Grumbkow's andA. Howind's master
thesesshow thatconsiderablepartsof theproposedresearch
ideaswould indeedwork out andthis paperherenow uses
many of A. Howind's �gures to illustratethis. Furthermore
relatedto the Medial Axis is alsothe masterthesisof the
leadauthor's former studentA. Kaiserdiscussingcompu-
tationsof orthogonalprojectioncurves. A. Kaiserstudied
delicatesituationsthat arisewhencomputingon a surface

� a surfacepoint nearestto a givenspacepoint � when� is
approachingacurvaturecenterof thesurface� .

Theprecedinglysketchedmaterialwasmainly relatedto
theMedialAxis in theEuclideanandin theGeodesicCase.
It will turn out later that this Medial Axis materialwill al-
readycover all of the items mentionedin the title of this
paper. However we shallalsobrie�y sketchtwo additional
methodsthatare“Local andGlobalGeometricMethodsfor
Analysis, Interrogationof Shape”as it wasannouncedin
this paperstitle. Thesetwo methodscanthenbeviewedas
methodssupportingthetreatmentof thefundamentalprob-
lem2.1describedabove).

Figure 1. Geodesics on a wave like parametric
surface de�ned by trigonometric functions

The �rst of thoseadditionalmethodsis relatedto more
recentongoingresearchusingalsowork containedin two
masterthesesinvestigatinghow theSpectrumof theLaplace
Operatoror how theSpectrumof theLaplace-BeltramiOp-
eratorcould well be usedto analyseshapesimilarities. It
is theoreticallyknown that thoseSpectra(being Isometry
invariantsof the domainsor surfaces)mustagreefor two
surfacesif the two surfacesare congruentor even only
isometric,cf. [8]. Hencethis gives us herea necessary
criterium that must be ful�lled if two surfacesare tested
for global isometry. For this researchsubject(asprelimi-
naryinvestigations)two masterthesesof F.-E.Wolter'sstu-
dentsT. Howind and T. Altschaffel are now �nished. T.

Howind treatsin his masterthesisplanardomains,while
T. Altschaffel hasbeeninvestigatingthe spectrumof the
Laplace-BeltramiOperatorfor someclassesof surfacesin
3D.

Figure 2. Geodesics emanating from a com­
mon point on an implicitl y de�ned cubic sur ­
face

The secondof theseadditional methodstesting shape
similarity hasbeendescribedanddiscussedwith many de-
tails in a paper that the �rst author wrote with his for-
mer (andcurrent)MIT colleaguesT. Maekawa andN. Pa-
trikalakis, cf. [5]. That paperconsidersstableumbilicsas
a fairly robustsurfaceshapefeaturecharacterizing(stable)
singularitiesin a netof principalcurvaturelineson thesur-
face. If a surfacepatchis only mildly deformedthenthese
stableumbilicsoccuragainonthedeformedsurface.Hence
thosestableumbilicsprovide local or semilocal shapefea-
turesuseful to detect(or also to disprove) local similarity
betweensurfaceregionson differentsurfaces. Onecould
disprove local shapesimilarity of surfacepatchesif their
umbilicalpoint structuresdisagree!

The precedingretrospective outline describingthe gen-
esisof this paper's materialwithin the lead author's aca-
demicbiographyis notquitecomplete.During theleadau-
thor's tenureat PurdueUniversity 1987-1989,he pursued
assole principal investigatora researchproject supported
by theArmy ResearchOf�ce (GrantDAAL-03-88-K0186).
Outof thatprojectcalled“Pr oject Riemann” camean(au-
tonomous)programmingsystemwith the following capa-
bilities: A usercouldinput into thesystemexpressionsde-
�ned by elementaryfunctionsdescribingsurfaceseitherim-
plicitely or parametrically. Thenthesystemwould perform
�rst symbolicand�nally numericalcalculationsthatwould
computesurfacegeodesics(startingfrom a given surface
point), cf. �gures 1-3. The systemcould also compute
curvatureline wire framemodelsof surfaceparts(seethe
darkgrey lines in �gure 3). Thesystemwould alsovisual-
ize thecomputedgeodesicsandcurvaturelines. In summer
1988underthe leadauthor's guidanceandsupervisionthe
programmingof the projectRiemannsystemwasdoneby
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a groupof enthusiasticandtalentedmostly undergraduate
(sophmore)studentsat PurdueUniversity. That groupin-
cludedB. Johnson,J. Lambers,S. Cutchin, S. Goehring,
and T. Hausmannthe latter as a masterstudent.Figure 1
shows a result computedby the ProjectRiemannsystem
displayinggeodesicsemanatingonawavelikesurfacefrom
acenterpoint. It appears that in 1988-(in thosenowsome-
what early daysof computationalsurfacegeometry)-the
ProjectRiemannSystemwasthe �r st programsystempro-
vidingall theaforementionedcapabilities.Figures1-3have
beenpreparedby the �rst author's studentA. Kaiserat the
WelfenLaboratoryusingthe“ProjectRiemann”code.

Figure 3. Hyperboloid

After thisretrospectivetheleadauthorwantstosaythank
you to all thestudentsheworkedtogetherwith on research
projectsduringhisacademiccareer. Thenameslistedabove
presentonly a partof thosestudents.It hereonly acknowl-
edgesthestudentsasfar asthey wereinvolvedin work re-
lated to the generalsubjectof the currentpaper. It may
be noticedas interestingthat the vastmajority of students
involvedin therelatedresearchprojectswereeitherunder-
graduateor masterstudents.Hencethis researchresulted
from activities that could be understoodas part(s)of ad-
vancedundergraduateeducation.Thisis nocoincidencebe-
causeit re�ects the leadauthor's belief that ultimatelythe
best,mostintenseandreally lastinglearningis donewhile
doingresearch i.e. while inventing, seeing, understanding,
discovering somethingoriginal. The reasonfor this may
be the universal very humandesire to be and to do some-
thing uniqueand lasting and gain (unique)identity with a
lasting impactbeyondour physicalexistencefrom this. At
leastin somewayseverybodyappearsto havesomeartistic
desiresand someexploring mind. Thereforeaccordingto
the leadauthor's experiencewhenever studentssensedthat
they were exploring completelynew roadsand ideasand
solvingnew challengingtasksthathadresistedagainstre-
searchefforts thenthe studentscould develop tremendous

energy, curiosity, enthusiasmandpatiencethat they could
notdevelopeasilywhenworking onroutineproblems.

4 Two Methods for ShapeInterr ogation and
Classi�cation

We startwith a shortdescriptionof a global methodto
testsimilarity of surfaceshapesemploying Eigenvaluesof
the LaplaceOperatorand the Laplace-BeltramiOperator.
Hencethiswill suggestanapproachto treatthefundamental
problem2.1.

4.1 The Laplace­Beltrami Operator for Surfaces

In orderto avoid morelengthydescriptionswe usesim-
pli�cations thatarenot alwayscompletelyprecisein order
to explain the relevant concepts.Let � be a surfacepatch
presentedby a twice continuouslydifferentiableparamet-
ric map 	�

������� de�ned on a simply connectedplanardo-
main � with smoothboundarycurve ��� . Moregeneralwe
mayrequirethat � full�lls theconditionthateverypoint in

� hasan openneighborhood� in � suchthat � canbe
mappedwith anin�nitely oftencontinuouslydifferentiable
diffeomorphismontoa convex setin theplane;(ann-times
continuouslydifferentiablediffeomorphismmust have an
inversemappingbeingn - timescontinuouslydifferentiable
aswell).

In orderto de�ne theLaplace-BeltramiOperatorweneed
to introducesomenotationsfrom differentialgeometry. We
needthe �rst fundamentaltensormatrix whoseelements

�

������� are de�ned by the inner productsof the partial
derivativesof thesurfaceparametrization	�

������� . Introduc-
ing now the subsequentnotationswill be convenient. For
this wealsoassumebelow that

�����! #"$�

is an in�nitely often continuouslydifferentiablefunc-
tion.
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Furthermorethecoef�cient functions
A�B

'*)

arecalledChristoffel Symbols,they canbeexpressedin
termsof theelementsof the�rst fundamentaltensormatrix
andits derivativesonly, see[7].

Now we cande�ne the Laplace-BeltramiOperatorasa
differentialoperatorassigningto a function
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By this we obtaina linear Operatorde�ned sayon the
vector spaceof in�nitely often differentiablereal valued
functionsthatarede�ned to bezeroon theboundaryof the
domain � . It is well known that the Eigenvaluesof the
Laplace-BeltramiOperatorare all not negative and yield
the samevaluesfor two surfacesMN��O that are isometric.
Isometricmeansthere is a diffeomorphismfrom M to O

thatmapseverysmoothcurveonsurfaceM ontoanequally
long curve on O . This “Laplace-BeltramiOperator(spec-
trum)concept”worksfor closedsurfacesaswell! Clearlyif
two solidsarecongruentthentheir boundarysurfacesmust
be isometricandhencetheir Spectra(collectionsof Eigen-
values)of theirrespectiveLaplace-BeltramiOperatorsmust
agree.For planarsurfacepatches(beingisometricto planar
domains)the generalLaplace-BeltramiOperatorbecomes
the classicalLaplaceOperator. Investigatingclosedsur-
facesit would bedesirableto computetheSpectrumof the
3-dimensionalLaplaceOperatorwith respectto the solid
bodyin the3-dimensionalEuclideanspace.

Looking at a varietyof samplesurfacesour preliminary
investigationscontainedin themasterthesisof A. Howind
and T. Altschaffel (dealing especiallywith the Laplace-
Beltrami Operator),indicate that thosespectraappearto
show promiseto beusefulfor theconstructionof new shape
invariantshelpful to analyseshapesimilarities. For doing
the actualcomputationof the Eigenvaluesonewould usu-
ally work with a variationalform of the given Eigenvalue
problemstatedabovein its partialdifferentialequationver-
sion. Hencewe have treatedthegivenEigenvalueproblem
in its equivalentvariationalform (evaluatingintegrals)em-
ploying Finite Elementmethods.

4.2 Umbilical Points and Curvature Line Wir e
Frame

We considersolidswith a regular curvaturecontinuous
boundarysurfacei.e. the boundarysurfacecanbe locally
representedby surfacepatcheshaving (at least)twice con-
tinuously differentiableparametrizationswhoseJacobians
alwayshave rank two. Any boundarysurfaceof the solid
canberepresentedby a wire framemodelbuilt by (orthog-
onal)familiesof principalcurvaturelines,shown in �gure 4
(seealsothegrey linesin �gure 3). This wire framemodel
is intrinsic to thesurface(point set). This meansit is inde-
pendentof thechosen(local)parametrizationof thesurface
thatmightbeusedto computethecurvatureline wire frame.

Figure 4. Curvature lines and two umbillics
indicated by dots on an ellipsoid

Genericallythiscurvatureline wire framesurfacemodel
is built by rectangularmeshes.However theredo typically
exist alsosomeexceptionalpointson thesurfacewherethe
otherwiserectangularwire frame structureis violated i.e.
herethe wire framehassingularites(see�gure 4, the two
strongdots). Thesespecialsingularpointsareumbilicsof
thegivensurfacei.e. at anumbilicalpoint � all normalcur-
vaturesagreefor all tangentdirectionsat thesurfacepoint

� . (If a closedsurface � is homeomorphicto a spherethen
it follows from a topologicalargumentthat � must have
at leastone umbilic.) One could also say that the mini-
malandmaximalprincipalcurvatureat anumbilic agreeor
equivalentlyevery tangentdirectionat anumbilic is a prin-
cipal curvaturedirection.A principalcurvaturedirectionat
a point � canbe de�ned asa tangent(angular)direction P

(at thegivenpoint � ) wherethenormalcurvatureassumes
a local extremumwhencomparedwith normalcurvatures
at p that correspondto angulardirectionscloseto P . The
curvatureline patternnearan umbilic hasbeenclassi�ed
into differenttypes. Thereonly exist threedifferentstable
typesof umbilics wherethe curvatureline patternwill re-
mainstable(unchanged)with respectto smalldeformations
of thesurface!

Thosethreestableumbilics are star, monstar, lemon,
seeeg. Maekawa, Wolter, Patrikalakis1996 in [5]. The
threecharacteristiccurvatureline patternin aneighborhood
of the respective stableumbilic aredescribedin the three
subsequent�gures, adaptedfrom [5]:

Figure5: Left imageastar, right amonstarumbilic, both
havethreecurvaturelinespassingthroughtheumbilic. The
threetangentsfor thethreecurvaturelinespassingthrough
theumbilic in themonstarcasearecontainedin a right an-
gle. They arenot containedin a right anglein thestarcase.

Figure6 shows anumbilic of lemontype. Thereis only
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Figure 5. Star and Monstar Umbilic

onecurvatureline passingthroughthisumbilic.

We now observe thefollowing characteristicproperties:
Threelinesof curvaturearepassingthroughumbilicsof star
and monstartype, cf. �gure 5, while only one curvature
line is passingthroughanumbilic of lemontype,cf. �gure
6. Thecriteriondistinguishingthestarandmonstaris that
for themonstarcasethethreetangentlinesof thecurvature
lines passingthroughthe umbilic arecontainedin a right
anglewhile in thestarcasethey arenot,cf. �gure 5.

Figure 6. Lemon Umbilic

If two curvaturecontinuouslyclosedsurfaces� and �RQ

areobtainedfrom eachotherby deformations(beingsuf�-
ciently small)thenthestableumbilicsonbothsurfacescan
bematchedin oneto onecorrespondence!Furthermorein
the genericcasei. e. if thereareonly stableumbilics on
bothsurfaces� and �SQ thenit is possibleto �nd appropriate
curvatureline wire framemodelsfor both surfaces� and

�TQ that canbe alignedandmatchedquite well. Hencewe
herehaveconceptsandmethodsthatarequiteappropriateto
support“testsfor local andglobalapproximateshapeiden-
tity of solid objects”contributing to treat the fundamental
problem2.1.

4.3 Medial Axis Transform asBasisfor ShapeIn­
terr ogationand Intuiti ve Design

In this paperwe suggestconceptsfor an interfacewith
anintuitive designcontrol resemblingshapemouldingem-
ploying theMedial Axis Transform.Thereforewe have to
explaintheMedialAxis Transform�rst andwealsowantto
discussandshow that theMedial Axis Transformis a nat-
ural tool to characterizeshapefeaturesof a solid body in
space.The importanceof theMedial Axis mayhave been
conjectured�rst by the lateH. Blum whosepaper[1] tries
to explain in heuristicalwaysthat the Medial Axis should
beof interestin thecontext of biologicalshape.

De�nition (MedialAxisandMedialAxisTransform):
The Medial Axis of a solid � in the n-dimensionalEu-
clideanspaceis a subsetof � containingall pointsbeing
centerof a discof maximalsizethat �ts in thesolid D. We
associatewith theMedialAxisof a domain� themaximal
disc radius function, assigningto a Medial Axis point �

theradiusof themaximaldiscwith center� . We assumein
theMedialAxiscasethat � is closedandthat theboundary

�U� of � is a topological (notnecessarilyconnected)hyper-
surfaceof the EuclideanSpace. TheMedial Axis together
with theassociatedmaximaldiscradiusfunctionconstitute
theMedial Axis Transform of a solid

An exampleof theMedialAxis of a domain� is shown
in �gure 7 from theseniorthesisof the�rst author's former
studentO. Etzmuss.

To simplify the matterswe shall generallyassume(un-
lesswe sayotherwise)thattheboundaryof thesolid is cur-
vaturecontinuousi.e. thatit canbeparametrizedlocally by
a regular twice continuouslydifferentiablefunctionwhose
�rst derivative hasmaximalrank. (Therearemany possi-
bilities of relaxingthesecurvaturecontinuoussmoothness
assumptionsfor the boundary, see[2].) We considerhere
in particulartwo classesof solidsi.e. thosewherethesolid
is 2- or 3-dimensional,hencethesolid's boundarymaybe
built by arcsor surfacepatches.

Figure 7. Medial Axis

6



Figure 7 shows for a 2D-solid the Medial Axis whose
boundarypointsare the four startverticesof medialarcs.
TheMedialAxis in this �gure is built by � vemedialarcsof
which four haveboundaryvertices.

Figure 8. Medial Modeler

Figures8, 9 and11 areadaptedfrom the �rst author's
studentA. Howind'smasterthesis.Figure8 showsacollec-
tion of maximalspherescontainedin thesolid. Figure9 and
later�gure 11depicttheboundarycurveof theMedialAxis
of the3D-solidwhoseboundarysurfaceis partly shown in
�gure 9 andin �gure 11by partsof sphericalcaps.TheMe-
dial Axis of thissolidhereonly containsonemedialsurface
patch. All the pointsof the medial surfacearecentersof
maximalspheresthatstill �t into thesolid,cf. �gure 8.

Figure 9. Medial Modeler

Assumingcurvaturecontinuousboundaryof the solid,
the Medial Axis will not have points that accumulate
densely in some open subsetof the ambient Euclidean
space,see[2]. Under practically reasonableassumptions

thatthesurfaceboundaryis sayde�ned by splines(or more
generallyby piecewisepolynomialor realanalyticor even
piecewiseanalyticfunctions)it canbeshown thattheMe-
dial Axis is asemianalyticsetthatcanbede�nedusingzero
setsandsubzerosetsof realanalyticfunctions.TheMedial
Axis canherebe locally assembledby partscontainedin
�nitely many zerosetsof analyticfunctions. Thosefunc-
tions (often)arisefrom theconditionthat (generically)the
MedialAxis canbeassembledlocally by a �nite numberof
medial setscontainingpointsbeingequidistantial to two
appropriatelychosen(disjoint) boundary arcs or surface
patchescontainedin the solid's boundary. This implies
roughlyspokenthatunderpracticalassumptionstheMedial
Axis is (generically)built by a �nite unionof arcsor (usu-
ally bordered)medialsurfacepiecesthat canbe computed
numericallyif they arenot toomany.

In order to statethe precedingand the subsequentre-
markson theanalyticalstructure(zero-setstructure)of the
Medial Axis mathematicallypreciselyandcompletelyone
would have to presenta longerdiscussioncontainingmore
formal elements.We have chosena simpli�ed (not quite
completeand correct)descriptionassumingstill real ana-
lytic boundaryfor thesolid.

Computationsof theMedialAxis arealsopossibleif the
boundaryis not curvaturecontinuousbut e.g.givenby pla-
narfacets.Figure10 illustratesthis situation.

Figure 10. Medial Axis Structure indicated for
a three dimensional Torus

Figure10 is adaptedfrom the masterthesisof the lead
author'sstudentP. v. Grumbkow. This thesisdealswith de-
velopinganalgorithmandaprogramthatcouldcomputethe
MedialAxis of asolidobjectboundedby planarfacets.Fig-
ure10illustratestheMedialAxis of a3D-torusbeingasolid
with a (topological)torusboundarysurface. This solid is
createdby removing anopenrectangularsolid from a solid
cube.TheMedialaxisis generallyde�nedasthesetof cen-
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tersof maximaldiscsthat �t in thesolid. TheMedial Axis
of 3D-Solidsis typically built by a union of smoothbor-
deredmedialsurfacepieceswith smoothboundarycurves.
Figure10depictstheboundaryedgesandboundaryvertices
of somesmoothmedialsurfacepieces(theunionof which
yieldstheMedialAxis).

Now we returnto thecasewherethesolid's boundaryis
curvaturecontinuous.Heretheboundarypointsof theMe-
dial Axis i.e. pointsthat arecontainedin the boundaryof
only onemedialsurfacepiece(3D-solid case)or only one
medialarc (2D-solid case)aregiven by pointsbeingcur-
vaturecenterswith respectto appropriateboundarypoints.
Herein the2D-solidcaseany Medial Axis boundarypoint
is a curvaturecenterof thesolidsboundarycurveat a point
wheretheboundarycurvatureattainsa local maximum.In
the 3D-solid caseboundarypointsof the Medial Axis are
givenby curvaturecenterswith respectto theminimalprin-
cipalcurvatureradiusof theboundarysurface,thelattercur-
vatureradiusfunctionevaluatedattheappropriateboundary
points.Let usassumethatin the3D-solidcasesomebound-
ary pointson a medialsurfacepatcharegivenby a curve V

(cf. �gure 11). Thentypically the (minimal) curvaturera-
dius function hasa local minimum whenthis radiusfunc-
tion is restrictedto anysinglesurfacecurvethatcrossesthe
projectioncurve WX
YVZ� orthogonally, cf. �gure 11; herethe
projectioncurve WX
YVZ� is obtainedasanorthogonalprojec-
tion of V ontotheboundarysurfacei.e. everypoint of WX
[VZ�

is joinedvia thesurfacenormalto its corresponding(min-
imal radiuscurvaturecenter)point on V . It is not dif�cult
to prove, that the curve WX
YVZ� is a minimum principal cur-
vatureline on thesolid's boundarysurface.Theaforemen-
tionedfamily of orthogonalcurveshastangentialdirections
at pointson WX
YV\� being maximumprincipal curvaturedi-
rectionsof thesolid'sboundarysurface.

As alreadyindicated,the precedingstatementscan be
understoodmore easily by looking at the illustrating �g-
ures7 and 11. All the boundaryverticesof the Medial
Axis in �gure 7 correspondto local curvaturemaximaof
theboundarycurve. Figure11 shows somesphericalcaps
beeingpartsof thesolid's boundarysurface. It alsoshows
theboundarycurvesof theMedialAxis of thesoliddepicted
by theclosedcurvein the�gure. ProjectingtheMedialAxis
boundaryedgeV on to theboundarysurfaceyieldsa maxi-
mumprincipalcurvatureline WX
YV\� .

Thefollowing resultshows why theMedial Axis is in a
topologicalsensefundamentalfor theshapeof a solid asit
essentiallycontainstheHomotopy typeof asolidbecauseit
is a deformationretractof thesolid. We have thefollowing
result,from [2]:

TopologicalShapeTheoremof the Medial Axis:
TheMedialAxis ]^
6�_� containstheessenceof thetopolog-
ical typeof a solid � .

Figure 11. Medial Modeler

Let ��� be `

 - smooth(or let �U� be1-dimensonaland
piecewise `

 - smooth,with �badc

 ) ThentheMedialAxis
]^
6�e� is a deformationretract of � thus ]^
Y�e� hasHo-
motopytypeof � .

Theproofof this theoremshowsthatit is possibleto de-
�ne aHomotopy fg

hi��j�� asexplainedbelow thenext �gure
describingacontinuousdeformationprocessof thesolid � .
This deformationprocessis dependingon the time param-
eter j . The deformationstartswith the solid being in the
�gure a rectanglewith a circularhole.During thedeforma-
tion pointsaremovedalongtheshortestsegmentsstartingat
thesolidsboundary�U� until thesegmentsmeetthedotted
MedialAxis. Theshortestsegmentsareindicatedby arrows
in �gure 12.

Figure 12. Deformation retract

Homotopy
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x�

h���•€� denotesthe functiondescribingthedistancebe-
tweenvariablepoints hi��• ; }~xz
6hi��•€� describesthe gradi-
ent of the distancefunction xz
6hi��•�� . {•
6h�� is de�ned as
point wherethe extensionof a minimal join from �U� to

hts‚
Y�_km�U�e� meets]^
6�e� .

5 Geodesic Medial Axis and Geodesic
Voronoi Diagrams

Figure 13. Shor test geodesic joining two sur ­
face arcs

So far we have beendiscussingthe Medial Axis in the
EuclideanCase.In orderto de�ne theMedialAxis weneed
to beableto computea distancedisc �ƒ
*����	�� with center�

andradius 	 . �ƒ
*����	�� containsall points h thathave a dis-
tancex�
*�i��h�� not largerthan 	 to thepoint � . Duringthelast
yearswe couldshow that it is possibleto alsocomputethe
GeodesicMedialAxis andGeodesicVoronoiDiagramsona
freeform surface� , see[3], [4]. They arede�ned like their
Euclideancounterparts.Howevernow thedistancexz
„�i��h��

betweentwo surfacepoints ����h is givenby a shortestsur-
facepathon � joining thepoints� and h . Thisshortestpath
givesthe (minimal) geodesic(surface)distancebetween�

and h . Thepathmaynot bea EuclideanSegmentbecause
thelattermaynot becontainedin thesurface � . Figure13
is illustrating a relatedexample. This �gure shows a sur-
facecurve whoselengthyields the minimal geodesicdis-
tancebetweenany two pointscontainedin the (different)
setsjoinedby thecurve. It is adaptedfrom thedoctoralthe-
sisof theleadauthor'sstudentT. Rausch.This �gure shows
two curves(pointsets)onasurfacethatarejoinedby amin-
imal possiblesurfacepath.Thelengthof thispathgivesthe
shortestdistanceon thesurfacebetweenany two pointsin
thetwo setsthatarejoinedin �gure 13.

Figure 14 is adaptedfrom the lead author's studentT.
Rauschdoctoralthesis.It shows a systemof closedcurves
beinggeodesiccircles.Eachof thosegeodesiccirclescon-
tainsonly pointsthathavethesamegeodesicdistanceto the

Figure 14. System of Geodesic Circles

center.
All the�gures 1-3stemmingfrom projectRiemanncode

show systemsof geodesicson surfacesemanatingfrom a
commonpoint. Geodesicsarede�nedassolutionsto certain
seconddifferentialequationsystems.All surfacecurvesbe-
ing shortestjoints of their endpointsaregeodesics.Hence
computinggeodesicsis important in order to computea
geodesiccircle with center � and given radius … . This
geodesiccirclecontainsall theendpointsof all shortestsur-
facepathsfrom � to any surfacepoint if thepathhaslength

… , cf. �gur 14andcf. also�gures 1-3.
Geodesicsare locally shortestsurface curves. This

meansa suf�ciently smallsubarcof ageodesicis ashortest
surfacepathjoining theendpointsof thesubarc.A geodesic
(beinga locally shortestsurfacepath)maynotbethe(glob-
ally) shortestconnectionof its endpointsascanbeseenby
takinga geodesiccirculararcon theunit spherethatstarts
at thesouthpoleandendsshortlyafterpassingthroughthe
northpole.Any geodesicwill onlybetheshortestjoint of its
endpointsuntil it intersectswith anothergeodesicjoining
the sameendpoints. This happensin �gure 1 wheretwo
geodesicsemanatingfrom the sameinitial point intersect.
Both of thoseintersectinggeodesicsarenot shortestjoints
betweentheircommonstartpointandany pointon thepath
thegeodesicwill meetafterpassingtheintersectionpoint.

5.1 GeodesicMedial Curveson FreeForm
Surfaces

A basic element for the computation of Geodesic
Voronoi Diagramsas well as for the computationof the
GeodesicMedial Axis will be the computationof medial
curves. Those are curves containing only points being
equidistantialto two given surfacecurves. Equidistantial
hereis understoodwith respectto thegeodesicdistanceon
thesurface.TheFigure15 shows sucha medialcurve that
containsonly pointsbeinggeodesicallyequidistantialwith
respectto bothof thetwo neighboringcurvepointsets!The
methodsfor computingsuchcurvesareexplainedwith de-
tails in [3].
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Figure 15. Geodesic Medial Curve

5.2 GeodesicVoronoi Diagrams

Figure 16. Geodesic Voronoi Diagram on a
wave like surface

Figures16,17 and18 show geodesicVoronoiDiagrams
on surfaces,cf. [4]. The GeodesicVoronoi Diagramare
de�ned with respectto the �nite point set W (givenby the
blackdots)onthesurface� . Any of thosegeodesicVoronoi
Diagramsaregivenby theblackedges.Eachof thoseedges
consistsof points that are (geodesically)equidistantwith
respectto two (speci�c) pointsof thediscreteset W . Here
the geodesicdistancebetweentwo given surfacepoints is
de�ned by theminimal lengthof all surfacecurvesjoining
thetwo givenpoints.As in theEuclideancasethegeodesic
Voronoi Diagrampartitionsthe surfaceinto separateopen
domains.Eachof thoseopendomainscontainsexactlyone
point � of W . Togetherwith � , therespective opendomain
containsall surfacepointswhosegeodesicdistanceto � is

Figure 17. Geodesic Voronoi Diagram on a he­
licoid

smallerthanto any otherpoint in the set W . The edgesof
the geodesicVoronoi Diagramare built by medial curves
containingpointsthatareequidistantialwith respectto two
givenpoints(or equivalently to two small geodesiccircles
both of somesmall radius … ). This explainswhy for this
computationwecanusethepreviousexperiencefrom com-
putingmedialcurves.

Figure 18. Geodesic Voronoi Diagram with a
proximity region bor dered by onl y two edges

5.3 GeodesicMedial Axes

The picturesleft and right in �gure 19 show geodesic
medialaxes.They areadaptedfrom themasterthesisof the
�rst author's studentM. Baer. Those�gures illustratethe
tree-like structureof the geodesicMedial Axis on curved
(simply connected)surfacepatches,seealso�gures 20 and
21thatareadaptedfrom M. Baer'smasterthesis.Theshape
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Figure 19. Geodesic Medial Axis

of thesepatchesresemblethatof hilly landscapes.Thedark
curvesdepictboththeboundariesof thesesurfacepatches,
andthegeodesicmedialaxesthatherearetopologicaltrees.
In analogyto the Euclideansituation every point of the
geodesicMedial Axis on a borderedsurface O is the cen-
ter of a geodesicdiscof maximalsizethatis still contained
in O . On any surface � a geodesicdisc �†
*�i��	�� with cen-
ter � andradius	 containsall pointson � whose(minimal)
geodesicdistanceto � is smalleror equalto 	 . Theminimal
geodesicdistancebetweentwo points � and � on a surface

� is de�ned by the minimal lengthof all curvesin � that
join � and � .

Figure 20. Geodesic Medial Axis of a bor dered
subsurface of a NURBS surface patc h

5.4 Computational Concepts, Accuracy and
Speed

The essentialparts of Voronoi Diagramsand Medial
Axesarebuilt by curve arcsbeinggeodesicmedialcurves.
Numericaltestsandcomputationalexperimentsdonein the
context of [3] andfurtherstudiesdonelaterin O.Sniehotta's
seniorthesisandvarioustestdonewithin thecontext of R.
Kunze'smasterthesisandlaterresearchdoneat our lab in-
dicatethat with our methodsit appearsto be possibleto
computethe medial curve with a positional accuracy of

q

p

7J9

 when all the involved computationsare donewith

Figure 21. Geodesic Medial Axis of a bor dered
NURBS surface patc h

doubleprecision.Our fastestcomputingmachineusedfor
thesecomputationswas an SGI Octaneequipedwith two
MIPS R10000processors(250Mhz) - of 1998meanwhile
being consideredas fairly slow - would computemedial
curves(dependingon their length)within lessthan15 sec-
ondsandwouldcomputea completeVoronoiDiagram(de-
pendingon the numberof points involved) within a few
minutes. Most computationsdone for the Voronoi Dia-
gramstook place in 1997 and were done on a machine
muchslower thantheOctanepurchasedfor our laboratory
in 1998.

The computationsfor the GeodesicMedial Axescould
take severalminuteson theOctanedependingon thenum-
berof edgesthattheMedialaxistreewould have. It should
be saidthat theusedalgorithmswerenot completelyopti-
mizedneitherwastheir implementation.All thealgorithms
appliedin this context useddifferentialequationmethods
for computingmedialcurves.In thiscontext it wasalsonec-
essaryto employ differentialequationmethodsasto com-
putetangentvectorsof geodesicoffsetcurves.

A geodesicoffset on a surface � is de�ned with re-
spectto somegivenparametrizedprogenitorcurve ‡�
6j�� on
the surface � . A geodesicoffset with geodesicdistancê
from theprogenitorcurve is givenby a curve j

"Š‰


[ˆ(��j��

whereeachpoint ‰


Yˆ‹��j�� is an endpoint of a geodesicon
� thatstartsat point ‡�

j�� with an initial directionorthogo-
nal to the progenitorcurvestangent‡vQŒ

j�� . The orientation
of the aforementionedstartingdirectionsof the family of
geodesicsmustbe chosenconsistentlysuchthat the curve

j

"•‰


Yˆ‹��j�� (or moregeneralthefunction ‰


[ˆ‹��j�� ) will be-
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comea continuousfunction. To show the latter continu-
ity propertywe alsousethe fact that the endpointsof the
geodesicsareobtainedby solvinganinitial valueproblem.
This initial valueproblemyieldsthegeodesicsassolutions
of the geodesicdifferentialequationsystemrequestingas
input thegeodesicsstartingpoint andstartingvector. Both
initial data are obviously continuouslydependenton the
progenitorcurvesparameterj . Employing the latter con-
tinuity it is a standardconsiderationto provethattheoffset
function 
Yˆ‹��j��

"<‰


Yˆ‹��j�� will becontinuous.
Takingthebisectorof two tangentvectorsof two appro-

priately chosenintersectinggeodesicoffsetswill give the
medialcurve's tangentvectorbecausethemedialcurvecan
be viewed as curve (locus) whereappropriatesystemsof
geodesicoffsetcurvesintersect(see�gure 22).

Figure 22. Two systems of offset cur ves inter ­
secting on a medial cur ve

Thefactthatourimplementationswerenotyetoptimized
combinedwith the increasedspeedof modernprocessors
indicate that nowadaysas of June2000 the computation
timefor VoronoiDiagramsandMedialAxescanstill besig-
ni�cantly reduced.This improvementmight easilymeana
factorof 10whencomparedwith thecomputationsof 1996
or sowhen[3] cameout.

6 Practical Applications

6.1 Shape Reconstruction and Design using the
Medial Axis

Thefollowing considerationsshow thattheMedial Axis
Transformi. e. the information containedin the Medial
Axis andin the maximaldisc radiusfunctioncanbe used
to reconstructtheshapeof thesolid simply by building the
union of the maximaldiscsas to reconstructthe solid re-
constructiontheoremcf. [2]. This will alsogive thesolid's

boundarysurfaceconstructedasan envelopesurfacewith
respectto the maximaldiscsasindicatedin the �gures 23
and25below. It is obviousthatkeepingtheMedialAxis of
a solid �x ed andmodifying the maximaldisc radiusfunc-
tion slightly will changethesolid'sshape.

Reconstruction Theorem: Assume� is a solid in cNŽ

with ��� a closedtopological 
6•t•dq+� -dim manifold. If for
� theMedialAxis ]^
Y�e� andthemaximalradius function

	

�

]^
6�_�

"

c~� 	�

hU�

0

xz
6hi�����_� (1)

aregiven,thenwe canreconstructthesolidnamely

�

0 ‘

’�“‹”e•—–S˜?™



h���	�

hU��� (2)

with
™


6hi��	š
6h���� beeinga closeddiscwith centerh and
radius	�

hU� .

r(x)

Figure 23. Representing a solid by a union of
maximal discs

6.2 ShapeDesignby Modifying the Radius
Function r(x)

r(x)

Figure 24. Design (modi�cations) based on
the Medial Axis Transf orm

ObviouslykeepingtheMedialAxis �x edandmodifying
themaximaldiscradiusfunctionr(x) will changetheShape
of thesolid asindicatedin �gure 24. Clearlymild uniform
growing of theradiusfunctionwill resultin a globalfatten-
ing of the shapewhile decreasingthe radiusfunction will
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give a global thinningof theshape.The boundarysurface
of thesolid(correspondingto thegivenMedialAxis andthe
givenmaximaldiscradiusfunction)arede�nedby theenve-
lopecurve (envelopesurfacerespectively for 3D Solids)of
thefamily of maximalspheres.This hasbeenknown since
longtime,cf. [1] andseethe�gure below adaptedfrom the
�rst author's studentA. Howinds masterthesisshowing a
family of circles.Theenvelopecurveof thosecirclesis the
boundaryof the 2D-solid in the plane. The centersof the
maximalcircles(discs)are locatedon the Medial Axis of
the2D-solid.

Figure 25. Design (modi�cations) based on
the Medial Axis Transf orm

Assumethat the Medial Axis curve (or surface)is pre-
sentedlocally by a parametrizingfunction h�

�:� having a
continuousderivative h

Q

6�U�

1. Then it is possibleto com-
pute very rapidly the contactpoints of the maximal disc
with the envelopesurface(being the solid's boundary)if
at someMedial Axis point h�

�:� the derivative (informa-
tion) hzQŒ
6�U� andthevalueof themaximaldisc radiusfunc-
tion 	�

�:� aswell as the derivative 	�Q[
6�U� areknown. This
allows to constructmodelingsystemsthatrespondanddis-
play in realtimepreciselythecompleteresultsof modi�ca-
tionsof themaximaldiscradiusfunction.In thiscontext it is
possiblethat a designerindicatesa locationon thesolid's
boundarysurfacewhere modi�cation (slimmingor fatten-
ing) is desirable and the systemwill respondin real time
displayingthe new solid's boundarylocally and globally
with the requestedmodi�cation, cf. �gur es24, 25 and 8.
An intuitive userinterfaceimitating somefeaturesof shape
mouldingshouldprobablyoperate in an analog way such
thatthecontrol overthemaximaldiscradiusfunctionmight
be exercisedby performingpressure i.e. squeezingsome

1TheMedialAxis couldbegivenalsobyanimplicit functionthenmod-
i�ed methodswould work aswell.

kind of mouseball. The subsequent�gures adaptedfrom
A. Howind'smasterthesisindicatein a prelimarystudythe
resultsof modelingefforts basedon the conceptsoutlined
above. Certainlyit would bedesirableto incorporatemany
more(mouldingrelated)featuresinto thesystemsuchasre-
moving of thesolid's materialasto make thesolid thinner.
This canbe doneaswell employing the precedinglyout-
lined geometricconcepts.Somewhatmoredif�cult would
be to integratemorecomplex shapemodi�cation features
into the systemsuchas changingthe shapeby attaching
new medialarcs(or surfacepieces)asnew branchesto the
Medial Axis cf. 7. Doing this would be importantas to
allow major shapechangesfrom the original solid within
thepresentedgeometricconcept.Onewould have to make
arrangementsthatthesystemautomaticallyblendstogether
nicely the old parts of the solid and Medial Axis (where
little hasbeenchanged)with the new drasticallymodi�ed
partsof thesolid andtheMedialAxis. Thelattermodi�ca-
tion andblendingproblemswill becomeevenmorecompli-
catedwhenthe solid is supposedto changedrasticallythe
homotopy typesaye.g.becauseonewantsto haveaholein
thesolid implying a holein theMedialAxis becauseof the
topologicalshapetheorem(seealso�gure 12).

The following �gure 26 from A. Howindsmasterthesis
show a simpleprototypemodeleroffering shapemodeling
designfeaturesemploying alsoradiuscontrol of the max-
imal disc radiusfunction. The variouslittle circles in the
�gure indicatevaluesof thediscradiusfunction.

Figure 26. Medial Modeler

Thenext �gure 27 shows designpossibilitiesof thesys-
tem in detail modifying a solid initially chosento be �at
by startingwith a Beziertypemedialsurfaceof rectangular
shapeastheinitial MedialAxis controlpointsarechosento
be(uniformly) distributedin aplane.Similiar to thepreced-
ing �gure the little circlesin this �gure indicatethevalues
of thediscradiusfunction.
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Figure 27. Medial Modeler

Finally thelast �gure 28 shows two solidswherethera-
dius functionshave beengrowing too muchsuchthat we
have sel�ntersectionsof thesolids. This mustbeexcluded
by geometriccriteria providing critical boundsfor the ra-
diusfunction.

Figure 28. Sel�nter secting surfaces sup­
posed to create a solid' s boundar y

7 Conclusions

In thispaperwegaveanoverview of resultstreatingtwo
fundamentalproblemsin SolidModeling.The�rst problem
2.1 wascalling for methodsandcriteriacheckingapproxi-
mateshapeidentity of solids.For this purposewe sketched
two methods.A globalmethod4.1investigatingshapesim-
ilarity by comparingspectraof the correspondingLaplace
Operatorsthat appearto offer a systemof interestingnew
shapeinvariantsbasedon the fact that isometricsurfaces
andsolidsmusthave the samespectra.The othermethod
4.2 employed the curvatureline wire framesurfacemodel
andits singularities(umbilics)to assessapproximateshape
identityfor solids.If aclosedsurfacehasonly stableumbil-
ics thena suf�ciently smalldeformationof thesurfacewill
give a surfacewith a curvatureline wire frameandstable
umbilicsthatcanbeapproximatelymatchedwith thecorre-
spondingcurvatureline wire framemodelandwith theum-
bilics of theold surface.If theumbilicsare�nite andstable

thentherewill bea oneto onecorrespondencebetweenthe
umbilicsonbothsurfaces.Thiscorrespondencewill alsore-
spectthetypesof theumbilics. Most materialin this paper
is relatedto theMedial Axis Transform.Thismaterialcov-
ersthetopologicalshapetheoremfor solidsstatingthatthe
Medial Axis is a deformationretractof its referencesolid
if thesolid's boundaryis curvaturecontinuous.(This regu-
larity assumptionfor theboundarycanberelaxedfurther.)
It is explainedthattheconceptof MedialAxis andVoronoi
diagramscan be extendednaturally to free form surfaces
wheretheseobjectsMedialAxis andVoronoiDiagramsare
now de�ned andcomputedusingthe geodesicdistanceon
thesurface.Thelatterde�nesthedistancebetweentwo sur-
facepointsby thelengthof theshortestsurfacepathjoining
thesepoints.Finally this paperstatesa theoremsayingthat
(evenunderveryweakregularityassumptionsfor thesolid's
boundary)it is alwayspossibleto reconstructthesolid from
a union of the maximal discshaving their centerson the
MedialAxis. Henceknowing theMedialAxis andtheasso-
ciatedmaximaldiscradiusfunctionit is easyto reconstruct
the solid. It is explainedthat this resultoffers alsoa new
conceptto constructauserinterfaceallowing to modify and
designa solid's shapeby changingits maximaldisc radius
function. Thedesignmodi�cation resultsin fatteningand
thinningof theshapein selectedregionsof thesolids,if the
radiusfunctionis increasedor decreasedrespectivelyin the
relatedregionsof the Medial Axis. Controlling this shape
modi�cation couldprobablybe donemostintuitively via a
haptic device allowing to shrink the maximaldisc radius
bysqueezinge.g. anelasticball mouseafterpositioningthe
ball (semiautomatically)with its centerin anappropriately
chosen(in�uence) areaof theMedial Axis. Thisapproach
offersnew possibilitiesfor intuitiveshapemouldingdevices
appealingto the humanhaptic interaction with the world
in waysthatappearto becloserto mouldingthancurrently
useddevices.
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